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PREFACE. 


The science of Dynamics may be variously classified. In by far the greater 
number of universities in both Europe and America it is dealt with by 
professed mathematicians, and is properly considered an essential part of 
mathematical discipline. Nevertheless it is but an application of mathematics 
to the most fundamental laws of Nature, and as such is of the highest importance 
to the physicist. The whole of modern Physics ^aadHences the attempt to 
“explain” or describe phenomena in terms of mptibr^vith conspicuous success 
in the departments of Light, Electricity, and the Kinetic Theory of Gases. 
It is therefore evident that no one can except to materially advance our 
knowledge of Physics who is ignorant of the principles of Dynamics. It is 
nevertheless to be feared that this subject is often slighted by the physical 
student, partly on account of its difficulty, and partly because of the fact 
that the many excellent treatises on Dynamics existing in English address 
themselves chiefly to the mathematician, and often seem to lay more stress 
on examples in analysis cir trigonometry than on the elucidation of physical 
laws. The aim of this book is to give in compact form a treatment of so 
much of this fundamental science of Dynamics as should be familiar to every 
serious student of physics (and in my opinion no less should suffice for the 
.student of mathematics). The classical English treatises usually fill one or 
even two large volumes with one of the subdivisions of the subject, such 
as Dynamics of a Particle, Rigid Dynamics, Hydrodynamics or Elasticity. 
The student confronted with the five volumes of Routh, the three of Love, 
and the large work of Lamb is likely to be appalled at the size of the 
task before him. It is practically impossible for the physical student, while 
spending the necessary amount of time in the laboratory, to read through 
all these or similar works, and thus his knowledge of the whole subject 
generally remains fragmentary. The great work of Lord Kelvin and Tait, 
while treating the whole subject, is far too difficult for most students, though 
it must ever remain a mine of information for those sufficiently advanced. 

This book has grown out of the lectures which 1 have given at Clark 
University during the last fourteen years primarily to my own students 
of Physics, It is obvious that it leads to no particular examinations, from 
which we in America are to a large extent fortunately free. The text is 
not interrupted by examples for the student to work, which are found in 
great numbers in the usual treatises, and to which I could hardly add. The 
attempt has been made to treat what is essential to the understanding of 
physical phenomena, leaving out what is chiefly of mathematical interest. 
Thus the subject of Kinematics is not treated as a subject by itself, but 
is introduced in connection with each subdivision of Dynamics as it comes 
up. The student is supposed to have a fair knowledge of the Calculus, but 
not of Differential Equations or the Higher Analysis Many explanai^onif 
are therefore necessary, some of which are given in the form of aoteS.i 
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PREFACE. 


Two opposing tendencies have at various times made themselves manifest 
in the treatment of Dynamics, both of which have been very fruitful. Lagrange, 
in the advertisement to his groat work, the “Mecanique Analytique^^, proudly 
says, ‘‘On ne trouvera point de Figures dans cot Ouvrage. Les methodes 
que j’y expose ne demandent ni constructions, ni raisonnements geometriques 
on mecaniques, mais seulement dos operations algebriques, asso jetties a uno 
marche reguliere et uniforme. Oeux qui aiment FAnalyso verront avec plaisir 
la Mecanique en devonir un(^ nouvello branche, et me sauront gre d’en avoir 
etondu aiiisi la domaine.^' Lagrange’s boast of having made Mecjhanics a 
branch of Analysis has been amply justified by the results obtained by moans 
of his general method for solving mechanical problems, and his pleasure 
would have been greatly enhanced could bo have foreseen the results of 
extending it to wider fields in the hands of Maxwell, of Helmholtz, and 
of J. J. Thomson. Nevertheless in attempting to do without figures or mental 
images we may rob ourselves of a precious aid Thus Maxwell, speaking 
of the motion of the top, says that “Poinsot has brought the subject under 
the power of a more searching analysis than that of the calculus, in which 
ideas take the place of symbols, and intelligible propositions supersede equa- 
tions’^ There is certainly no doubt of the advantage, particularly to the 
physicist, of having ideas take the place of symbols. Tho introduction by 
Hamilton of tho notion of vector quantities was a groat step in this direction, 
which has assumed very great value to the physicist, and it was to a particular 
case of this that Maxwell alluded, namely to the idea of tho moment of 
momentum, or impulsive couple, as it was termed by Poinsot. The importance 
of this physical or geometrical conception may be seen from the use made 
of it, under tho name of tho Impulse, by Klein and Sommerfeld in thoir 
very interesting work on tho Top. On the other hand this notion of impulse, 
while in this particular case a vector, is but one case of tho general notion 
of the momentum in Lagrange's generalized coordinates. Will it not then 
be an additional advantage if, keeping both the analytical and the geo- 
metrical modes of expression, we attempt to introduce into Lagrange's analytical 
method geometrical analogies and terminology? This it is perfectly possible 
to do, for it turns out, as was shown by Beltrami, and beautitully worked 
out in detail by Hertz, that tho properties of Lagrange's equations have 
to do with a quadratic form, of exactly the sort that represents the arc of 
a curve in geometry. Analytically it is of no importance whether the number 
of variables is more or less than throe — how natural it is accordingly 
to employ the terminology of geometry, which must result in giving a more 
definite imago of the quantities involved. For this reason I hope that no 
physicist will accuse me of having dragged in tho subject of hyperspaco 
into a physical treatise. I have insisted that what is involved is merely 
a mode of speaking, and has the advantage of logical consistency with the 
results of geometry, which is to most of us a physical subject. At all events 
this matter has been so introduced that it may be completely passed over 
by those to whom such analogies are repugnant. The advantage of a good 
terminology, as well as of clear physical conceptions, must be plain to all, 
and every physicist will acknowledge the indebtedness which our science 
owes in this respect to Kelvin and Tait. 
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The work divides itself naturally into three parts, the first of which considers 
the Laws of Motion in general and those methods which are applicable to 
systems of all sorts. Although not addressed to students who are beginning 
Mechanics, it seemed necessary to begin at the beginning, and to explain 
the exhibition of Newton^s Laws of Motion in mathematical form. For this 
purpose the Principle of Hamilton is of so universal application that it has 
been introduced near the beginning, and considerable attention devoted to 
it. I consider this principle, together with the equations of Lagrange, a 
very practical subject, of the highest importance for the physical student 
The same may be said of the subject of Energy, upon which it has even 
been attempted to found the laws of Physics. Although such attempts seem 
doomed to fail, for the reason that the principle of Energy, though afford- 
ing an integral, is insufficient to deduce the differential equations, the notion 
of Energy must remain one of the most imi)ortant in Dynamics, and is 
therefore considered in every problem. The subject of Oscillations, of very 
great physical interest, with its accompanying phenomena of Resonance, is 
next taken up. After this follows a treatment of the so-called Cyclic Systems, 
from which, since the laliors of Helmholtz and Hertz, it seems that Physics 
has so much to expect. In fact the first steps have been taken to explain 
the nature of Potential Energy by moans of Motion, perhaps the chief de- 
sideratum of Physics. In this connection we way again point to the epoch- 
making work of Lord Kelvin, both in Mechanics and in the Theory of Light 

The second part is devoted to the Motion of Rigid Bodies, particularly 
to their rotation, a matter of the greatest importance practically, especially 
to the engineer, but one which is often avoided by the physical student. To 
this subject Maxwell again called the attention of physicists, and created 
a charming instrumental demonstration in his celebrated Dynamical Top. 
To this the writer has ventured to add a small detail, which permits of a 
number of interesting additional verifications. A number of practical illustra- 
tions, of interest to the physicist and engineer, are also included. 

The third part divides itself from the other two from the fact that in 
it the differential equations are partial, while in the others they are ordinary. 
As a preparation for this subject is introduced the theory of the Potential 
Function, which introduces the most important mathematical theorems, and 
prepares for the subsequent chapters. Most of this chapter has already 
appeared in the author^s treatise on the Theory of Electricity and Magnetism, 
but several matters have been added, especially on applications to Geodesy. 
Next follows the subject of Stress and Strain, with applications to the simpler 
problems of Elasticity, including the problem of de St. Tenant on the flexion 
and torsion of prisms. Finally in Hydrodynamics the main questions of 
vortex motion are taken up, with a brief account of the pheno- 
mena of the ^ viscous fluids. Thus the student is prepared for 

the study of Sound, Lighv, "^^l^ctricity. The only work in English of 
which I know having the same purpose ofessor TaiPs admirable treatise 
on Dynamics. While this book has been in ./^ration, there has appeared 
the first volume of Professor Gray^s Treatise scope of which 

is much broader, but the aim of which is not different from that 

of this book. I have however attempted to provide a which would 
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in not over a yearns time offer to the student an amount of knowledge of 
Dynamics sufficient te prepare him for the study of Mathematical Physics 
in general. 

My obligations to previous authors are obvious, and where possible ex- 
plicit mention is made. A list of works which have been of service to me 
is appended, but I wish particularly to acknowledge my indebtedness to 
Thomson and Tait, to Kirchhoff and to Appell. I am under great obligations 
to Dr. Margaret E. Maltby for valuable assistance in the preparation of the 
manuscript, and for frequent suggestions, and to Messrs. J. G. Coffin and 
J. 0. Hubbard, Fellows of Clark University, for efficient aid in the prepa- 
ration of the drawings. I take this opportunity of expressing my thanks 
to my colleague Professor William E. Story for his continual willingness 
during fourteen years to aid me by putting at my disposition his unusual 
knowledge in matters connected with Algebra. My thanks are due to the 
publisher for the fine mechanical execution of the work in the style for 
which the house of Teubner is noted. 

As the proof has been read only by myself, it is hoped that errors will 
be dealt with lightly. In conclusion I venture to hope that my attempt 
to make Dynamics more of an experimental science by subjecting some of 
its conclusions to quantitative experimental verification may deserve notice. 

Worcester^ Mass., July 22, 1904. ^ 

A. G. Webster. 


PREFACE TO THE SECOND EDITION. 

The unexpected success of the first edition of this work, as shown by its 
early exhaustion, and by the kind reception that it has met with on both sides 
of the Atlantic, has necessitated the preparation of a second edition. This 
edition is substantially identical with the first, except that a few errors 
kindly pointed out by friends have been corrected. Unfortunately the time 
has failed me to rewrite or add to certain sections, nor has it been possible 
to adequately treat certain new applications of the gyroscope, which have 
been merely indicated. Again it is hoped that errors of proof reading will 
be pardoned. 

Worcester^ Mass., Feb. 27, 1912. 


A. G. WEBSTER. 
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PART I 


GENERAL PRINCIPLES 




CHiPTER I. 


KINEMATICS OF A POINT. LAWS OP MOTION. 

1. Dynamics. Dynamics or Mechanics is the science of motion. 
It is the fundamental subject of Physics, since it is the aim of 
scientists to reduce the characterization of all physical phenomena 
to description of states of motion The problem of dynamics 
according to Kirchhoff^), is to describe all motions occurring 
in nature in an unambiguous and the simplest manner. In addition 
it is our object to classify them and to arrange them on the 
basis of the simplest possible laws. The success which has 
attended the efforts of physicists, mathematicians, and astronomers 
in achieving this object, from the time of Galileo and Newton 
through that of Lagrange and Laplace to that of Helmholtz and 
Kelvin, constitutes one of the greatest triumphs of the human 
intellect. 

2. Kinematics. That which moves is matter. The properties 
of matter may be left for later consideration. We may, however, 
describe motions without considering the nature of that which is 
moved, — this forms a special branch of our subject known as 
Kinematics. 

Kinematics is merely an extension of geometry and may be called 
geometry of motion, for while in geometry we consider the properties 
of space, in Kinematics we consider also the idea of time, giving 
us another variable. Since the position of a point in space is known 
when its three rectangular Cartesian coordinates with respect to a 
definite system of axes are given, its motion is conlpletely described 
if its coordinates are given for all instants of time, or are known 
functions of the time. Analytically 

The functions must be continuous, since in no actual motion 

does a point considered disappear in one position, to reappear after 

1) Kirchhoff, Vorlesungen fiber mathematisohe Physik. Mechanik, p 1. 

1 * 
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a vanishingly small interval of time in a new position at a finite distance 
from the old. The functions are also supposed to have definite 
derivatives for every value of t. 

Since the motion of a point involves four variables, Kinematics 
was called by Lagrange Geometry of four dimensions. We shall 
not here discuss the nature of time, nor the mode of measuring it, 
reserving the latter until we have considered motions that actually 
occur in nature, upon which all methods for measuring time are based. 

We may accept the fact that the idea of time, like that of 
space, is the intuitive possession of us all. Its exact definition must 
depend on the science of dynamics 

3. Scalars and Vectors. In mathematics we have to consider 
two sorts of quantities, those which do not involve the idea of 
direction, called by Hamilton scalars (because tliey may be specified 
by numbers marked off on a scale), and those whicli do, called steps 
or vectors. The distance between two points a:*2, ^2 

2) s = y{x^- ajj)® + (//2 — Vi f + (^2 - ^i)“ 

is a scalar, whereas the geometrical difference in position of the two 
points is known only when we specify not merely the length, but 
also the direction of the line joining them. This is usually done by 
giving its length s and the cosines of the angles made by the line 
with the three rectangular axes, 

cos A, cos /Lt, COBVf 
which in virtue of the identical relation 

3) COS'^A + 4- cos^v == 1, 

leaves three independent data. We may otherwise make the speci- 
fication by giving the three projections of the line upon the co- 
ordinate axes, 4.^ = s cos I = 

4) s„ = scos/i. = - 2 /,, 

S, == S cos V = ^2 ~ ^1' 

Squaring and adding we have in virtue of relation 3) 

5 ) sj + s/ + s/ =- s' 

By the vector AB we mean the line in the direction from A 
to JS, and its projections have the sign of the coordinates of B 
minus those of A, the vector being defined as that which carries us 
from A to B. We may write symbolically 
pt A-^ AB -=^pt B 
AB ^ pt ’ B — pt A, 

AB is to be understood, vector AB, Similarly when we wish to 
specify that s is to be regarded as a vector (i. e. its direction is to 
be considered as well as length), we shall write s. 
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We have from 4) and 5) 

cos A ~ =’ — 

^ y si + si + si 

6) cos^ = -J== 

Sx + si + si 

s, 

GOBV — ^ == f- 

V s| + si + si 

Also multiplying the equations 4) respectively by cos A, cosfi, cosv, 
and addings 

7) S^COSA + SyCOB^ + $j,C08V = $. 

Whatever quantities are needed to completely specify a quantity 
are called its coordinates. A point has three, and we have seen 
that a vector also has three, which may he taken as Sx, s,j, Sg. In 
this sense all vectors are to be considered as equal whose lengths are 
equal and directions parallel irrespective of the absolute positions of 
their ends. It is, however, sometimes necessary to distinguish vectors 
equal in this sense, but whose ends do not respectively coincide. 
To determine such a vector we must know not only its length and 
dire(ition, but also the position of one end. It will therefore be 
specified by six coordinates, which may be the three coordinates 
of one end, with the projections, Sx, Sy, Sg, of the co- 
ordinates of both ends, y^, ^ 2 * there will 

be six coordinates. Such a vector may be called a fixed vector to 
distinguish it from the ordinary or free vector. 

4. Addition of Vectors. To add two vectors means to take 
successively the steps denoted by them, their sum being a single step 
equivalent thereto. For example, (Fig. 1) 

AB + 50 la 

The vectors AB and BC are called 
the components of ACj which is called 
their resultant^ or geometrical sum. 

We may state the rule; Place the 
initial point of the second vector at the 
terminal point of the first, the resultant or 
geDmetrical sum is the vector from the 
initial point of the first component to the 
tej'minal point of the second. This con- 1* 

stjuction gives us the so-called triangle of 

vt’etors. By continuing the process any number of vectors may be 
awded, giving us i\iG polygon of vectors. 
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The nature of the construction shows that the resultant is inde- 
pendent of the order of taking the components. 

Since a negative quantity is defined as that which added to a 
given positive quantity produces zero, the negative oi^AB must be 
BAy for by the above rule, 

A + AB^B, 

B + BA = Ay 
therefore A -F AB + BA = Ay 

AB + = 0, 

BA^^AB. 

The coordinates of BA are also the negatives of AB, The 
scalar length of a vector is called by Hamilton its tensoTy so that 
the tensor of the negative of a vector is the same as that of the 
vector itself. 

It is evident from the definition of a vector that the projection 
of the sum of two vectors on any direction is the algebraic sum of 
the projections of the components. Projecting on the three directions 
of the coordinate -axes, and distinguishing the projections of the 
components by suffixes, we have for the projections of the resultant, 

Sx = Si* + Ssx; 

+ S-Jy, 

Sz = Si z -h S2zf 

= (Six + + (Sly + + S2 

and for the sum of any number of vectors, 

8) s* = (isxy + (zs^y + {zszy. 

We may easily find an expression for the projection of any 
vector s upon any direction, which is given by its direction cosines, 
cos i, cosfi, coav. We have for the angle # between two lines 
whose direction cosines are cos A, coaii\ coav, cos A', coa/i'y cobv\ 

cos ~ cos A cos A' -f- cos [i cos -f cos V cos V*y 
but by 6), we have for 5, 

cosX'^^fi, cos^t'«»^, cost's* 

S S 8 

60 that 

9) scosfi* = Sa-COSA, + SyCOS/a 4- s^cosi/, 

which is the expression for the projection. Taking for the direction 
of projection the direction of the vector itself, this becomes equation 7). 
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If cos X, cos/i, cosv are the direction cosines of a second vector 
cos X = cos ^ cos V « 

5, Sj 

multiplying by we have the expression symmetrical with respect 
to both vectors 

10^ ^2 cos ^ “f" 

This expression, which may be defined either as the product of the 
tensors of the vectors and the cosine of their included angle, or as 
the tensor of either multiplied by the value of the projection on its 
direction of the other, is so important that it has received a special 
name, and will be called the geometric product of the two vectors. 
It is not a vector, but is essentially a scalar quantity, and its negative 
was called by Hamilton the scalar product of the vectors. 

The condition of perpendicularity of two vectors is that their 
geometric product vanishes. 

11) ^la!^2x H” StpS^y H“ ~ 

S. Moments. Consider a fixed vector AB, Fig. 2. — The product 
of the length AB and the perpendicular distance of 0 from AB 
called the moment of 
AB about 0. It is 
arithmetically equal 
to twice the area of 
the triangle OAB, 

The sign of the 
moment will change 
with the direction of 
AB, If we draw 
a line through 0 
whose length is 
equal to the magni- 
tude of the moment 
and whose direction 
is perpendicular to 
the plane OAB, this 
line is called the axis 

of the moment, and in a certain way represents the latter. We shall 
draw it in such a direction that a person standing on 0 with his back 
against the axis would see motion from J. to J5 as from right 
to left. 
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The coordinates of the axis may be found from those of 
the vector AB and of 0. If we choose 0 for origin, OAB 

for the plane of X Y, 
(Fig. 3) and let the co- 
ordinates of A be Xf yy the 
projections of ABy Sjc, Sy, 
we have for the area of 
the triangle OAB 

\{x+s;){y + s„)-xy-s,s,)i 

- y St ^ \ (pcs,, — ys^). 

Accordingly we have for 
m, the moment about 0 
of a vector whose pro- 
jections are Sy and 
whose initial point has 
the coordinates Xy y, 

m = xSy — ySx^ 

To find the moment of the resultant of two vectors drawn from 
the same initial point, whose plane contains 0, their projections being 
sjj Syy sjy sj\ sj'y s wB have 

m == Sy") — y(sj+ s,r") 

= xs/ - ySx + XSy"— ys" m"y 

thus the moment of the resultant is equal to the sum of the mo- 
ments. If the plane of OAB is not one of the coordinate -planes, 
we may project the triangle OAB upon the three coordinate -planes, 
and obtain three moments mxy niy, m^. If the direction cosines of the 
axis of m are co5 a, cos/3, cost', we have by the rule for the projection 
of areas, 

mjc = ni cos a, niy = m cos /3, mz == cost', 

= nijc^ -f niy^ + mj^. 

Therefore the moment m has three coordinates, nix, vriyy mz, and may 
itself be considered a vector m. Since the coordinates of the pro- 
jections of A and AB on the YZ plane are y, Zy Sy, Sgy we have by 
the preceding formula 

12 ) nix = ySz ^Sy, My == ^Sx — xSz, niz == xSy — ySx> 

In the language of Hamilton is the vector product of the vector 
OA into the vector AB. We have evidently 
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xm^ + ynfiy + == 0 


Sx'ify^x + 0 , 

that is, the vector product of the two vectors is perpendicular to 
their plane. From the definition of moment, or by reference to Fig. 3, 
its magnitude or tensor is equal to the product of their tensors times 
the sine of the angle included between them. (It is to be noted that 
the projections of the first factor in the vector product follow each 
other in cyclic order in equations 12), those of the second factor in 
reverse order.) It is at once evident that the moment of the resul- 
tant of two vectors with the same initial point is the resultant of 
their individual moments. Thus moments are to be considered in all 
respects like vectors. It is evident that the moment of a vector, 
Syy with initial point y, about a point g, i/, g, has the 
projections: 

=^(y-ri) s, — — g) s,j 

13) m,j — - I) s, 

= I) Sy — {y — ri) s*. 


6. Velocity. As a second means of description of the motion of 
a point we may give the geometrical locus of the positions that it 
occupies at different instants. This is called the path of the point, 
and if it is straight, the motion is said to be rectilinear. This alone 
does not suffice to describe the motion, for the same j)ath may be 
described with different speeds. We must therefore give something 
which shall determine what positions are reached at various instants. 
If we call s the distance the point has traversed in its path, counting 
from a fixed point, and give the value of s for every value of t 
s = this together with the equations of the path, which may be 

14) Fi(x, y, z) = 0, y, z) = 0, 

completely specifies the motion, making as before three equations. 
The velocity of the point is defined as the limit of the ratio of the 
Length of the path As described in an interval of time A^ to the 
bime A^ when both decrease without limit, that is, 


15) 


V = lim 




ds 

dt 


Velocities of the same numerical magnitude may however have 
iifferent directions, accordingly to completely specify a velocity we 
nust give not only its magnitude, but also its direction. It is there- 
fore a vector quantity. Its direction is that of the tangent to the 
path at the point in question, and its direction cosines are 


dx dy dz 
ds^ ds^ ds 
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ponents, 

dx 

16) 

dy 


dz 




ds dx 
' dt ds 

ds dy 
dt ds 

ds dz 
'' dt dt 


dx 

di’ 

dy 

dt’ 

dz 
'' dt’ 


or the projection of the velocity on any direction is the velocity of 
the projection of the point on that direction.^) We have therefore 


17) 


&T-(lf)'+©)’+dO’- 


A third method of description of a motion would he to give as 
before the equations of the path and to give the velocity as a 
function of the time, 

® = = 

An integration of this differential equation would give us 
$ = const + 

and we should have the same form as before. 

Fourthly we might have 


18) 


dt ^ dt 


together with the initial conditions 

^ ^ = ^0? when t « ^0- 

An integration of these three simultaneous equations would give us 
a description equivalent to 1). 

In equations 1), if t is any parameter, not necessarily the time, 
we have what is called the parametric representation of a curve. 
By the elimination of f, we may obtain two coordinates as functions 
of the third. If, on the contrary, we have only the path given, 
whereas the geometry of the motion is known, kinematically the 
description is incomplete, as the specification of the time is lacking. 
To remedy this defect of the geometrical representation, Hamilton 
introduced the Hodograph^ which is a curve, the locus of a point 
related to the moving point on the path by having its position 


1) It is to be noticed that in stating that velocity is a vector we assume 
the mode of composition of velocities as a matter of definition. 
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vector with respect to a point taken as origin equal to the vector 
velocity of the moving point. Thus the radius vector of any point 
on the hodograph is parallel to the tangent at the corresponding 
point of the path. If X, F, Z are the coordinates of a point on 
the hodograph, we have for the relation between the two curves, 

1QN ^ dx ^ dy „ dz 

19) ^-dt^ 


so that having established the correspondence of point to point, we 
obtain the time from 


20 ) 



ds 


We shall call any vector which is related to another vector as the 
vector Xf Y, Z is to the vector the velocity of the vector, 

and by a natural extension, shall call the locus of the end of the 
second vector drawn from a fixed origin the hodograph of the first 
vector. Thus we call Hamilton’s hodograph the hodograph of the 
position of the first point. 


7. Polar* Coordinates. If a point moves in a plane it may be 
convenient to specify its position by means of polar coordinates 
Let r be the distance of the point 
from the origin 0, cp the angle that 
the radius vector makes with a 
fixed line through the origin. If 
now the point moves from A to 
B (Fig. 4) in the time Ai^, describ- 
ing the space Zvs, so that r turns 
through the oUgle A<r>j at the same 
time increasing by Ar, we may re- 
solve the velocity into two com- 
ponents, one proportional to AC^ where AC is perpendicular to 0J5, 
the other proportional to (7JS. We have then the following vector 
equation 



(4-f + 


or, passing to the limit, 

21 ) 


~ dw , dr 
^ ~ ^ "*■ di" 


The two components of v may be called the radial velocity, 
Vr ~ and the transverse velocity, ^ ^ • The rate of increase 

of the angle tp is called the angular velocity The vector equation 
21) gives rise to the scalar equation 



12 


I. KINEMATICS OP A POINT. LAWS OP MOTION. 


that is. 


«* = «r + V%, 


which might have been obtained from the expression for the length 
of the arc in polar coordinates. 

8. Sector Velocity. Let the polar coordinates of a point 
at the time i be r, tp, and let the area of the sector enclosed between 

the path, the fixed line of reference, 
A\rfi<p and the radius vector be denoted by S, 
If £ denote the angle made by the 
y tangent to the path, in the direction 

y/y^ / of motion, with the direction of the 

y radius vector from the origin, we 

y^y S / / have (Pig. 5) 

> . y/ j dr = dscoBB, 

^ 7 rd(p = ds^mB^ 

' '7 and if in the time dt the area of the 

/ sector increases by dS^ we have 

dS = rds sin £ ~ ^ 

The rate of increase of the area of the sector 
dt 2 dt 

may be called the sector velocity, and making use of the value 
] that it is equal to one -half the product of the 

Ji (It ^ ^ 

magnitude of the velocity and ine peipbndicular distance, d = rsinB 

from the origin to the line of direction of the velocity, that is, to 
one -half the moment of the velocity. Therefore the sector velocity 
may be represented by a vector perpendicular to the plane OAB, 
the components of which will be 

I , . 

24) 2 

and we also have 

. 26) ©-(t)^(S)’+6v)‘ 
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9. Acceleration. If the velocity of a point is variable with the 
time we define the acceleration of the point g-s the limit of the ratio 
of the increment of velocity Ai? to the increment of time Ai^, as 
both approach zero. We may consider either the numerical change 


lim 


Av 




dv 

dt'^ 

or the geometrical change. 

If we draw a vector AB 
(Fig. 6) to represent the velo- 
city at the time t and the 
vector AG to represent the 
velocity at the time ^ + A^, 
and draw the arc of a circle 
BD, DC will represent the 
numerical change of velo- 
city, A^;, not considering its 
direction, while BO re- 
presents its geometrical, or vector change, A7;^ for 



AB + BC ^ ~AC 
Ml - A:~(J - a A n 


Accordingly lim ~ ^ vector acceleration a. 

Since the projections of the geometrical difference of two vectors 
are the differences of the projections, the components of a in any 
direction will be proportional to the changes of the corresponding 
components of the velocities, that is 


26) 


a, = 

Gy = 

a, = 


~dt “ dt'^' 

_ d^y 
dt df^’ 

___ d'^z 
dt dt 


In the language of § 6, the acceleration is the velocity of the 
velocity -vector. 

The vector acceleration d being the resultant of the components 
ctx) cty) ctzf has the numerical value or tensor 
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d*s 

This is not in general equal to 7 which is the acceleration of 

the scalar velocity. The direction of a is given by its direction 
cosines^ 

27) cos (ax) = cos (ay) = cos (as) = 

10. Acceleration Components. We may now find the com- 
ponent of the acceleration in the direction of the tangent to the path. 
The direction cosines of the tangent being, by § 6, 

, 

V V V 

we have for the tangential component by 9) 


28) 


X , V t ^ 



tdx d^x 
1 dt dt* 


dt dt 


dz d^z\ 
dt dt*f 


But differentiating equation 17) 

dv ds d^s dx d^x j, dy d^y , ^ 

^dl~didl*~~ di dt* ''' dt dt* dt di* 


and dividing by x and comparing with 28) we find 

d*s 

d?' 

that is the acceleration of th^ scalar veloe*''^ is the projection of the 
vector acceleration on the tangent. This is called the tangential 

acceleration y or acceleration 
in the path. 

We may obtain a con- 
venient expression for the 
remaining component of the 
acceleration. If P and ^ (Fig. 7) 
be two ‘^consecutive’^ points 
of the path, the plane con- 
taining the tangents at P 
and Q is called the osculating 
plane, or plane of principal 
curvature Normals drawn 
in this plane are called 
principal normals, and the 
point 0 where they intersect, 
the center of curvature. The 
radius OP === p is called the 
radius of curvature. If the 
angle between the consecutive tangents is Ar and the distance between 
the points P, ^ is As, the curvature is defined as 
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T At 
lim -T- 


dt 

ds 


= X. 


Since the angle between the tangents is equal to that between the 
normals 

rfs = Qdr 

X — ^ 

gdr Q 

If as before we draw lines AB, AC (Fig. 6) representing the 

BC 

velocities at P and Q, the acceleration, lim is in the plane of 

AB and AC, that is the vector acceleration is in the osculating 
plane. As we have already found the component parallel to the 
tangent, there remains only the component parallel to the principal 
normal. Since BC is proportional to the acceleration, DC is pro- 
portional to the tangential acceleration at, BD to the normal 
acceleration ay, and since the angle at A is dt and the side AB is v. 

BD == vdt 


Also since 

30) 


vdr 
dt 

gdt 

V ds 
g dt 


av = 


ds 


Q 


This normal acceleration is always directed toward the center of 
curvature, and is otherwise called the centripetal acceleration. 
Inserting the above values in the equation 

= a| + al, 

we may obtain an analytical expression for the radius of curvature, 

, /d*z\^ I I /ds\^ 

U«v '*■ U<V ~ I'dfV e*U*/ ‘ 

Let us change the independent variable from to s. We have 

dx dx ds 


dt 


ds dt 


and differentiating again by t, 


dt^ 

dt^ ’ 

dH 
dt^ ' 


dx 

ds 


dy d*s 
ds dV^ 


d^s , d^x /ds\^ 
It* J? [di; ' 

i I ^ 

' ds* \dt) ’ 


dz ^ d^z /ds\^ 
'di it^ + 1:? ’ 


and similarly 
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Squaring and adding, 31) becomes 

(S)’l (S) + ©■+ (ITl + Ot£ 


dy d^y dz d^ 

(Vs ds^^ ds d?- 


?h©‘iGr+(S)’^a‘i 

_ /d^.iY 1 /dny 

~ UTV + LJ ■ 


e' 


Now we have g;') + + g?) 

Differentiating this by s gives 


1 . 


i(a+©’+©'i=H" 

Therefore equation 32) reduces to 


ePj' dy d^y d 

(17* Ifs ds (is ds 


z _ 


= 0 . 


(«■) + (,«) l{j.=) + U.V + (*■) 1 - (,»-.) + ?(,») 


or 


33) 


ds 


:.-©)>©)+ O’ 


If 1; ^ (If and the riglit hand member of 33) 

becomes the s(juare of the acceleration. We thus have a kineniatical 
definition of curvature, viz., the acceleration of a point traversing 
the curve with unit velocity. This agrees with the original expression 

30), ar= ^ 7 for if /’ == 1, (it^ 0, the acceleration is entirely normal 

and a,. = - =:= x 
e 

We may in like manner resolve the acceleration into components 
along the radius vector and at right angles to it. Let us consider 
the case of motion in a plane, that of XY. We will call the radial 
component of the acceleration, or the radial acceleration, ar, and we 

d^r • • • 

shall find that it is not equal to which is the scalar acceleration 

of the radial velocity. We will 3enote~ th^ component perpendicular 
to the radius or the transverse acceleration by which is not ecjual 

to the .angular acceleration nor to the acceleration of the trans- 

dl\ 

verse velocity, ^ * • 

Differentiating the formulae for the change of coordinates 
X ^ r cos 9 ?, 2 / = r sin 9 ), 
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Differentiating again 
d^x d^r . dcp dr 


. d^cp 

r Bin <p cos ip [ J) 


v(; 


d qp\2 

Jt) ' 


dt^ di 

d^if d^r , , dcp dr , d^cp 

W “ dT» 'if' + ^ «°® 9> dt + ^ 

The direction cosines of the radius vector are: 

cos (rx) = cos (pf cos (rij) == sin g?, 
so that we obtain by resolution, 

34) a. = cos (rx) + cos (nj) == - r , 

being less than the scalar acceleration of the radial velocity by the 
product of the radius vector and the ^ s ^are_ ^9£-4be^ angular w elo cit^^^ 

'if ^==6, the hrofion is^d7cular, and is the normal acceleration' 

The direction cosines of a line perpendicular to r and in the 
direction of increasing g? are, — sin g>, cos g?, so that for the trans- 
verse acceleration we obtain, 

d‘^x . , d^'i/ d^cp . dcp dr 

sm9 + ^-cos<)p = r^^,+2-^-^^, 


“ dt^ 

which may be written 
35) 

Of course we have 


‘I’ r dl V dt) 


+ aJ. 


11. Moment of Acceleration. The expression in the paren- 
thesis of 35) is by 23) equal to twice the sector velocity Let 

us call the sector acceleration. Thus in plane motion 
2 d^S' 


36) 


0/(0 — 


r 0(0 


r di^ 
^ dt^ ' 


Suppose (Fig. 8) AB represents 
the acceleration a, then AC per- 
pendicular to r represents a(pj 
therefore ra(p is twice the area 
of the triangle OAB. But that 
is the moment of the acceleration 
about the point 0. Accordingly 
twice the sector acceleration is 
equal to the moment of the accel- 
eration about the origin, or 
d^S 



dt^~ 


xoy — yOj,=- X 


d^y 

dt* 


d*x 

y dt* ■ 


WeBSTEK, Dynamics 2. 
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If the motion is not in one plane, we have, differentiating the sector 
velocity components 24) 


37) 


^d^Sr 
^ dt^ 
d[Sy 
^ dt^' 


d^z 

'yd¥ 

d*x 


d*y 

^dt*’ 

d*z 


^di* ^dt^' 
d*y d^x 
^di^-y-dt*- 


The resultant of these is the moment of the acceleration. The fact 
that the moment of the acceleration is the exact time derivative of 
the moment of velocity leads to an important general principle of 
mechanics, the so-called Law of Areas. 


12. Kepler’s Laws. We may now obtain Newton’s conclusions 
from Keplers three laws of planetary motion, which were purely 
kinematical and based on a great amount of observational material 
collected by Tycho Brahe. The first law states that the areas swept 
over by the radius vector drawn from the sun to a planet in equal 
times are equal. (The motion is in one plane.) That is 


dS 

di 

d^S 

dt^ 


= const., 

= 0 , 


therefore from 37) the moment of the acceleration with respect to 
the sun is zero. Consequently the line of direction of the accelera- 
tion passes through the sun, or the acceleration is central. 

The second law states that the planets describe ellipses about 
the sun as a focus. The ellipse being always concave toward the 
focus, the acceleration is directed toward the sun. In order to 
deduce the quantitative meaning of the second law, we will use the 
polar equation of a conic section referred to the focus. 


1 -f e cos qp ^ ^ 


1) If d is the distance from focus to directrix, e the eccentricity, by the 
definition of a conic section, 


When cos qp = 1, 
COB qp — 1, 


r 

d—r cos qp 


= e, 


r 


ed^p 
1 -f e cos qp 




P ^ 
1+e 





> 2a, 


p~a(l — e)*. 
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and will find the value of the central acceleration. We have 34) 



but from Kepler’s first law, 

dcp h 

dt r* 


Now changing the variable from t to tp, 

dr dr dcp h dr h ^ 

dt dcp dt r* dtp dtp\r) 

Differentiating by t, 

d^r y d* /l\d(p d* /1\ 

dt^ ^ d(p^\r ) dt r^ dq}*\r) 

From the equation of the path we obtain 


1 

r 


1 ^ 

= cos w, 

p p 


d /1\ e . 

d^ (1\ e 

dcp^\r) p COS (p 


1 

P 


1 

r 


Inserting this value above gives 


and finally, 


d^r 
d i* " 


h* h* 
pr* ‘ r* ^ 


7 — — 

\dt) 


h* 

pr* 


Thus the fact that the path is a conic section shows that the central 
acceleration varies inversely as the square of the length of the radius 
vector. The negative sign shows that the acceleration is toward 
the sun. 

The third law states that for different planets the squares of 
the times of describing the orbits are proportional to the cubes of 
the major axes. 

Since 


2 


dt 



if T is the time of a complete period hT is twice the area of the 
orbit. 


hT = 2%a'b ==* 23ta*yi 


2 



20 I- KINEMATICS OF A POINT. LAWS OF MOTION 

From which 

==_A*=_ 1 — 

pr* a(l- e») ’«•*“ T*r»‘ 

Now since ^ is by the third law constant for .all the planets, the 

factor by which the inverse square of the radius vector is multiplied 
in order to obtain the central acceleration is the same for all the 
planets and depends only on the sun. We have thus obtained a 
complete kinematical statement of the law of gravitation for the 
planets. 

Newton tested the law of the inverse square by applying it to 
the motion of the moon about the earth, and comparing its accelera- 
tion with that of a body at the surface of the earth as directly 
observed. Supposing the moon's orbit to be circular, of radius a, 
with period T, since the tangential acceleration is zero, its velocity 

is constant, and equal to Its acceleration, which is entirely 

normal, will accordingly be by 30) 

^m== - ^ 

If the acceleration varies inversely as the square of the distance, the 
acceleration experienced by a body at the earth’s surface as will be 
given by 

as a* 

am 

where li is the earth’s radius. Therefore 

_ a* _ 

a'm JR,^ 1'^' 

Now we have T = 27 d. 7h. 43 m. = 39, 343 m , 2xli = 4-10’ meters, 
a = GOB, from which 

2 TT • 60* • 4 • 10’ meters _qnA meters 

(39,343 • 60 "sec^ ^ secJ"’ 

Now terrestrial observations give for the mean acceleration of bodies 

at the earth’s surface 9.82 y which by a more exact calculation 

sec. 

is in agreement with the predicted result. 

13. PhyBical Axioms. Laws of Motlou. It is necessary in 
order to pass from the kinematical specification of motion to the 
dynamical one to make use of knowledge drawn from a consideration 
of terrestrial phenomena. This knowledge is summed up by Newton 
in his three Axiomata sive Leges Motus. An axiom is defined by 
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Thomson and Tait^) as a proposition, the truth of which must be 
admitted as soon as the terms in which it is expressed are clearly- 
understood. These physical axioms rest not on intuitive perception, 
but on convictions drawn from observation and experiment. 

The manner of summing up the results of our experience is to 
a great extent unimportant, provided that it is sufficiently all- 
embracing. We are not concerned with the metaphysical question 
of the causes of motions, but merely with the physical question of 
stating what is actually found to take place in nature. The statement 
may be made by means of a single analytical formula, as was done 
in different ways by Lagrange, Hamilton and Hertz, or we may 
consider the various assumptions upon which such formulae are 
founded, making detailed statements, employing conceptions with 
which we are familiar. 

This is what was done by Newton, and although his laws have 
received considerable criticism, they have, when properly understood, 
been generally admitted to be better than anything that has been 
proposed in their place. 


Lex 1. Corpus omne perseverare in statu suo quiescendi vel 
movendi uniformiter in directum^ nisi qmtcnus illud a viribus impressis 
cogitur statum suum mutare. 

Every body persists in its state of rest or of uniform motion 
in a straight line, except in so far as it may be compelled by force 
to change that state. 

The property of persistence thus defined is called Inertia. 

This gives a criterion for finding whether a force is acting on 

a body or not, or in other words a negative definition of force. 

Force is acting on a body when its motion is not uniform. By 

uniform we mean such motion that the vector velocity is constant. 

If the body be a material pointy that is a body so small that the 

distances between its different parts may be neglected, the motion is 

uniform if ^ ^ ^ 

ax ay az 


38) 


that is 

d*x d^y d*z ^ 

d¥ di^ dt^ 


Accordingly we see that the force and acceleration vanish together. 
Integrating the equations 38), 

x^cJ + d^j y-=^c.^t+d2, + 

39) x—di y—d^ 2 — dg 

C, Cg Cg 


1) Thomson and Tait, Natural Philosophy, § 248. 
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the path is a straight line, and since 

« - VW^ ©■+ 

it is traversed with constant yelocity. We may on the other hand 
interpret the statement as giving us a means of measuring time. 
Intervals of time are proportional to the corresponding distances traversed 
by a material point not acted on by forces. 

Obviously this statement gives us an absolute definition neither 
of time nor of force, but only a relation between them. It is 
difficult or impossible for us to realize experimental conditions in 
wich a body shall be withdrawn from the influence of all force. 
However we may approximate toward this condition, which must at 
any rate give us the ideal measurement of time. Fortunately 
we find in nature angular motions which, by an application of the 
first law, give us a practical means for the measurement of time. 

The second law gives us in a more positive manner than the 
first a measure of a force. 

Lex 11. Mutationem mottis proportionalem esse vi motrici im- 
prcssae, et fieri secundum lineam redam qua vis ilia imprimitur. 

Change of motion is proportional to force applied, and takes 
place in the direction of the straight line in which the force acts. 

By change of motion is meant acceleration. If all our experiments 
were made with a single body, there would be no advantage in the 
introduction of the term force over that of acceleration, the mul- 
tiplication of names being useless when no new ideas are thereby 
introduced. The convenience of the term force arises from the 
consideration of the third law. In the case of more than one body 
the factor of proportionality mentioned above requires separate defini- 
tion for the different bodies. 

Lex IIL Adioni contrariam semper et aequalem esse readionem: 
sive corporum duorum adiones in se mutuo semper esse aeqmles et in 
partes contrarias dirigi. 

To every action there is always an equal and contrary reaction: 
or, the mutual actions of any two bodies are always equal and 
oppositely directed. 

If we have a certain action between two bodies 1 and 2, and if 
the adio were proportional only to the accelerations, we should have 

d^y^ d^y^ d^z^ 

~dW ^ ' dt^~ ““ ~dt^^ 'W 

which is not found to be the case. We must accordingly introduce 
a factor of proportionality, or (for symmetry) two factors, so that 
we write 
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40) 



— m 


d’a:, 

2 ' 


m 


2 ’ 


m 


1 dt^ 


= — m 


d*z, 

2 dt^ 


Experiment shows that the factors and are constant for a 
given body that undergoes no changes other than those of position. 
These factors are called the masses of the bodies. The nature of the 
actions between the two bodies may be of any sort, and may be 
transmitted by the help of any number of intervening bodies. For 
instance, the actions of two heavenly bodies on each other, trans- 
mitted we know not how, or the actions of two bodies kept at a 
fixed distance by means of a rod or string or connected by an 
elastic spring, or attracting or repelling each other by magnetic or 
electric agencies, are all illustrations of the third law. It is obvious 
that if we could observe the motions so as to obtain the coordinates 
of both bodies as functions of the time, equations 40) would enable 
us to determine the ratio of the masses. For example, consider 
the toy consisting of two horse-chestnuts or bullets connected by a 
string, and suppose this to be whirled about and projected into the 
air so that the two bodies describe complicated paths, the whole 
apparatus describing in general a parabolic path. If we take a series 
of photographs of it in rapid succession, by means of a kinetoscope 
or similar device, we may by measurement obtain the coordinates of 
the two bodies as functions of the time. This illustrates perfectly 
the dynamical measurement of mass and the means of obtaining the 
relative masses of the heavenly bodies. We have no means of 
defining the absolute mass of a body. As a further example of the 
third law, let us suppose the action is transmitted from one body to 
the other by means of a fiexible string passing over frictionless 
pulleys, as in the case of Atwood’s machine. The assumption here 
made is that the tension of the string is unchanged by passing over 
the pulleys. 

A more practical means of realizing the dynamical comparison 
of masses would be by experimentally establishing the equality of 
both sides of equations 40) with the same quantity. For example 
let the body be made to describe a horizontal circular path, say by 
means of a whirling machine. It will be found that it must be 
retained in this path by external means such as the tension of a 
string. Let this be passed over a pulley at the center of the path and 
exactly balance its pull against that of a weight suspended from it. The 

resultant of the components 
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where t is the radius of the circular path. The resultant is directed 
toward the center, and measures the effect of the tension of the string 
on the motion. If we repeat the experiment with another body for 
which the corresponding quantities are denoted by accents, making 
use of the same counterbalancing weight, the tensions of the string 
in the two cases are obviously equal and consequently we have, 

mt?* Wk 

r r* 


Measuring the velocities and radii therefore enables us to compare 
the masses. 

The vector defined by the product of the scalar quantity mass 
by the vector quantity acceleration, whose components are 


41) 


X 


}n 


d^x 


d^y 




m 


d^2 

dt* 


is called the force acting upon the body, and is the vis impressa of 
the second law. The second and third laws taken together accord- 
ingly give us a complete definition and mode of measurement of force. 
The introduction of the new term is justified by the third law. For 
we find that force is capable of representing the dual nature of the 
interaction between two bodies, while the acceleration is not, there 
being two different accelerations for the two different bodies. 

The two sided nature of the action between two bodies is often 
expressed by calling it a stress. 

The equations 41) are called the differential equations of motion 
of the body. This statement needs some explanation. The introduc- 
tion of the term force has given us no explanation of the cause 
of motion, for whereas the second law tells us that the change of 
motion is proportional to the force applied, and we are accustomed 
to say that the force is the cause of the change, no additional 
knowledge of the motion is given us by this statement. When we 
say that a body moves because we push it, all we mean is that the 
motion and the push exist simultaneously. Were we accustomed to 
a different point of view, we might be as much struck with the fact 
that the body pushes back when it moves as that we push it. This 
is what the third law calls to our attention. 

It is undoubtedly true that our fundamental notions of dynamics 
are derived through what may be called the muscular sense, which 
is affected when we make ourselves one of the bodies of a system. 
We then perceive the reactions, and we have learned to correlate our 
perceptions to the motions of the other bodies of the system. 
Nevertheless, had we not possessed this extremely important sense, 
we might have elaborated the same system of dynamics that we now 
have merely by the sense of sight, as illustrated by the example of 
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the two particles, fixing our attention on the facts embodied in 

equations 40). Had we been merely astronomers this is what we 
should have been obliged to do. We may perhaps doubt whether 
we should have in this way arrived at the conceptions of force 
which we possess with the aid of both senses. At any rate no one 
can doubt that an individual newly arrived in this world learns its 

properties as much through the muscular sense as through the more 

generally appreciated sense of sight. 

Let us now reverse the mode of looking at equations 41). 
Suppose that we find that under given conditions a certain agency 
will produce a certain force, as shown by the motion of some body, 
and suppose that as the circumstances are changed we can always 
measure the force. If then it is possible to submit a second body 
to the action of the same agent under similarly varying circumstances, 
we shall be able to find the motion of the second body. The 

equations 41) under these circumstances furnish merely another 
means of describing motions. We might go on obtaining still further 
descriptions by means of higher derivatives of the coordinates, but 
experience shows us that nothing is gained thereby, for, in the 
great majority of cases with which we have to deal, it is found that 
the components, X, Y", Z, are expressible as functions of only the 
coordinates of the bodies involved, or at most of the coordinates 
and their first time derivatives. 

There is a further advantage in the introduction of the notion 
of force, in that if a body be submitted to the action of two agencies 
at different times, so as to move under the influence of definite 
forces, and then be submitted to the action of both simultaneously, 
the force now found to be acting will be the resultant of the two 
original forces. This statement, that forces are compounded as 
vectors, being the equivalent of the so-called statement of the 
parallelogram of forces, is implicity contained in Newton’s second 
law of motion. 

Under certain circumstances, an agent which would under other 
conditions cause motion, may cause no motion. We then say that 
its effect is counteracted by that of some other agent, or otherwise, 
that the two forces are in equilibrium. According to the third law, 
the two forces are equal and opposite, either being the reaction 
with respect to the other. Such reactions are called static reactions, 
as opposed to the Icinetic reactions exerted by bodies undergoing 
acceleration. 

As has been stated above, most of the forces which occur in 
nature depend only on the positions of the bodies upon which they 
act, or at most upon their positions and velocities, but not upon 
the higher derivatives of the coordinates. Forces of the former sort 
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are called positional forces, those of the latter motional forces. As 
an example of the latter, we know that a body moving through the 
air experiences a negative acceleration which is greater the greater 
the velocity of the body, and we say that the motion is retarded by 
a force, which we call the resistance of the air. 

Supposing now X, Y, Z to be given functions of the coordinates 
and velocities, the integration of the differential equations 41) con- 
stitutes the problem of the mechanics of a single particle. It is in 
this sense that the problems of mechanics in general are to be 
considered. (See Note I.) 

Returning to the “change of motion** mentioned in the second 
law, it is customary to characterize the product of the mass by the 
vector velocity as the momentum of the body, a vector whose 
components are 

42) JK- f,- 


This is the motus whose rate of change measures the 
equations 41) may be written 


43) 


dMx Y Y 

dt lit ~dt 


force, so that 


These equations are in fact more general than those of 41) for they 
apply even when m is changing, as in the case of a rocket being burned. 

14. Units. The specification of any quantity, scalar or vector, 
involves two factors, first a numerical quantity or numeric, and 
secondly a concrete quantity in terms of which all quantities of that 
kind are numerically expressed, called a unit The simplest unit is 
that of the geometrical quantity, length. We shall adopt as the 
unit of length the centimeter, defined as the one -hundredth part of 
the distance at temperature zero degrees Centigrade, and pressure 
760 millimeters of mercury, between two parallel lines engraved on 
a certain bar of platinum -iridium alloy, deposited in a vault in the 
laboratory of the “Comite International des Poids et Mesures”, at 
Sevres, near Paris. This bar is known as the ^^MHre Prototype^\ 
and serves as the basis of length measurements for the civilized world^) 
(except the British Empire and Russia®). 

It was proposed by Maxwell to use a natural unit of length, 
namely the length of a wave of light corresponding to some vrell 
defined line in the spectrum of some element, at a definite temperature 
and pressure, as it is highly probable that such a wave-length is 
extremely constant. Measurements were carried out at Sevres by 
Michelson, with this end in view, which established the ratio between 


1) See Guillaume, La Convention du Metre. 

2) The United States yard is defined as 3600/3937 meters. 
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tlie above meter and the wave-length in air of a red cadmium ray 
as 1,553,163.5.1) 

The unit of mass will be assumed to be the gram^ defined as 
the one- thousandth part of a piece of platinum -iridium, deposited at 
the place above mentioned and known as the ^^Kilogramme Frototype^\ 

As the unit of time we shall take the mean solar second, obtained 
from astronomical observations on the rotation of the earth. The 
unit of time cannot be preserved and compared as in the case of 
the units of length and mass, but is fortunately preserved for us by 
nature, in the nearly constant rotation of the earth. As the earth 
is gradually rotating more slowly, however, this unit is not 
absolutely constant, and it has been proposed to take for the unit 
of time the period of vibration of a molecule of the substance giving 
off light of the standard wave-length. To obtain such a unit would 
involve a measurement of the velocity of light, which cannot at 
present be made with the accuracy with which the mean solar second 
is known. 


IB. Derived Units and Dimensions. It can be shown that 
the measurements of all physical quantities with which we are 
acquainted may be made in terms of three independent units. These 
are known as fundamental units, and are most conveniently taken as 
those of length, mass, and time. Other units, which depend on 
these, are known as derived units. If the same quantity is expressed 
in terms of two different units of the same kind, the numerics are 
inversely proportional to the size of the units. Thus six feet is 
otherwise expressed as two yards, the numerics 6 and 2 being in the 
ratio 3, that of a yard to a foot. If we change the magnitude of 
one of the fundamental units in any ratio r, the numeric of a quantity 
expressed in derived units will vary proportionately to a certain 
power of r, the derived unit is then said to be of dimensions^) n 
in the fundamental unit in question. For instance, if we change the 
fundamental unit of length from the foot to the yard, r ==« 3, an 
area of 27 sq. ft. becomes 3 sq. yds., the numeric has changed in the 
ratio 3 : 27 = 1 : 3^ = and the unit of area is of dimensions 2 
in the unit of length. We may express this by writing 

[Area] = [i»]. 

The derived unit increases in the same ratio that the numeric of the 
quantity decreases. In our system the unit of area is the square 

1) Travanx et M^moires du Bureau International des Poids et Mesures. 

Tome 11, p. 86. ♦ 

2) The idea of dimensions of units originated with Fourier; Th^orie ana- 
lytique de la Chaleur, Section IX. 
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centimeter, written 1 cm^ In like manner the unit of volume is of 
the dimensions [L^] and the unit is 1 cm®. The dimensions of 

velocity are write for convenience, 

Velocity = Length/Time. 

Two quantities of different sorts do not have a ratio in the 
ordinary arithmetical sense, hut such equations as the above are of 
great use in physics, and give rise to an extended meaning of the 
terms ratio and product. 

The above equation is to be interpreted as follows. If any 
velocity he specified in terms of units of length and time the 
numerical factor is greater in proportion directly as the unit of 
length is smaller, and as the unit of time is greater. For instance 
w e may write the equation expressing the fact that a velocity of 
oJ iHf 'pe'^^C^a IS me same as a veiociiy oi lyj yarus per secona 
or 1800 feet per minute. 

QA 1 A 1 QAA 


We may^ operate an such equations precisely as if the units were 
ordinary arithmetical quantities, for the ratio of two quantities of 
the same kind is always a number. For instance 

30 yd. sec. 

10 ft. sec. 


The ratio is the number 3, while 


yd. min. 
ft. sec. 


== 3 . 60. 


Such an expression as is read feet per second. 

This unit of velocity is one centimeter -per -second, written. 


= cm. sec.- 


Since acceleration is defined as a ratio of increment of velocity to 
increment of time, we have 

[Acc.ler.tio.] - ™ " [f-} 

or the numeric of a certain acceleration varies inversely as the 
magnitude of the unit of length, and directly as the square of the 
unit of time. For instance, an acceleration in which a velocity of 
10 feet per second is gained in 2 seconds is equal to one in which 
a velocity of 9000 feet per minute is gained in a minute, 

(2 sec.)* 4 sec.* mm.* 
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rtb] ^ j 

-my 


The unit of acceleration is oue centimeter -per -second per second, 

written = cm. sec^^. (It is to be noted that in a derivative 
sec.* ^ 

such as the numerator being a differential of no matter what 

order is of the same dimensions as s, while the denominator being 
the square of a differential is of dimensions [T^]). 

Since momentum == mass • velocity, we have 

rMom,rtu„] - - p/]. 

Since force = mass • acceleration, 

The unit of force is one gram-centimeter-per-second per second. 
It is called a dyne. 

Moment of a force being force • length is of dimensions 

riffx*-] 

LT*J 

The dimensions of an angular magnitude, being those of the 
ratio of two quantities of the same kind, arc and radius, are zero. 

Angular velocity being defined as is of dimensions 

All pliysical equations must be homogeneous in the various 
units, that is, the dimensions of every term must be the same. This 
gives us a valuable check on the correctness of our equations. 

For an excellent account of the theory of dimensions the reader 
may consult Everett, The C. G. S. System of Units. 

16. Universal Gravitation. We may now convert the 
kinematical statement of ^ 12 regarding the planetary motion into 
the dynamical one, that flie sun attracts the different planets with 
forces proportional directly to their masses and inversely to the square 
of their distances from itself. By observations on other celestial 

ioQ fTiof -nnacoGC! »af.o11ifaQ if in -fmTnri f.liof. ffio off-rQi^finno ci.ro 



otner particle, with a force ivnose airection is mat of me tine joining 
the two, and whose magnitude is directly as the product of their masses, 
and inversely as the square of their distance from each other'^), 

^12 — y V 2'^ 

'is 

the factor of proportionality y being the same for all bodies. This 
is the law of Universal Gravitation, 


1) Thomson and Tait, Treatise on Natural Philosophy, Part II, p. 9. 
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The numerical value of y, the Newtonian constant of gravitation, 
depends upon the system of units used. Its dimensions are those of 


[Force] • [Length*] 


[w]- 


[Mass*] 

It is possible, and in astronomy is convenient to choose the 
units in such a manner as to make y equal to unity. If this were 
done, we should get a relation between the dimensions of mass, 
length and time, for by supposing that y has no dimensions, we 
should have [Jkf] — T~~^\ 

Thus we should need only two fundamental units instead of three. 
This is an example of the somewhat arbitrary nature of the dimen- 
sions of physical quantities. What is not arbitrary however is the 
statement that every physical equation must be dimensionally 
homogeneous. For the purposes of physics it is customary to retain 
the three fundamental units, giving y the dimensions specified above. 
It is not possible to determine y by astronomical observations, since 
the knowledge of the absolute magnitude of the force is lacking. 
In the laboratory we may use two known masses, and determine the 
force between them Determinations undertaken to ascertain the 
numerical value of y by terrestrial observations have been made in 
great numbers from the time of Cavendish to the present. One of 
the most accurate, that of Boys^), gives in the units which we have 
adopted, 3 

y = 6.6576 • 10- 

' gm. sec.* 

that is, two spherical masses each of mass one gram with centers 
one centimeter apart attract each other with the force of y dynes.^) 
If two particles have coordinates x^, ^2 distance 

apart the direction cosines of the line drawn from 1 to 2 are 



Vt-yi 
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1) Boys, Phil. Trans. 1896, I. 

2) It will be shown later that homogeneous spheres attract each other as 
if their masses were all concentrated at their centers. 
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and for 2 are 


d*Xi 
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The integration of these six equations is easily carried out (see 
§ 102), and gives us for the case of the sun and a planet a slight 
modification of Kepler's laws, for the sun does not remain absolutely 
at rest. If there are three bodies their equations of motion are 
similarly, 


d'*x^ 

dt^ 

f?A 

dt^ 

d\ 

dt^~ 

dt^ 

dV* 

dt^ 

d^z^ 
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dt^ 

d^Zf. 
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The problem of integrating these equations is known as ^^the 
problem of three bodies" and has not been completely solved. The 
problem of the solar system is still more complicated, but by means 
of approximations, the perturbations of the different planets upon 
each other, causing slight variations from Kepler's laws, have been 
calculated. It is in this manner that the observations of astronomers 
from the time of Newton until the present have furnished the most 
brilliant verification of Newton's great discovery. 


17. Absolute Systems. The above system of units, which 
has for its fundamental units the centimeter, gram, and second, is 
called the C. &. S. system , and was recommended by a committee of 
the British Association for the Advancement of Science in 1861, It 
is sometimes incorrectly spoken of as the absolute system of units. 
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An absolute system is any system, irrespective of the magnitudes of 
the units, by which physical quantities can be specified in terms of 
the least number of fundamental units, which shall be independent 
of time or place, and reproducible by copying from standards. A 
system based on the foot, pound, and minute is just as much an 
absolute system as the C. G. S. system. The idea of an absolute 
system is due to Gauss. 

The ordinary method of measuring force, used by non-scientific 
persons and engineers, though very convenient, does not belong 
to the absolute system of measurements. The unit of force is 
taken as the weight of, or downward force exerted by the earth 
upon, the mass of a standard piece of metal, such as the 
standard pound or kilogram. To measure the force in absolute units, 
we must know what acceleration the earth’s j)ul] would cause this 
mass to receive, if allowed to fall. As stated above, the attraction 
according to the Newtonian Jaw exorcised by the earth is the same 
as it would be if the whole mass were concentrated in a very small 
region at its center. Consequently the more remote a body is from 
the center the less will be the earth’s pull upon it, or its weight. 
If however we consider a region so small that its dimensions may 
be neglected in comparison with those of the earth, the force exerted^) 
upon a given body at any point of the region may be considered as 
constant, and exerted in a constant direction, called the vertical of 
the place. Dividing tlie weight, which is proportional to the mass 
of the body, by the mass, we find that the acceleration experienced 
by all bodies at a given place is the same. This was proved exper- 
imentally by Galileo, to the great astonishment and scandal of the 
philosophers of the time. (On account of the disturbing action of 
the air, this statement is exactly true only for bodies falling in 
vacuo?) The value of this acceleration is denoted by g, and its 
value at the sea -level in latitude 45® is 

g = 980.G2 ■ 

^ sec.* 

Accordingly the force exerted by the earth on a mass of m grams 
is mg dynes, or the 

weight of a hilogram in latitude 45® = 980,620 dynes. 

Now the value of the acceleration g is not constant, but varies 
as we go from place to place on the earth’s surface, ascend mountains 
or descend into mines. Accordingly, the weight of a kilogram is 

1) Gauss, Inlensitas vis magneticae terresiris ad mensmam absolutam revo- 
cata. Gottingen, 1832. Ges. Werke, V. p. 80. 

2) For the effect of the earth’s rotation, see § 104. 
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not an invariable, or absolute standard of force. At the center of 
the earth, a kilogram would weigh nothing. Its mass is, however, 
invariable. 

The ordinary method of comparing masses by means of the 
balance is in reality a comparison of two forces, the weights of the 
bodies. As these are proportional to the masses, the method becomes 
one for the comparison of masses, being a statical one, as distinguished 
from the kinetic method of § 13. If, however, we should make use 
of a balance with arms so long that the two masses compared were 
situated in regions for which the values of r/ were different, equality 
of weights would not connote equality of masses. An instrument 
which shows the variable weight of a body as it changes locality is 
found in the spring -balance, another in the pendulum. 

The value ot g at points on the earth in latitude X and h centi- 
meters above the sea-level, is given by the formula, originally given 
by Clairaut^), 

g = 980.62 - 2.6 cos 2;i - 0.000003 h. 

For further information with regard to units, the reader may consult 
Everett’s The 0. G. S. System of Units. 


CHAPTER 11. 

IMPORTANT PARTICULAR MOTIONS 
OF A MATERIAL POINT. 


18 . Constant Accelerations. Let us examine the motion of 
a particle experiencing a constant vertical downward acceleration g. 
If the axis of Z be taken vertically upward, we have for the equations 
of motion, 

1 ) S=-^- 

Integrating with respect to t we have 

dx -rr dy -rr dz , . xr 




dy _rr dz 
dt 


gt Vzy 


where Vy, Vs are constants representing the component velocities 
at the time ^ « 0. 

Integrating again, 

S') x — Xa = V^t, y — ya = Vyi, e -!!(,= — + V,t, 


1) Everett, The C. G. S. System of Units, Chap. VI. The above constants 
are adopted by Helmert. 
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where are the coordinates of the point at the time < ~ 0. 

Eliminating t between the first two of equations 3), we obtain 


4) 


__ ?y-“yo 


which shows that the motion is in a vertical plane. (The twisted 
curves sometimes described by a base -ball, golf or tennis-ball or 
rifled shot are the results of actions due to the air and the rotation 
of the ball and not here contemplated.) If we choose this vertical 
plane for the plane of XZ, we shall have y ^0, ^ 0, and the 

equation of the path is found by eliminating t between the first and 
third of equations 3) giving 

5) = = a;,,) - S' — ' 


the equation of a parabola with axis vertical. If Vg is positive, the 
projectile will rise until == 0, or = 0, that is x — Xq = * 

The height reached at this point is 


6 ) 


^ — 



h. 


It will be observed that this is independent of the horizontal component 
of the velocity, V^cf and is therefore the height that would be reached 
by a projectile thrown vertically upward, or in other words 


7 ) 


F. = ■\/2gh 


is the velocity that would be attained 
by a body falling from rest vertically 
through the height h. 

If a be the angle of elevation 
of the path at the start, V the 
velocity of projecton, we have, 

^ V cos a, 

Fz == F sin a, 

and the range or horizontal distance 
traversed by the projectile until it 
has fallen to the original level is 
twice the value of (x — Xq) calculated for the highest point, or 

F* sin 2 a 



. 9 

As we vary the elevation the range is accordingly greatest 
when a ~ 45®. 
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These formulae due to Galileo, are of little practical value in 
gunnery, because beside the attraction of the earth a projectile is 
acted on by retarding forces due to its motion Telative to the air, 
and depending on the velocity of the projectile. 


19. Harmonic Motions. Next in simplicity to motions under 
constant forces are those in which the force is directed toward a 
fixed point, and depends upon the distance of the particle from it. 
The simplest way in which it can depend upon the distance is by 
being proportional to it. If the particle moves in a straight line 
with an acceleration toward the origin proportional to its distance x 
from it, we have 

8) where is a constant. 

The integral of this differential equation is 

9) X = A cos nt + B sin n t, 

where A and B are arbitrary constants. If we put A == a cos a, 
B^asina, this may be written 


10 ) 


X = a cos t — a) f 


which as before contains two arbitrary constants, a and a. 

Obviously by giving cc a value differing by ^ we may use the 

sine instead of cosine. If we increase nt hj 2% the value of the 
sine and cosine is unchanged, consequently the motion is periodic, 
or the point is found in a given position at times separated by an 
interval T, called the period^ given by nT ^ 2%, so that we may write 


11 ) 


X == a cos 


/2^t \ 

- «)• 


The maximum excursion of the point on either side of the 
origin is called the amplitude a, and it is to be noticed that it does 
not occur in the differential equation 8). Since x takes on positive 
and negative values in symmetrical succession, the motion is an 
oscillation with period T, and frequency, that is the number of 
oscillations in unit time, 

1 n 

1 2 ^* 


An oscillation expressed as above, 10), by a single sine or cosine function 
of a linear function of the time is called a simple harmonic motion, 
the name arising from the occurrence of such motions in musical 
sounds. The frequency of harmonic motions in nature is due to th^ 
fact that in any system which is disturbed from a position of r^t 
forces are called into play which depend in general on the magnitude 

3 * 
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of the displacement. Suppose such a displacement depends upon a 
single variable x, then as the force F developed will usually be a 
uniform, continuous function of we may develop by Taylor’s 
Theorem, 

T7I TP I 1 , 

^-■^•+*U) + -2U4+ 

If now X he small enough^ the term in the first power of x is more 
important than those that follow, which may therefore be neglected. 
If we measure x from the configuration of equilibrium, when ir 0, 
jP = 0, so that we have 

If the coefficient of x is negative, the force tends to restore the 
system to the configuration of equilibrium, and being proportional 
to the displacement, the system will execute harmonic vibrations 
about this configuration. Thus small vibrations are harmonic, which 
explains the extreme frequency of such motions in nasure. A common 
method of realizing such vibrations is by the use of a tuning-fork. 

If a point moves so as to describe the resultant of two simple 
harmonic motions of the same frequency in lines intersecting at right 
angles, its equations of motion are 

12) + n^x = 0, ^3-3 -f w* V = 0. 


dt^ r - - - r - 

The resultant acceleration is directed toward the origin and is 
directly proportional to the radius vector. The path is obtained by 
the elimination of t between the integrals 

X == asin(wiJ — a) = a{siTini cosf^ — co^ nt sin a) 
y = ft sin {nt — /3) fc (sin n t cos — cos n t sin j8), 

where a, h, a, are constants of integration. Solving for sinn^ and 
cos n t, 


sin nt ■■ 


X 

- sin 5 - 
a ^ 


sin (P — a) 


- cos j5 - 


cosnt = 


y 

cos a 

0 


sin (/? ~ a) 

Squaring and adding we have the equation of the path 


14) 




X y 
a h 


cos (a — j3) 


1, 


Bin*(c£ — §) 

^aich represents an ellipse. The motion is called elliptic harmonic 
If a == jS, that is if both components vanish together, the 
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denominator above vanishes, therefore the numerator must also, and 
the path is 

, 2 /* 9^ y ^ (\ 

^15 "T rs ^ X 


which represents a pair of coincident straight lines 


so that the path of the point is rectilinear and the motion is simple 
harmonic. Similarly if a — ^ the motion is rectilinear. 

The angle {a — ^) is called the phase difference of the two 
vibrations If this is a right angle one component reaches its 
maximum when the other vanishes, we then have 




and the coordinate axes are the principal axes of the ellipse. The 
amplitudes, a and fc, of the component vibrations are in this case 
the semi -axes of the ellipse. 

It is obvious from 13) that whatever the value of a — /5 the 
maximum values attained by x and y are a and ?> respectively, so 
that the ellipse is always inscribed 
in a rectangle of sides 2a and 2h 
(Fig. 10). If we allow the phase 
difference, cc — to change its value, 
the points of tangeiicy will run along 
the sides of the rectangle, the axes 
of the ellipse will turn, and it will 
flatten out, in two positions degener- 
ating into the straight lines forming the diagonals of the rectangle, 
as above stated. 

If when the phase difference is a right angle the two amplitudes 
are equal, the ellipse becomes a circle and the acceleration being 
toward the center and constant in magnitude the motion must be 
uniform circular motion. A harmonic motion is often defined as the 
projection of uniform circular motion on a line in its plane. Prom 
the value of the central acceleration in a circle we may by projection 
obtain the properties of simple harmonic motion. 

The composition of two simple harmonic motions in intersecting 
perpendicular lines when their frequencies are different gives a class 
of curves of great interest in acoustics known by the name of 
Lissajous. 

If the ratio of the freduencies is a rational number the least 
common multiple of the periods of the component vibrations will be 
a period for both and the curves are reentrant and algebraic. In 



Fig. 10 
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the simplest case, where one frequency is twice the other, and the 
phase difference is £, we have 

x== asin {nt — 

2/ == 6 sin2wf. 


15 ) 


Expressing sin2w^ in terms of cos^^ and eliminating the functions 
of i we obtain 


16 ) 


f-I±-|^sm26=^ +^')/l - |^cob2£. 


Rationalizing this we shall obtain a curve 



of the fourth order having 
one double point, shown 
in Pig. 11, for « == 0. If 

£ = 16) becomes 

2 V 2^ 

a parabola (Fig. 11). Since 
we may always express 
Hmmx rationally in terms 
of sin.T, cos a:, when m is 
an integer, the elimination 
may always be performed 
and the curves will be 
algebraic. 


20. Central Forces. Having now dealt with two cases in 
which the acceleration passes through a fixed point, — that of the 
motion of the planets and harmonic motions, it will be convenient 
to treat the general case. In § 12 we found the nature and magnitude 
of the acceleration by the differentiation of the equations expressing 
the motions. We will now consider the inverse problem, that of 
obtaining the equations describing the motion by integration of the 
differential equations of motion when the force is given. 

We have by § 10, 34) and 35) for the radial acceleration in 
the direction away from the center, 


and for the transverse acceleration, 


19) 


Id 

“ 7 M 




If the acceleration is central a^p = 0 and we have by integration 


20 ) 

Kepler’s law of areas. 




r‘ 


dt 


^h, 
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It will now be convenient to change the independent variable 
from t to q) and at the same time to introduce the reciprocal of r, 

^1 

^ r ^ dr dr dcp 

dt d(p dt ^ 

and introducing the value of from 20) gives 

dr h dr du 

dt r* dcp ^ dcp 

Differentiating again and proceeding in like manner, 

d^r j d^u dcp ^2 2 

'*7^* W “ “ Tg>*’ 

SO that finally, 

21 ) ■ 

If ar is given as a function of the distance, this is the differential 
equation of the path. As an example let us consider attractions 
varying according to the Newtonian law. We have then 


y s 


and the differential equation becomes 


22 ) 


, y 


or as we may write it. 

Thus — p is given in terms of g? by an equation like equation 8), 
whose integral is 


... ah^ 

or putting -y- == e. 


p = a cos (g? — a) 


23) 




This is the equation of a conic section with which we started 
the investigation of § 12. In order to find the eccentricity e let us 
consider the initial circumstances, or the magnitude and direction of 
the velocity for a given position of the body. Let the body be 
projected from a point g? = 0, r — jR with a velocity F, making an 
angle e with the radius vector. Now we have 


tana 



cota = 


1 

r 


dr 1 du 

dcp u dcp 


24) 
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Putting = 0 in equation 23) gives 


1 = 6" cos a. 


^ = *^(1 + e cos a) or 

25) ^ ^ 

Differentiating equation 23) 

du y ‘ / \ 

Introducing this into 24) and putting g? = 0, 

I Rye . 

cot 5 = Tv - sm a. or 


6 sin a = -- 


Squaring and adding 25) and 26) 


cot f 
Ry 


Also dividing 26) by 25) 

oo\ 4. 7<'Co).s 

28 ) = 

Now h being the constant moment of velocity (§ 8), is equal to the 
value when g? = 0, 

29) 7/ = FjRsina. 

Inserting this in 27) and 28) gives 

30 ) 


30) 

. r‘iJ«ein»s /2, 

^ ® “ y» U 

31) 

, y^J^sinFCOse 



According as is less than, equal to, or greater than e will 

be less than, equal to, or greater than 1, and the orbit will be 
respectively an ellipse, parabola, or hyperbola 

The critical velocity, F, has a simple physical significance. 
Suppose we consider a particle falling from infinity straight toward 
the center of attraction. Its equation of motion is 


Myltiply by both sides become exact derivatives and we may 
integrate, obtaining 

32) I f + const. 
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If it starts with no velocity the constant is zero, consequently V the 
velocity at a distance B is given by 

. 

^ E 

Therefore we may state the result by saying that the path will be 
an ellipse, parabola, or hyperbola according as the body is projected 
in any direction with a velocity less than, equal to, or greater than 
the velocity that it would acquire in falling from an infinite distance 
to the point of projection. 


21. Constrained Motion. We have so far considered the 
moving particle as free to move in any direction. This is however 
by no means usually the case, since in the majority of cases with 
which we have to deal the particle forms part of a body which is 
possibly itself a part of a machine, and is guided by contact with 
other bodies to travel in certain definite paths, although the velocities 
with which it travels may be left undetermined. Such limitations to 
the freedom of movement of a body are known as constraints, and 
they are specified by certain equations having a geometrical significance. 
In the case of a single particle, the simplest constraint is that in 
which the particle is constrained to move upon a certain surface. 
For instance, if the surface is a material one, the particle may, 
during the whole motion, press against its inner, or concave side, 
the material preventing the particle from passing across the geometrical 
surface. The surface may itself be in motion, in this case the 
constraint is said to be varying, and the equation of the surface will 
contain the time. Let the equation expressing the constraint be 

33 ) 2 /; 0 = 0 - 

It is evident that a particle cannot move subject to constraints 
without calling into play certain reactions due to the constraints. 
In other words the acceleration experienced by the particle under 
the influence of given forces will no longer be the same as if the 
particle were free, but there will be a certain action and reaction 
between the surface and particle which may be represented by an 
extra force whose components are Xj, Y^, applied to the particle. 
The equations of motion may then be written 

34) = mg—r+r,, = 

where X, Y, Z are the components of the given forces and Y^, Z^ 
are the components of the force exercised by the surface upon the 
particle, that is the reaction of the surface. These are to be found 
by means of the equation of condition, 9 = 0, which holds for all 
values of t. Differentiating by t, 
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35) 

36) 


0 « 


dtp 

~dt 


d(p dx 
dx dt 


+ 


d(p dy 
dy dt 


+ 


dtp dz 
dz dt 


+ 


dtp 

Tt 


(p dtp d^x dtp d^y , dtp d^z 

^~d¥ dx^d^ dy dt^ Yi ~M 

dx^ \dtl ^ dy^ \ dt) ^ dz 2 \dt/ ' dt^ 


^ d^cp dxdy dy dz ^‘"*9 dx dz 

"^dx dyJtlfi ^ ^F^'diTt 

, o d.c , ^ P^<p dy , £, ^2^ 

■*■ ‘‘d.rdtdf "^dydtdt "^dzdfdt 


If we put the unknown forces, X,, Fj, Z^, equal to an unknown 
function A multiplied by certain known functions, by inserting the values 

d^x d^y d^" 

of ^ from 34) in 36) we obtain an equation, linear in A, 

permitting us to find its value in terms of y, tj 

If the surface is smooth, it is evident that it cannot affect a 
motion of the particle which would naturally take place on the 
surface. Consequently the reaction has no component tangential to 
the surface, but is in the direction of the normal. This is otherwise 
a dcfmition of a smooth or frictionless surface. The components of 
the reaction Yj, are accordingly proportional to the direction 
cosines of the normal to the surface 9 = 0 , so that we may write 


37) 


Xj = 2 


dtp 




When X has been determined as above we have for the magnitude 
of the reaction, 


38) 




As an example let us consider the motion of a particle acted 
upon by gravity and constrained to move on the surface of a fixed 
sphere of radius I, If the constraint is caused by attaching the 
particle to a fixed point by means af an inextensible string whose 
mass is negligible, we have the so-called ideal pendulum. The 
equation of constraint is 

39) + 

and does not contain t, so that ^ = 0. If tbe X-axis be taken 
vertically downward the equations of motion are 
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«» 0 = 

Now inserting these in 36) we haye to determine A, 
and since + if = P, 

Using this value of X in the differential equations 40) we have to 
integrate 

d^j' q,vz .r I /ri.r\2 . /dy\^ , /dz\^\ 


'+ © C») 1 ’ 
f.l© + © + ©’l' 
i.|©+{sr+(S)*i+.^' 


Now differentiating the equation of constraint 39) by t gives 
Ao\ dx , dy , dz ^ 

Multiplying the equations 42) respectively by adding 

and making use of 43) we may integrate at once and obtain 

«) ' (S)‘+(n)+(S)’-2to«+*)- 

where h is an arbitrary constant of integration* This integral gives 
us the square of the velocity and shows that it depends only upon 
the initial velocity and the height through which the particle has 
fallen, for if it has a velocity Vq when = have 

to determine h. 

Making use of 44) in 41) we have 

45) A = - 
and from .SS'^ 

46) JS = — 

I 
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Multiplying the second of equations 42) by x and subtracting from 
it the first multiplied by y we obtain 


X 


d^y 

dt^ 


d^-x 

y dt» 


= 0 , 



which expresses the fact 
that the horizontal compon- 
ent of the acceleration has 
no moment about the origin, 
as in § 1 2 . We may therefore 
integrate, obtaining, 

.-s dy dx 

where c is another constant 
of integration representing 
the moment of the horizontal 
component of the velocity 
about the origin and cor- 
responding to the h of § 20 . 

It will be convenient to 
introduce polar coordinates 
such that (Fig. 12) 


x=^l sin cos tp, . 

48) ?/ = ? sin d' sin 9 ?, 

z cos 

Differentiating we have 


dx = l (cos cos (pdd' — sin sin 9 ? d q?), 
d y == I (cos d' sin (pd d' + sin d cos 9 ? d 9 ?), 
dz = — 

dx^ + dy^ + dz^ *=» P{dd^ + sin^ dd(p^)y 
xdy — ydx ^ l^Bin^ddfp, 

Thus our first integrals 44) and 47) become 

49) V + sm*# (^) 1= 2(£r?coS'9' + h), 

HO) P sin* 'd' = c. 

Substituting the value of derived from 50) in 49) we have 
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P sin 

i y2 22gin2^(^/cos^ — c2 


or reinserting ^ and integrating, 


Since the integral contains the square root of a polynomial of the 
third degree' in z, the time is given as an elliptic integral in or z 
is an elliptic function of the time. 

Inserting the value oi dt from 52) in 50) we have 


L ^ |/2 & (g I COB -a* + h) - c^ 


or in terms of z 






22. Plane Pendulum. If c = 0, by 50) qp = const, and we 
have plane motion of a pendulum. The integral 49) then reduces to 


(47) = 2(f 


DijBFerentiating this gives 

dd' 

^ dp dt 


2g . ^dd" 

-r- Bind' -y- j or 
l at 


I 9 „• q, n 

^ + J sin ^ = 0, 

the differential equation of plane pendular motion, which might have 
been directly obtained for this particular case. 

If now during the motion d always remains so small that its 
square may be neglected in comparison wit unity, we may put 


so that 


sin d d, 
^ + T^ = ®- 


The integral of this is (cf. § 19, 8) 


-O’ = a sin ^ j/ y ^ — a^, 


representing a harmonic motion with period 


-2,y\ 
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The time taken for a single swing is one half this. Here we have 
an example of a small vibration, which is harmonic, as stated in § 19. 

In order to find the degree of approximation of this solution 
we must examine the exact equation. Determining the constant of 
integration h by putting for the velocity when 


we have 


Subtracting this from 55) we obtain 


from which it follows, 

.9 


Ictd' 




(f 1 (cos 'S’ — cos '9’o) 


There are three cases according as — — than, equal 

to, or greater than 1. We shall consider the first. 

( ' 9 * . ' 9 ’\ 

sin^ -^^ — sin^ j- 



Idd' 

58) 



9, 

If we put 

^ /.2 

4 f/Z 

59) 

wo have 

/■i f “(■ 

60) 



d’ 

2 


Let us now introduce a new variable such that h sin ^ = sin > then 
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The integral is an elliptic integral in Legendre s normal 

® J y 1 — BinS i|i 
0 

form and is denoted by -F(^, 7c). In this notation 

61) t = ±yj-{FU>, k] - /c]), 

and the upper or lower sign is to be taken according as the particle is 
rising or falling at For call 4* the time of reaching the lowest 
point. When O’ = 0, ^ == 0 and since F{0, IS) == 0, we hbve 

62) C = 

Since this is to be positive, we see that the lower sign is to be taken 
in 61) if the particle is falling at O,,. Subtracting 61) from 62) 
we have 

63 ) t„^~i = y'^F {^, IS) 

as the time of falling from any inclination 0 to the lowest point. 

The particle swings by the lowest point and continues with nega- 
tive O until = 0, that is until /i^ — sin^-^ = 0, 

siii^^==— 7c, sinV' = -“l, ^ = — 


If the time on reaching the highest jioint is t,, we have by 63) 


The integral 




k) _ 


is called the complete elliptic integral, and depending only on the 
parameter h is denoted by KQS). Tables of values of F and K are 
given in Legendre’s Theorie des Fonctions Elliptiques, The period of 
a double oscillation is 4(^4— tm)^ 

64) !r-4]/-iz(/:). 
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We may develop iT in a series, for since 


y/T -p - ^ = 1+2 l l + • • •- 


we have 


K=J (i'll) + \ j +^-^jfc‘y sin^ ijy dij) + * • • 


Now since 


. g , 1 . 3 5 . . . 2w — 1 TT 

/ sin^"' Ipailj ^ ^ rr? 


2 4 . 6 . 2 n 2 


X - 1 1 1 + (‘ ) V + (■ : g V + ' ; ' : ‘ + . . ) • 


If a be the maximum value of #, for which ^ /c = sin -J > 

and the period is given by 


65) !r = 2w'j/y| 1+ (2)*sin* 



This is the formula which is used to correct our result 56) for finite 
oscillations. It oc is P the correction is less than one part in fifty 
thousand, and if cc = 5® it is less than one in two thousand. 


23. Spherical Pendulum. Let us now return to equations 53) 
and 54), which we will write 


66) 

67) 


r idz 

^ ~ ~J y*(«) ’ 

z 

, r cldz 


(p-z^) v^>{z) 


7 


where 0{z) = 2(1^ — h) — cl 

As the integrals are real must be positive for all values 

of 0 that occur in the motion. 

Substituting successively for ;8f, — ex?, — ?, 0 Qf + I we find 

68) ^(-oo) == + CX5, = ®(?)==-~cl 


Accordingly the polynomial ^( 0 ) has three real roots. If we call 
these a, y in the order of magnitude, they lie so that 

l>a> 

Fig. 13 "is the graph of as ordinate, with 0 as abscissa. 
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— 2h0^ + 2gPs + 2hl'^ — 

= -2g{z-tt){z-^) iz-y), 

we have, equating the coefficients of -Sf, 

2(jV == - 2(7(a/3 + + ccy), 

from which 

Since a and /3 both lie 
between — I and I the 
numerator is positive 
irrespective of the sign 
of either, and since y is 
negative, the denominator 
must be positive, or 
+ jS > 0. Since between 
jd and y is negative, 

0 cannot in the motion 
lie in this region (for must be real). Now since, 66) 



when vanishes ^ is a maximum or minimum, hence the motion 

takes place between two horizontal circles at depths 0 = cc and ^ = /5 
below the origin. Although may be negative, yet since p + cc> 0 
the mean position of the particle is below the center of the sphere. 

Since by 50) 2 *’ 9^ always varies in the same sense 

and when 0 equals cc or the path has a horizontal tangent, for 
~ = 0, while is not equal to zero. 

If 0 Q is a root, that is if the particle was originally on one of 
the limiting circles, we must take the positive sign for the radical 

in the integrals if 0 q ^ p (so that ^ may be positive and 0 increase), 
the negative sign if 0 q ^ a. 

The time of passing from the highest to the lowest point is 



Idz 

vW)' 




The meridian planes passing through the points of tangency 
with the parallels a and /J are planes of symmetry for the path. 

WeBSTEB, Dynamics. 2. 4 
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For if we consider two points P, P' of azimuths tp, (p’ lying on the 
same parallel and on opposite sides of a Tertex A (Fig. 14), 




z^y^{z) 


and since the radical changes sign on passing through a vertex, 




(pj - 


Therefore the points P, F' are symmetrical about A and the times 

a 

of traveling the arcs TA and AP' are equal to ■ In like 

j vm 

Z 

manner it can be shown that the path is symmetrical about an upper 

vertex B. The path is 
^ accordingly composed 
^ ]' / of parts continu- 

repeated. It of 
\ A course is not generally 

be reentrant after 
going once around the 
sphere. 

We will now consider the horizontal projection of the path. 



Fig. 15 a Fig. 15 b. 


P. Suppose both limiting parallels are below the equator, the 
projection of the circle 0 a is within that of 0 ^ .and the path 
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is similar to Fig. 
15, the angle sub- 
tended at the 
center by two 
successive points 
of tangency being 
greater than a 
right angle, as we 
shall see. 

Figs. 14, 15 a, 
15b, 15c, 16a, 
are reproductions 
of photographs of 
actual swings of 
a pendulum. A 
brass ball was 
swung by a string 
attached to a 
screw -eye, and 
carried a small in- 
candescent lamp 
On the floor 
below, and at one 
side were placed 
cameras with open 
shutters, in a dark 
room. When the 
ball was swung, 
the light was 
turned on for a 
sufficient number 
of swings, and the 
path registered on 
the photographic 
plate. On the 
photograph Fig. 
1 5c, the maximum 
and minimum 
radii were mea- 
sured, from which 
could be calcu- 
lated the roots a, 
Pj and thence y. 
Then from equa- 
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tioD 67), by an arithmetical approximate quadrature, q) was calculated 
for a number of values of 0 , from which with the polar coordinates 
r — the horizontal projection Fig. 15 d was drawn. It 
will be observed that it almost exactly coincides with the observed 
curve Fig. 15 c. From the projection and the values of 0 the per- 
spective Fig. 16b was constructed, which in like manner nearly 
coincides with the observed Fig. 16a. The eye is below the shaded 
square in the figure. Figures 15d, 16b were constructed by Mr. Joseph 
G. Coffin. 



Pin, 16 a. 


2®. If ^ is negative, the projection of the circle 0 a is still 
within that of ^ for since a + ^ > 0, the lower circle is farther 







23] 

we have 


ANGLE BETWEEN SUMMITS. 


5S 


® « +% (c. - + /J) + + «/3}* 


Now putting z ^ I, 

® (0 = - = ^ (« - 0 (? - /3) {I + «) 0 + /3) , 


writing 


we have 


a 

"=/i 


J? = |/(? -|- ftj) (/ -f- j 


c=^AB 


V a + p 


lABds 


{P-2^)y{a-z) (0~^) {3(oj + ^) + £./3 + Z*} 


In order to find limits between which this integral lies for all 
possible values of a and /3, we notice that the coefficient of 0 in 
the last factor is positive, and that the value of the factor, varying 
always in the same sense as 0 , necessarily lies between the two 
values it would have when 0 had its extreme values, I and — I, But 
these are and A*, so that 

B^ > 0{a-\~ + P + ap > AK 

Substituting in the radical a value that is too great or too small 
will make the integral have an error in the opposite sense, therefore 




W<B f 

J (Z*-2!*)y(0f-2) (2~ ^ 


The polynomial under the radical being now of only the second 
degree, the integral can be easily calculated, as follows. 


a 


') y{a - z)\z- 2 J (0+2) y(oc - 2) (s - ^ 2 ^ 

P A 


ya+ 1 y§+ 1 y«- z yp^i. 


_ 1 / gg 

2 iyiTH Vl 
= */A+ i) 

i \B ^ a) 


y dz 

iz~T)y{«-z)[z-y) 

A 

1/^) 
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Accordingly we have 

therefore ^7 as above stated.^) 

A 

If in the integral 70) we substitute for the factor 
{^(a + jS) + P + a/3} 

the greatest and least values that it takes during the motion, namely 
0 a and 0 = we shall get closer limits between which f lies. 
If we then make a and /3 approach Z, W will approach a right angle, 
so that the horizontal projection tends to be a closed curve. 

This case may also be treated directly. Our equations 40) were 


di^ 


XXy 


d*y 


d^z 


-Xe + g. 


Now we have a = ]/? * — + ^*) = 1^1 — ^ 

by the binomial theorem. 


2\ 2 


and developing 




2(!‘ 


+ • 


Then = 0, and 


If now X and y are small with respect to I and we neglect small 
quantities of the second order, 0 is constant, ^-xav/^x 
from the third equation above, 

^ I 

Inserting this value of X in the first two gives 
d^x g 


dt^ 


= — 


d*y 

dV 


^2/, 


the integrals of which are 


a sin I 


(1/? ^ 

«/ = t sin (^"j/ ^ 


where a, 6, a, /3 are arbitrary constants, giving elliptic harmonic 
motion of the same period as that of the small plane harmonic motion. 

Another important case is that in which the two roots a and ^ 
are equal. We then have 0 and %' constant, and 




1) This treatment is taken from Appell, M^canique Rationelle. The proof 
that ~ is due to Puiseux. 
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The condition for equal roots is that 0 (g) and 0 '{g) have a common 
root. Now 

0 (g) = — 2 ffg'' — 2 hg^ + 2 ffPg + 2 hP - c*, 

0 '( 0 ) = _ 6 ffg^ - 4hg + 2gl\ 

If then 0 ’ (gfi) — 0, we have 

2 /, _ 

'"0 

together with 

0 (g,)^ 2 (gg„+h)(l^-g,<‘)-c^=:O, 

from which 

= 2(ggo + A) (P- g„‘) = g 

'"O 

c = ±l/5(«^-0- 

r ^0 

We accordingly have for the value of 



We thus obtain for the time of revolution 


T = 23tT/'''- 
y 9 

The time of revolution of a conical pendulum 
is the same as that of a complete oscillation of 
a plane pendulum of length g,^ performing 
small vibrations. 

As 'S' approaches a right angle, and 
therefore T approaches zero, that is the velocity 
increases without limit. We have in this case 


Now the centripetal acceleration in the circular 
motion is (§ 10), 






.V « 
''0 



g tan •9'. 



An acceleration g directed downward together Pig. i7. 

with the reaction B directed toward the center 
of the sphere will compound into an acceleration g tan 9’ in a 
horizontal direction (Fig. 17). Accordingly if the particle is projected 
horizontally with the velocity tj, it will describe a circle^ 
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CHAPTEE m. 

GENERAL PRINCIPLES. WORK AND ENERGY. 

24. Work. If a point be displaced in a straight line, under 
the action of a force which is constant in magnitude and direction, 
the product of the length of the displacement and the component 
of the force in the direction of the displacement, that is, the geometric 
product of the force and the displacement § 4, 10), is called the worlc 
done by the force in producing the displacement. If the components 
of the force F are X, Y, Z, and those of the displacement s are 
Sjc) Sy, Szf the work W is 

1 ) W^sF COB (Fs) ^ + Ysy + Zs,. 

It is at once evident that if a force is resolved into components, the 
sum of the works of the components is equal to the work of the 
resultant, for if 

X = X, + x„ 

Z = Z^ -|- ^2, 

lYj == Xjijt, “f" -j- Z^s^f 

TYg — XgSj; + YgS^ + 

W = (X, + X,)s. + (Y, 4- Y,)s, -f (Z, + + 

Since work is defined as force x distance, we have for its dimensions, 

[Work] = [i] = [ML^T-^l 

The C. 6. S. unit of work is the work done when a force of 
one dyne produces a displacement of one centimeter in its own 
direction. This unit is called the = gm • cm^ • sec’^^. 

If the displacement be not in a straight line, and the force be 
not constant, the work done in an infinitesimal displacement ds is 

2 ) + + 

and the work done in a displacement along any path AB is the 
line integral 

A 

The components of the force are supposed to be given as func- 
tions of s and the derivatives ^ are known as functions of s 

ds ds ds 

From the equations of the path. 
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Understanding this, we may write 


4) 


JV^n = f Xdx + Ydy + Zde). 


2S. Statics. Virtual Work. Suppose that we have a system 
of n material points.' If they are entirely free to move, they require 
coordinates for their specification. If however they are subjected 
to geometrical constraint, as explained in § 21 for a single particle, 
tliere must be certain relations satisfied by their coordinates. Let 
these equations of condition or constraint be 

9^1 Vv y^j ^2} * ' ‘ Vtn = 0 , 




(^1, Pv 


’V '*'2 7 U27 ‘^2 7 


y.7 ^n) = 0, 


Vv ^17 ^2 71127 ^27'-' ^'^i7 yn7 ^^0 = 0. 

Such constraints may be caused in a great variety of ways. 
Particles may be caused to lie on certain fixed or moving surfaces, 
may be connected by inextensible strings which may pass over“ 
pulleys, or by rigid links variously jointed. ^ 

For instance, if two particles 1 and 2 are connected by a rigid 
rod of length Z, either particle must move on a sphere of radius I of 
which the other is the center, and we have the equation of condition 

(p -- {x^ - -f ( 2/1 - + (^1 - ^ 2 )^ = 0. 

(We might have constraints defined by inequalities, e. g., if a 
particle were obliged to stay on or within a spherical surface of 
radius I the constraint would be only from without, and we should have 

{x ~ ay + {y- by +(j^- cy - < 0 . 

We shall assume that the constraint is toward both sides, knd 
is defined by an* equation.) 

If any particle at Xry yry is displaced by a small amount so 
that it has the coordinates 

Xr-]rSXry Vr + Syry Zy+SZry 

in order that the constraints may hold we must have for each 9 , 
(p{Xy, yr, Zry . . .) = 0, 

^ 9(p0r + dXr, Vr + ^ Zyj . . .) = 0, 

and if 9 be a continuous function, developing by Taylor’s Theorem, 

y . ^ ... . .V N / \ dtp , 
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Accordingly, taking account only of the terms of the first order in 
the small quantities Sxr, Sy^ and using equations 6) we have 


7) 






If a number of particles are displaced, we must take the sum of 
expressions like the above for all the particles, or 




d(p 


dgj 


0 , 


as the conditions which must be satisfied by all the displacements 
8xr, Syr, Szr- There must be one such equation for each function q). 
Such displacements, which are purely arbitrary, except that they 
satisfy the equations of condition, are called virkial, being possible, 
as opposed to the displacements that actually take place in a motion 
of the system. If the equations of constraint contain the time, t is 
supposed to be kept constant during the virtual displacement. 

The number of independent coordinates possessed by a system 
is called the number of degrees of freedom of the system, which may 
be otherwise defined as the number of data necessary to fully 
specify its position. Between the 3n changes 8x, 8y, 8z, occurring in 
an equation, there are h linear equations, hence only 3?^ — h of them 
may be taken arbitrarily, and this is the number of degrees of 
freedom of the system 

It has long been customary to make a subdivision of the subject 
of Dynamics entitled Statics which deals with only those problems 
in which forces produce equilibrium. A system is in equilibrium 
when the impressed forces upon its various particles together with the 
constraints balance each other in such a way that there is no tendency 
toward motion of any part of the system. The Principle of Virtual 
Work is the most general analytical statement of the conditions of 
equilibrium of a system. It was used in a very simple form by 
Galileo, but its generality and its utility for the solution of problems 
in statics was first recognized by Jean Bernoulli, and it was made 
by Lagrange the foundation of statics.^) 

If the system consists of a single free particle, in order for it 
to be in equilibrium the resultant of all the forces applied to it, 
whose components are X == EXr, Y =» 2Yr, Z = 2Zr, must vanish. 


9) 


r=z=o. 


1) For the hiRtory of the principle see Lagrange, MScanique Analytique, 
I® Partie, Section I, §§16 and 17. 
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If we multiply these equations respectively by the arbitrary small 
quantities dx, dy, ds, and add, we get 

10 ) Xdx+ YSy 4 - == 0 , 

which states that the work done in an infinitesimal displacement of 
a point from its position of equilibrium vanishes. The equation 10 ) 
is equivalent to the equations 9 ), for since the quantities dx, dy, 80 
are arbitrary, if X, Y, Z are different from zero, we may take 
8x, Sy^ 80 respectively of the same sign as X, Y, Z, — each product 
will then be positive, and the sum will not vanish. If the sum is 
to vanish for all possible choices of 8x, 8y, 8z^ X, Y, Z must vanish. 
If the particle is not free, but constrained to lie on a surface 
=» 0, 8x, 8y, 80 are not entirely arbitrary, but must satisfy 

’) + »?» + »’ 

Let us multiply this by a quantity X and add it to 10 ), obtaining 

11) {x + + [y ^ [z + X^^)Sz ^0. 

We may no longer conclude that the coefficients of 8Xy 8y, 80 
must vanish, for 8xj d//, 80 are not arbitrary, being connected by 
the equation 7 ). Two of them are however arbitrary, say 8y and 80, 
X has nqt yet been fixed — suppose it determined so that 

x^xl^ = o. 

d X 

Then we have 

in which 8y and 80 are perfectly arbitrary, it therefore follows of 
necessity that the coefficients vanish. 

r + A^^ = o, z + A|f = o. 

By the introduction of the multiplier X we are accordingly 
enabled to draw the same conclusion as if 8Xy 8y, 80 were arbitrary. 
If X, Y, Z refer to the resultant of the impressed forces only, not 
including the reaction, equations 9 ) do not hold, but if we suppose 
10 ) to hold, we shall obtain the conditions for equilibrium Elimin- 
ating X from the above three equations we get 


X 

__ Y 

z 

dcp 

d(p 

II 

dx 

dy 

dz 


Now the direction cosines of the normal to the surface g? = 0 
are proportional to consequently, the components X, Y, Z 

being proportional to these direction cosines, the resultant is in* the 
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direction of the normal to the surface. But owing to the constraint 
the motion can be only tangential, consequently the particle cannot 
move, and the applied forces together with the reaction produce 
equilibrium. 

The Principle of Virtual Work is as follows. If any system of 
as many bodies or particles as we please, each acted upon by any 
forces whatsoever, is in equilibrium, and a small arbitrary virtual 
displacement is given to each point of the system, the work done 
by all the forces will vanish (at least to the first order of small 
quantities). For instance a particle placed on a smooth surface under 
the action of gravity experiences a force mg vertically downward. 
If we displace it a distance ds the work done by the force will be 
mgdZy if the s coordinate is taken positively downward. We may 
write this 

dW mg^^^^ds, 

and if this vanishes whatever the value of ds for all directions of 
displacement on the surface ~ must be zero, that is the tangent 

plane to the surface is horizontal. But the particle is in equilibrium 
at such a point. 

Conversely, if the surface is not horizontal, dW will not vanish 
for all possible displacements, neither will the particle be in equili- 
brium. (It is to be noticed that in the neighbourhood of a point 
where the tangent plane is horizontal dz is proportional to ds^, so 
that the work, although vanishing to the first order, does not vanish 
to the second, z is in this case a maximum or minimum.) 

Simple illustrations of the principle of virtual work are furnished 
by the so-called mechanical powers. Consider in particular the 
pulley. The mechanical advantage or multiplying power as regards 
force, that is the ratio of the force sustained by the movable block 
to the tension on the cord, is equal to the number of cords 
coming from the movable block, for the fundamental assumption is 
that the tension of the cord is everywhere the same. If the end of 
the cord is displaced a small distance in its own direction, the block 
is displaced 1/w*^ of that distance, consequently the work of the 
two equilibrating forces is equal in absolute magnitude, but one 
being positive and the other negative, their sum is zero. 

By means of this principle Lagrange gave a simple general 
proof of the principle of virtual work. He supposed each force 
applied to a point of the system to be replaced by a pull of a block 
of pulleys, the number of pulleys in each block being so chosen 
that the proper force could be produced by the tension of a single 
cord passing over all the pulleys and fastened to a weight at one 
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end, the other being fixed. If now the forces are in equilibrium, 
an arbitrary small displacement of all the blocks will neither raise 
nor lower the weight at the end of the string. Thus by the applica- 
tion of the property of the pulley the principle was proyed.*) 

We shall not here undertake to give a more formal proof of 
the principle, which may be given by an analysis of the various 
kinds of constraint, such a proof is found in Appell, TraiU de 
Mvcanique Bationelle, Tom. I, Chap. 7. 

If the forces X,, Y,, act upon the particle 1, Z^ upon 

the particle 2, etc., the condition of equilibrium is 

12) Xi da;, -I- r, -1- x, + x^ dx, -I- r, d.% -f d^f^ +• • • x„ d^r„ = o, 

or as we may write it, 

13) -f YSy + Zdz)^ 0. 


This is the analytical expression of the Principle of Virtual Work. 

If the particles satisfy the equations of constraint 5) the dis- 
placements must satisfy the equations 




-I- 


^<p^ 




»s.. 


= 0 , 


14) 




d. 


dq). 


+ 1? 




-■^Sz 

dz 


0 , 








= 0 . 


Multiplying the equations 14) respectively by A,, ilg, . . . Xk> and adding 
to 12) we have 

(^1 + + 




^ j 

dx^ ^ dx^ ' 


15) 


+ 


h 


^<Pk 

dx^ 


I 8X9 




Of the Sn quantities only Sn — k are arbitrary, we 

may however determine the k multipliers I so that the coefficients 


1) Ibid. § 18. 
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of the h other d’s vanish, then the coefficients of the Sn — h a/rhii/irary 
d^s must vanish, so that we get the equations 


Xj + Ai - 


dtpj. 



dwy dw^ dwy 

Eliminating from these the Iz quantities A, we have i)n — lc equations 
expressing the conditions of equilibrium, being as many as the system 
has degrees of freedom. 

The equations 16) were given by Lagrange^), to whom the 
principle of the use of the indeterminate multipliers X is due.*) One 
great advantage of the principle of virtual work is that it enables 
us to dispense with the calculation of the reactions, for in a dis- 
placement compatible with the constraints the work of the reactions 
vanishes. 

As an example let us find the position of equilibrium of two 
heavy particles of mass % and ni^y connected by a rigid bar without 
weight, of length Z, and placed inside of a smooth sphere of radius r. 
The equations of constraint are 

+ Vi + — r* = 0, 

‘'^2^ + ?/2^ + ^2^ — r* = 0, 

( x ^ - + (2/1 — + (^1 - .e'g)* - Z* 0. 

The equation of virtual work is 

m^g$0^ + = 0, 

where d^^ and satisfy the equations 

x^dx^ + Vx d^i -f = 0, 

^2 ^^2 + Vi ^2/2 + ^2 ^*^2 = 0 , 

(»i - * 2 ) + {y^ - i/a) (di/i - dy^) + - g^) {dg^ - Sg^) = 0. 

These are four linear equations between the six quantities 
dX^y dy^y d^l, dX^^y Sy^y d^g. 

We may therefore take any two of them arbitrarily. Suppose we 
assume dy^==^8y^ = 0. We then have four linear equations in 
Sxy^y d^i, Sx^y d^ 2 > order that they may be satisfied for values 

1) Lagrange, M^canique Analytique, tom. I, p. 79. 

2) See Note II. 
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of the other than 0, the determinant of the coefficients must 
vanish 


0 , 

»?i , 

0 , 

m2 

Xi , 

> 

0 , 

0 

0 , 

0 , 

X2 , 

h 

^ 2 } 

- ^2, 

X2-- x^, 

S2 — 


or reducing, 

(^2^1 — ^1^2) == 

The solution that applies is given by the vanishing of the first 
factor, that is, 

= 0 . 

In like manner if we had assumed d 6 0, we should have 

obtained 

= 0 . 

This equation with the preceding gives by the elimination of mg, 

!/t * 

Hence the points lie in a vertical plane containing the center of the 
sphere. The two equations express the fact that a point dividing 
the line connecting the particles in the inverse ratio of their masses 
is vertically below the center of the sphere. The azimuth of the 
plane containing the particles is indeterminate on account of the 
symmetry about the vertical. 

26. D’Alembert’s Principle. The equations of motion of a 
particle may be written 

d^y 

17) r.-m.^ = 0, 

Zr — mr = 0 . 

Multiplying these equations respectively by the arbitrary quantities 
SXrj dj/r; adding, and taking the sum for all values of the 
suffix r, belonging to the different particles of a system, 

18) 2r ( S?) ^vr + 

+ [Zr- mr%l:)dgr]^0. 

This equation may be called the fundamental equation of dynamics, 
and is the analytical statement of what is known as d^Alembert^s 
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Principle, Lagrange made it the basis of the entire subject of 
dynamics.^) We may interpret 18) in terms of the principle of 
virtual work by means of the introduction of the conception of 
effective forces due to d’Alembert. 

If a system of particles is not free, when acted on by certain 
impressed forces it will not take on the same motion as if there 
were no constraint, the reactions causing it to deviate from this 
natural motion. Having found the actual motion, we know the 
system of forces that would produce it, if there were no constraints. 
These are termed the effective forces and if we represent them by 
X/, YJ, Z/, they are given by the equations 


XJ 




Yr = ) Zr = 


The equation 18) accordingly states that the reversed effective forces, 
— X', — Y\ together with the impressed forces, X, Y, will 

form a system in equilibrium 

We may regard the principle from another point of view. 
When a body is set in motion with an acceleration, it reacts on the 
agent which produces the motion, and this IHnctic reaction has the 
properties of any force whatsoever. For instance if the accelerating 
agency is due to contact with a second moving body, the second 
body is retarded by a force, and this force is the reaction of the 
first. This kinetic reaction is measured by the components 


d\r 




— 7H 


dt^ 


and is thus in the opposite direction to the acceleration experienced 
by the body. The reaction is often termed the Force of Inertia, a 
very expressive term, representing in tangible form the fundamental 
property of inertia, possessed by all matter, this property being that 
matter reacts against, or in ordinary language resists, being put in 
motion. (By the use of the term resists we in no wise mean 
prevention of motion — the use of the term has been objected to, 
and MaxwelP has jokingly remarked that we might as well say that 
a cup of tea resists being sweetened, because it does not become 
sweet until we add sugar. The meaning here is precisely similar — 
we mean that matter does not move until it is moved by some agent 
external to itself. It is hardly likely that confusion can be caused 
by the use of such common phrases, which indeed seem to attribute 
volition to matter — we shall accordingly make no attempt to avoid 
them.) We may thus define matter as that which can exert forces of 


1) Lagrange, Mecanique Analytique, 1. 1, p. 267. The equation 18) although 
►first explicitly given by Lagrange, will be referred as “d’Alembert’s equation”, 
as briefer than “Lagrange’s equation of d’Alembert’s Principle”. 

2) Maxwell, Scientific Papers , Yol. II, p. 779. 
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inertia. This is the only universal definition of matter now possible. 
(It is to be noticed that this definition includes the luminiferous 
ether.) 

We may then state d* Alembert’s Principle in these words: The 
impressed forces, together with the forces of inertia, form a system 
in equilibrium. Thus the principle is not new, but merely expresses 
Newton’s third law of motion, embodying at the same time the other 
two, in the expression of the forces. The great seryice done by 
d’Alembert was in reducing the statement of a problem in motion 
to that of a statical problem. 

A practical advantage frequently of great use in applications is 
similar to that possessed by the principle of virtual work, namely, 
that the reactions of the constraints do no work, and may therefore 
be omitted from the equation 18), for it is evident thut the reactions 
due to all constraints between bodies act equally in opposite directions 
on both, so that the work done in the motion of their common 
point of application vanishes. 

As a simple example of the meaning of force of inertia consider 
two locomotives pulling in opposite directions at the ends of a train, 
the pulls being transmitted by spring dynamometers. If the train 
remains at rest, the pull recorded on both dynamometers will be the 
same. If now one locomotive be given more steam, so that the 
train begins to move, the indications of the dynamometers will be 
found to be unequal, the greater pull being that of the locomotive 
on the side toward which the train is moving, the difference being 
found to be exactly equal (disregarding friction) to the product of 
the mass of the train by the acceleration which it gains. Thus the 
difference of pull is balanced by the force of inertia, or kinetic 
reaction. 

Again, consider a person standing in a street -car, when the car 
starts. An acceleration is impressed on his body in the direction of 
the motion of the car. The kinetic reaction is thus directed horizont- 
ally to the rear. The force of weight of the person being vertically 
downwards, the remaining force, namely, the static reaction of the 
floor of the car, must be such as to equilibrate these two, and is 
found by the triangle of vectors to be directed upwards and inclined 
forwards. Thus the person must lean forward in order to preserve 
equilibrium. Similarly when the car stops, the acceleration being 
directed the other way, he must lean backward. This application of 
d’Alembert’s Principle is a matter of common knowledge, where 

electric railroads are common. 

• 

27. Energy. Conservative Systems. Impulse. If in the 

equation of d’Alembert’s principle, 18), we put for 8x, 8y, dz the 

WbBSTEE, Dynamics 8. 


5 
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displacements which take place in the actual motion of the system 
in the time dt^ 

dx dy dz 

dt dty 

we obtain 

/d^x^ dx\. d^y^ dy^ d^z^ dz^ 


W) 


Now since 


df di^ di dt^ 'dt 


) 


-X. 


dx^ 

dt 


dy^ 

dt 


Zr 


dz 

i 

dt 






d^x^ dXy, 

”*'•!«<« dt 


the sum of the first three terms is the derivative of the sum 

and the equation may be written, omitting the factor dt. 




dt 


dt 


20) 

The expression 

i2M'A)’+ i'^)'+ (S’l- 

the half-sum of the products of the mass of each particle by the 
square of its velocity, is called the Kinetic Energy of the system. 
It is one of the most important dynamical quantities. If we denote 

dT 

it by T, equation 20) has on the left Since 
XrdXr + Yrdyr + Zrd^r 

is the work done upon the particle, the terms under the summa- 
tion sign on the right denote the total work done by the impressed 
forces in unit time, or the Activity^) of the forces. The equation 20) 
is called the equation of activity, and states that the rate of increase 
of kinetic energy of the system is equal to the activity of the im- 
pressed forces. 


1) The word “aciio” is used by Newton, in a scholium on the third law, 
where he says, “If the activity of an agent (force) be measured by its amount 
and its velocity conjointly; . . . activity and counteractivity, in all combinations 
of machines, will be equal and opposite.” The activity will sometimes be denoted 
, dA 
dT 
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Integrating equation 20) with respect to t between the limits 
and ^ 


■2' (v + 2 ^') 


The square brackets with the affixes ^q, denote that the value 
of the expression in brackes for ^ subtracted from the 

value for t ^ 

The integral on the right of 21), which may be written 


^ ^rdXr “h Yrdyr “I” Zrd^ry 


denotes the work done by the forces of the system on the particle Mr 
during the motion from to t^y and the sum of such integrals 
denotes the total work done by the forces acting on the system 
during the motion. The equation 21) thus becomes 

22) Tt, - T,. 2 f dXr + Yrdljr -f- Zrd&y). 

This is called the equation of energy y and states that thr gain 
kinetic energy is equal to the work done by the forces d 
motion. 

The equation of energy assumes an important fr 
particular case that the forces acting on the yarticles 
on the positions of the particles, and that the compor 
represented by the partial derivatives of a single fu 
coordinates, 

Vi, Si, . . . Hn) 


In this case the expression 


2r[ZirdXr + Yrdyr + ZrdZy] = + 

is the exact differential of the function Z7, am 

h 

J* Uri^rdXr + Yrdyr + Zrdgf) 


that is the work done in the motion, 
paths described by the various particles, 
final configurations of the system, sinc^ 
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and 

Ut, = T]{x^\ j/i® . . .), 

where the affix 0 denotes the value of the coordinate at the time i^o* 
The equation of energy then is 

24) 

The function XJ is called the force > function, and its negative 
W — TJ is called the Potential Energy of the system. Inserting 
W in 24) we have 

25) Tt, + W,, =- 

The sum of the kinetic and potential energies of a system possessing 
a force -function depending only on the coordinates is the same for 
all insiants of time. This is the Principle of Conservation of Energy. 

Systems for which the conditions 23) are satisfied are accord- 
ingly called conservative systems. 

The potential energy, being defined by its derivatives, contains 

an arbitrary constant. The functions T and W have one essential 

dx^dy dz 

difference, namely, T contains only the velocities, 

while W does not contain the velocities, but only the coordinates. 
One important consequence of the equation of Conservation of Energy 
that if at any time in the course of a motion, all the points of 
am pass simultaneously through positions that they have 
at a previous instant, the kinetic energy will be the same 
instant, irrespective of the directions in which the particles 
loving, for T W is constant during the whole motion, 
ends only on the coordinates, consequently when all the 
resume their former values, the kinetic energy does the 

words, the work done on the system has been stored up 
the amount W, and may be got out again by bringing 
to its former configuration, 
a particle thrown vertically upward, or a pendulum 
same velocity when passing a given point whether 

consider a particle acted upon by gravity. We have 

const, 
ergy is 

s - V) = — (« - «o), 

ly on the vertical height fallen, Accord- 
rom a point A to another B, constrained 
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to follow any curve, reaches B always with the same velocity, 
although the time occupied in the descent may be very different 
from one curve to another. This theorem was discovered by 
Galileo. 

The equation 27) might have been applied to immediately give 
us the integral equation ^4) § 21. (In that equation, the Z*axis is 
drawn positively downward.) 

The principle of virtual work, § 25, may evidently be expressed 
by saying that for equilibrium the potential energy of the system is 
a maximum or minimum, and a little consideration shows that for 
stable equilibrium it is a minimum.^) 

For instance in the above example the potential energy 

W = mgs + const., 

s being measured positively upward. If the particle is in equili- 
brium on a surface concave upwards, s and with it TF is a 
minimum, the equilibrium being stable. If the concavity is down- 
wards, the equilibrium is unstable and IF is a maximum.^) The 
question of stability of equilibrium will be discussed in § 45. 

It is possible to have a force -function defined by equations 23), 
which contains the time as well as the coordinates. The system is 
not then conservative, and it is not customary to speak of its 
potential energy. We have now 

du . V -L ^ 4 - 1 

dt ~ dt ’’ 

SO that our equation of activity 20) is in this case 

on. dT_dU dU 

dt ^ dt dt' 

In certain cases we may be able to assign the term ^ ^ to a potential 
dlV 

energy, as - • 

In the forces depend on the velocities or on anything beside 
the coordinates, the system is not conservative. Such a case is that 
of motion with friction, where the friction, being a force that always 
tends to retard the motion, not only changes sign with the velocities 
but also depends upon the magnitudes of the velocities in such 
resisting media as the air and liquids. 

The dynamical theory of heat accounts for the energy that 
apparently disappears in non - conservative systems. 

1) Diricblet, Vber die Stahilitdt des Gleichgewichts. Crelle’s Journal, 
Bd. 32, p. 85 (1846). 

2) See Kircbhoff, Mechanik, p. 84. 
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We shall see later, that whereas positional forces are usually 
conservative, and motional forces not, there are certain conservative 
motional forces. 

Kinetic energy being defined as is of the dimensions 

[ M JL^l ^ 

— h the same as those of work. Potential Energy is defined as 

work. The C. 0, S. unit of energy is, therefore, the erg. 

We have in this chapter been concerned with the line integral 
of the force exerted on a moving point resolved in the direction of 
the motion of the point of application. This has been called 
the work of the force, and is physically a quantity of fundamental 
importance. We have occasionally to consider the time- integral of 
a force, that is, if be a force always in the same direction, the 
quantity 

ti 

l-=fFdt, 

io 

which has received the name of the impulse of the force during the 
time from to The effect of a force may be measured either 
by the work or by the impulse, but it is to be observed that the 
information obtained when one or the other of these two quantities 
is given is of a quite different nature. Supposing the force is 
constant in magnitude and direction, the work done is equal to the 
force times the distance moved, and a knowledge of the work tells 
us how far the point of application will be moved by the given force, 
while the impulse is equal to the force times the interval of time, 
and tells us how long the point will move under the application of 
the given force. If the force is variable, considering the significa- 
tion of a definite integral as a meun^), we may say that the work 
is the mean with respect to distance of the force multiplied by the 
length of the path, while the impulse is the mean with respect to 
the time multiplied by the duration of the motion. Thus the work 
answers the question ^^how far’’, while the impulse answers the 
question ^^how long”. The work is a scalar quantity, its element 
being the geometric product of the force and the displacement. For 
the element of impulse, however, we have, using equation 7), § 3, 

Fdt^X dt cos (Fx) + Yd t cos (Fy) + Zdtcos{Fz), 

thus the element is the component in the direction of the force of 
the vector whose components are 

dIjc=^Xdt, dly^Tdt, dlg^^Zdt. 


1) See footnote, § 34, p. 98. 
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For the whole impulse we may then take as definitions 





so that the impulse is a vector quantity. We thus lose the relation 
to the direction of the path, or of the force, in the case of a variable 
force, but on comparing with equations 43), § 13, 


dM^ 

dt 


= x, 


dM^ 

dt 


Y, 


dM. 

dt 


= 4 


we have by integration 


4 = MS,) - MSS 1, - - M. (ts 

SO that the impulse of a force acting on a single particle for a 
certain interval of time is equal to the vector increase of momentum 
during that interval. 

The case in which the impulse of a force is of most importance 
is that of what are known as impulsive forces, which arise where 
actions take place between bodies in such a brief interval that the 
bodies do not appreciably change their positions during the action, 
although sensible changes of momenta take place. If in the equa- 
tions above, the length of the interval ■— decreases indefinitely, 
while the force -components X, Y, Z increase indefiuitety, the integrals 
may still approach finite limits 



In this case we can not investigate the forces in the ordinary manner 
for the accelerations have been infinite, but the velocities and momenta 
have received finite changes in the vanishing interval. The work 
done is in like manner finite, though the distance moved vanish. 
The impulse and work of all ordinary, that is finite forces acting 
at the same time may thus be neglected, since the integral of a 
finite integrand over a vanishing range of integration vanishes. 

On account of the third law, the action and reaction being 
equal during the operation, the impulses of the forces on the two 
bodies are equal and opposite, so that what one gains in momentum 
the other loses. It is in this manner that the impact of two billiard 
balls, or the action of a shot on a ballistic pendulum, is to be dealt 
with. Many instruments used in electrical measurements act on this 
principle, that the momentum suddenly communicated to a body at 
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rest, which afterwards proceeds to execute an observed swing, 
measures the time -integral of an impulsive force.^) 

In order to find the work done by a given impulse, let us make 
use of the equation of work and energy, 22), which says that the 
work done is equal to the increase of the kinetic energy. The latter 
may be written, bearing in mind the definition of momentum, 

vl + «?) = 4 + MyVy -|- 

Suppose now the particle set in motion by an impulsive force, from 
rest. The kinetic energy acquired, and accordingly the work done, 
is then one -half the geometric product of the impulse and the 
velocity generated, or in orther words, the geometric product of the 
impulse and the average value of the velocity at the beginning and 
the end of the impulsive action. This may be otherwise shown, 
whether the particle start from rest or not, by the following 
considerations.^) Since the interval of time and the distance moved 
are infinitely small, we may consider the motion as rectilinear. 
Suppose the initial velocity to be and the final value and 
let £ be a parameter which during the interval runs rapidly through 
all values from 0 to 1, so that at any part of the interval 

- ^o)- 

But as the momentum always increases at a rate proportional to the 
increase of velocity, we have also 


M^M, + ~ M,) = 3I,+ b1, 


1) Suppose that a body which swings according to the law of tlie pen- 
dulum, or equation 8), § 19, receives, when in its position of equilibrum, an 
impulse I. It swings out according to the equation 

. dx 

X = asmwi, = anco^nt 

during a time t ^ to a maximum excursion a, at which its velocity 

vanishes, and it turns back. If its mass is wi, the momentum communicated 
to it while at rest was 

so that if we know m, a, and n = 23i;/period, we can measure the impulse of 
the impulsive force. This is the mode of use of the ballistic galvanometer and 
electrometer, as well as of the ballistic pendulum formerly used in gunnery. 
The same formula applies (see Chapter X), to the heeling of a ship when firing 
a shot from a cannon. 

2) Thomson and Tait, § 808. 
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where I is the total impnlee. From the equation of motion we have 




dM 

dt 



SO that we obtain for the work 



1 

lJ‘[Vo+e - t>o)] £ = |- J K + Vo). 

0 


Thus we find as before for the work of an impulsive force the 
product of the impulse by the average velocity at the beginning and 
end of the action. It is evident that the same is true for the 
infinitesimal work done by an ordinary, that is finite force, during 
an infinitesimal interval. This conception of the impulse will be 
useful to us hereafter, in connection with the following. For a 
system of particles, we have for the kinetic energy, 






ni. 




4- 

X r I 


Jyr 


+ V^.r). 


Now the kinetic energy is known when we know the velocities of 
every particle of the system, as well as their masses, no matter what 
their positions. If we consider T as a function of the velocities, 
we have accordingly 


d T 

JM[xr WffVxr ^ 


nirV, 


r ^yr 


dT 


M,r 


nirVzr 


dT 
dv * 

zr 


or the momentum components of any particle are the partial 
derivatives of the kinetic energy of the system, considered as a 
function of all the velocities of the particles, by the respective 
velocity -components. Thus we may write 


T 




dT , 


dT 

dv. 


+ V,, 


yr 


dT \ 

dv:j 


which by the theorem of Euler is true for any homogeneous quadratic 
function. 


28. Particular Case of Force -fiiuctiou. The conditions 
necessary for the existence of a force -function being 23), we must 
have, since 

_ d^T^ dm mi_ d^U_ ^ _d^U_ 

dxdy dydx’ dydz dzdy’ ozdx dxdz* 

9Q^ ^ . 


It will he shown below (§31) that these conditions are also sufficient 
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In the particular case in which the only forces acting on the 
system are attractions or repulsions by the several particles directed 

along the lines joining them 
and depending only on their 
mutual distances, a force- 
function always exists. 

For let the force between 
two particles nir and nis at a 
distance apart be 

F==^(p{rrs)> 

It will be convenient to consider 
F positive if the force is a 
repulsion. 

Consider now the force F^’'^ acting on yUg and acting in the 
direction from to m^. Its direction cosines are those of the 

vector 



( 30 ) 


yCr) 

n 

jpl.s) 




Now since 


f*rs ^r) "f" ^r) f 

differentiating partially by 


31 ) 


dr 


ra 

dx„ 


and accordingly 

Xir) 




dr^ 


r 9 

rs 


xi 


(r) 


Y^r) 

' Ff>° 

* dx^ 


y^-Vr 


^y. 




dz„ ’ 


= <p{rr,)- 


K, 

dx. 


y('-) ^ \ 

-t. ay, 




(r) 




OS. 


dr 
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K we put Urs such a function of that 


dTL 


X » / \ 

■57 ■ — 


'(r) 

dU,, 




rf’-r. 

II 


7W 


dr 

ra 


■ a 

^Xr;: 


dy, ’ 

f (r) 


dr^. 







If now we find the resultant of all the forces acting on w/., 
due to the repulsions by all the particles iHr, we shall have 


32 ) 


r« = 

z. 


dU,, , SU, 


d.r. 




^r/j 


1* 


+ 


Sj. 


+ ■ 

+ 




^ cT 






diL 


Is 




dz 


+ ^;^ + 


+ 






if we write == Uts + * * •+ Thus Us satisfies the con- 

ditions for a force -function as far as concerns the point m,. In the 
suiiiniations 6' does not occur as the first index. 

It is evident that the function Urs serves the same purpose 
for nir as for m,. For the force exerted on by is equal 
and opposite to that exerted on by But Trs is the same 

function of (— Xr) that it is of Xs^ therefore 


and 




dr^ 


X («) „ ' 

r ^ra a ' 


dr^ 


'dx. 




We may add to Us terms independent of Xs, ?/«, without 
affecting the values of X,, Ys, Zs- If we make U a symmetrical 
function of all the coordinates, containing Xsy ysy as Us does, 
then U will serve as the force -function for all the coordinates. 

In particular, let the force of repulsion vary according to the 
Newtonian law of gravitation. Then 


= Ur. 


m^m, 

_y 


33 ) 
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34) 


U. 




+ 


"a"‘s 


+ 


+ -H' 

ns * 


and tlie symmetrical function U will be 

V yy > + r + ■ 

^ I M2* * 18 

+ • 


IS 


+ 


IZV: 

Hn 


+ ^ + , 

^21 ' 23 


-f 




'2n 
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;;;; j -f- • 


^81 


'32 


”T ~r 
^8n 


or more briefly. 


+ -. - + -::r— + * * + . p 

’w, w—l ) 


'nl 


'n2 


r~.n s^n 

r — l «=1 


understanding thfit terms in which r == s are to be omitted. 

The factor 4- is introduced because in the above summation 

A 

every term appears twice. But in U each pair of particles is to 
appear only once. 

tf no constant be added to U as defined above, both it and the 
potential energy 



r-^ 1 # — 1 


will vanish when every Tr,, is infinite, that is when no two particles 
are within a finite distance of each other. This furnishes a con- 
venient zero configuration for the potential energy, and is the one 
generally adopted. We may accordingly define the potential energy 
of the system in any given configuration as the work that must be 
done against the mutual repulsions or attractions of the particles in 
order to bring them from a state of infinite dispersion to the given 
configuration. In the case of attracting forces like those of gravitation, 
we shall, with the notation of this section, put y negative'), so that 
the potential energy of finite systems is negative, or in the terminology 
of Thomson and Tait, the exhaustion of potential energy, — W, is 
positive. 


1) For the reason for the adoption of this convention see § 119. 
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29. Calculus of Variations. Braohistochroue. The questioa 
concerning the necessary and sufficient conditions that a line integral 

B 

f [Xdx + Ydy + Zds) 

1 

shall be independent of the path of integration, depending only on 

the terminal points A and JS, though purely a question of the 

calculus, is of so great importance in various parts of mathematical 
physics that it will be considered here. For the purpose of this 

treatment we shall make use of the calculus of variations, which on 

account of the great use made of it in mechanics will now be 
briefly treated. 

In the differential calculus, we have to consider questions of 
maxima and minima of functions. A function of one variable has 
a maximum or minimum value at a certain value of the variable if 

the change in the function is of the same sign for any change in 

the variable, provided the latter change is small enough. Since if 
f{x) and all its derivatives are continuous at x, 

fix + h) = fix) + hf ix) 4- Y] f" (^») + • • • 

fix + h) — fix) = hfix) 4- /■" (a;) + • • • 

If h is small enough, the expression on the right will have the 
sign of the first term, which will change sign with A Accordingly 
the necessary condition for a maximum or minimum is 

fix)=^0. 

Suppose on the other hand that we change the form of the 
function — such a change may be made to take place gradually. 
For instance suppose we have a curve given by the parametric 
representation, 

it), y = F^it), z^F^ (0, 

where the jP^s are any uniform and continuous functions of an 
independent variable i. If we change the form of the JP^s we shall 
change the curve — suppose we change to 

X = y = G-2{t), z = Gait). 

To every value of t corresponds one point on each curve, con- 
sequently to each point on one curve corresponds a definite point on 
the other. Such a change from one curve to the other is called a 
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transformation of the curve. The change may be made gradually, 
for example, 

y = j;(o + 

z^F,{t)-Ve\GS)-F,{t)}- 

For every value of o we shall have a particular curve — for 
5 = 0 we shall have the original curve, for ^=1 the final curve, 
and for intervening values of b other curves. A small change in a 
will cause a small change in the curve, and if s is infinitesimal we 
shall call the transformation an infinitesimal transformation. The 
changes in the values of y, 0, or of any functions thereof, for an 
infinitesimal change a, are called the variations of the functions, and 
are denoted by the sign d. 

Suppose we denote derivatives by the independent variable ty 

dx d^x d^x , 

— , , ... — - etc. 

dt dt^ dx. 

by the letters 

x\ x", x(*\ 


and by qp any function of the independent variable, of tlie dependent 
variables, and of their derivatives up to the m**’ order 

qp(i, X, y, s, F, y', ... «/<*>, .?(”•)), 

and consider the change in qp made by an infinitesimal transformation, 
where we replace x, y^ s hy 

X + e|(<), 

y + *12 ( 0 » 


dt 


dH 


where iy, g are arbitrary continuous functions of t. 

d X I. 1 ji dx . d^ -j d^ ^ X 

Then or x is replaced by and — 

dt dt dt dir 

i. e., by 

xW + 

Hence q> becomes 

<p{i, x + ei, 2/ + «!?, 0 + f g, a;'+ c|', y'+ et)', . . . + «£<“))> 

which developed by Taylor’s theorem for any number of variables, 
gives on collecting terms according to powers of s 


(p{i, X, y, 0,x^,...) + cqPi + 93- 

where n ^ ^ o o o 

. + ^dy + fx^ + ^ f + 
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The terms are called the first, second and 

variations of q) and are denoted by 

= s^q)2^S^(p, 6^g)k ===^ 6^(p. 

If for q> we put successively rp, y, x\ y \ . we get 

dx ==«S, S\j srj^ dz 6^x = d^y =d^z =0, 

dx^ = Sy^ ==^v'> ==^ d^y^ d^z^ =» 0 , 


diP(0 d2/(^)= = d2y(A‘)==3 ^ Q 

We thus see that the variations of x, y, z are infinitesimal arbitrary^) 
functions of t, the independent variable, and from the last equation 

js/d^x\ ... d^ J. 


'(-■!) - 


that is, the operation of differentiation by the independent variable t 
and variation are commutative, for the variables x, y, z. 

If we consider q? as a function of the variable £, the develop- 
ment by Taylor’s theorem for one variable shows that we have for 
all values of 1c 


so that * 




Now the two variables a and t are totally independent of each other, 
which may be indicated when necessary by writing the derivatives 
with respect to t as partial derivatives. Now since we may (subject 
to the usual limitations as to continuity) permute the order of 
differentation, we have 

a* ^ 

df dB^ ““ dB^ df' 

Multiplying by after having put £ 0 after differentiation, this 

becomes 

d^ xh i^L d' (p 

dt^ ^ df 

so that the operations of differentiation by the independent variable, 
and of variation, are commutative for any function. (It is to be 
distinctly noted that this holds only for derivatives by the independent 
variable, that is the one whose variation is assumed to be zero. If 


1) The functions are arbitrary because the functions 6r,, 6r, are quite 
independent of F^, , F^ being taken entirely at pleasure. 
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some of the variables y, should depend on others, we might 

require the variation of some of their derivatives, for instance 

We must then, since both functions x and y are varied, introduce 
the independent, or unvaried variable writing 


dy dy j dx i/ 

dx dt / dt x' ^ 

and performing the operation of variation on the quotient y^/x\ 



But for derivatives by t we have 

- >{m) - i, « o - 3I 

SO that we may write 

fs(dy\ dd'y j dx dy dd'x j /dx\^ 

\dx) dt / df dt dt / \dt) 

or, once more removing t from explicit appearance, 

^l^y\ 

\dx) dx dx dx 


(If X is the independent variable, 8x=^0, so that we have the .same 
formular as before.) 

Let us now find the variation of the integral 

I jp(<, X, y, z, x\ y', z ', . . .)dt. 

Changing x to x + Sx, y to y + dy, x' to x^ + dx\ etc.. 


i+si+^su-\-...^f{<p + s<p + 

I, 

and the variations are 



that is, the operations of variation and integration are commutative. 
(The limits have been supposed given, that is unvaried.) These two 

principles of commutativity of S with d and 

the subject of the Calculus of Variations. 

(As in the case of derivatives, it may happen that we wish to 
examine the integral with respect to a variable whose variation does 


/ 


form the basis of 



VARIATION OF INTEGRAL. 
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not vanish, 
writing 


We must as before introduce the independent variable, 

lA- dx = dj* dt + (p dx')dt 

-/(«9> • dx + (pddx). 


It raay^ on occasion, be more convenient to nse these more general 
formulae, not supposing the variation of any variable to vanish.) 

If the limits are varied, we have, indicating the part of the 
change in I due to the change in either limit by a suffix, 



which are to added to the part already found. 

In the application of the calculus of variations, we often 
encounter problems involving a number of independent variables, so 
that we deal with partial derivatives, and multiple integrals. The 
princijfies here given will however suffice for the treatment of all 
the usual questions. 

As a celebrated mechanical example of the use of the Calculus 
of Variations let us consider the question: What is that curve along 
which a particle must be constrained to descend under the influence 
of gravity in order to pass from one point to another in the least 
possible time? 

Since we have for the time of descent ^ = / — ? or 

dt f/ ^ 

making use of the equation of energy § 27, 27), 






ds 


yv^'^-^^gXz-z^) 


Let us take for the independent variable corresponding to t above 
the vertical coordinate s. We suppose the motion to take place 
in a vertical plane We have then 


ds = ]/l -h x^^ • dzj x^ 


If now we make an arbitrary infinitesimal variation of the 
curve, if t is to be a minimum we must have the term of the first 
order in e vanish, 

0 . 


Webster, J)ynamic8 2 


6 
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Now 




For any particular curve x is a given function of z. Giving it a 
variation da? we have 


8t 




8x' dz 


yll + x'>) (®„ “ - 2 gr [j - :„]) 


d ^ X 


Mating use of da?' = and integrating by parts 


d^ 


x' 6x 





x' 



If the ends of the curve are fixed da? vanishes for both limits Zq 
and Zy , hence the integrated part vanishes. Consequently for a 
minimum the integral must vanish. 

Now since the function da? is purely arbitrary if the other factor 
of the integrand did not vanish for any points of the curve we 
might take da? of the same sign as that factor at each point. Thus 
the integrand would be positive everywhere and the integral would 
not vanish, consequently the factor multiplying da? must vanish 
for each point of the curve, or 


d / X* 



0 . 


This is the differential equation of the curve of quickest descent, 
or hrachistochrone. 

Integrating we have 


- — — ■ — — T. = c, an arbitrary constant. 

Squaring and solving for we obtain 


V 2 — ■“ "o'JL 

V * 1 V ^ 

Let us put a = ^ + b = (fi is arbitrary, since it 

involves c), then we have 




dx 1 /a 

dz'' — V b 




1) The bar / signifies that we are to subtract the value of the expression 
before it at the lower limit from the value at the upper limit z^. 
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If we introduce a new variable # such that 
a— h a-\-h 


z == 


we have 


2 


cos 


dz = sin 3- d-d*, 

i 

a ~ z = ^ 4 “ (1 + ^)y 

Jt 

6 + ^ (1 — cos O’). 

Thus our differential equation becomes 


Consequently 


cos -S’ 1 -f- (ios O 

;; r 1 — cos & sin O 


dx = ds = -+ * (1 + cos ») d». 

Integrating, 

X + d = (O + sin O), 

where c/ is an arbitrary constant. 

Combining this with 

^ (1 — cos «•), 


we have the equations of the curve in terms of O, a parameter 
which may be eliminated from the two equations. 

If a vertical circle of radius - ^ A roll under a horizontal 

straight line (Fig. 19), and O be the angle made with the downward 
vertical by a radius fixed in the rolling circle, the distance moved 



¥ig. 19 . 


by the center of the circle from the position in which -d* = 0 is 
equal to the arc rolled over, Ad". A point at the extremity of the 
given radius lies then at a horizontal distance A sin # farther, so 
that its horizontal coordinate is 

X ^ A{d' + sin d"). 

Its vertical coordinate measured from its initial position ^ = 0 is 

^ = -4.(1 — cos #). 

O'" 
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The curve described by a point on the circumference of the 
rolling circle is called a cycloid. Obviously from the symmetry of 
the case the curve is symmetrical about a vertical axis on which the 
point lies when d' => 0. Thus our equations of the brachistochrone 
show that it is a cycloid with vertical axis. 

The arbitrary constants of integration, b and d, are determined 
by the two points through which the curve is to pass. Tiie discovery 
that the cycloid is the brachistochrone for gravity is due to Jean 
Bernoulli. 

30. Dependence of Line Integral on Path. Stokes’s 
Theorem. Curl. Consider now our line -integral, 

It 

T ^J*(X (lx + Y dy + Z dx). 

A 

We have first to introduce an independent variable corresponding to 
the t of the previous section, variation of which shall cause the point 
of integration to move along a given curve. Let us call this h, 
which to fix the ideas may (though this is unnecessary) be considered 
as the distance measured along the curve from the point A. Thus 
we write 


B 



A 


The functions X, Y, Z, being given for every point x, z, the 
integral I will in general depend on the form of the curve AB If 
we make an infinitesimal transformation of the curve, the integral 
will change, and we shall now seek an expression for the variation. 
We have 

«-/ [«'5r + 

Now 

ax. , dx j. , ax. 

and 

gdx d{dx) 

ds ds 

We may perform upon the term 



A 
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an integration, by parts, 


/.I 






Now we have 


d^dz 

ds dx ds dy ds ' dz ds 


Performing similar operations on the other terms we have 


+ Ti,j + Z<!x)J+f[l^?Jx + if + if 
_ . /ax ^ ^ 

ISj' ris dy ds ^2 rfs/ 

•' Vcytr rfs ay ds dz ds/ 

. /?;?<*,<; , dZdy , dZdz\-] , 


Now if in the variation the ends of the curve A and B are 
fixed, dXf dy, vanish for A and J5, and the integrated part 

B 

Xdx + YSy + ZSz j vanishes. Collecting those terms under the 

A 

sign of integration that do not cancel, and removing the factor ds 
we have 

U-J [{iydx _ (if _ If) + (forf,_ i^,u) (g - 1^ 

+ (4*d!,-a'!,<te)(|f-|f)]. 

Now the determinant 


8yd^ — 8zdy 

is the area of the parallelogram in 
the FZ- plane the projection of whose 
sides on the Y- and Z-axes are 
dy^ dz, Sy, 8z. That is, if we con- 
sider the infinitesimal parallelogram 
whose vertices are the points 5, s + ds, 
and their transformed positions, the 
above determinant is the area of its 
projection on the YZ-plane, If the 
area of the parallelogram is dS and 
is the direction of its normal, we have 



Fip. 20 
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Sydz -- Ssidy ^ dS cos {nx\ 

Szdx — dxdz ^ dS cos (ny), 
dxdy— dydx===> dS cos 

and 

Ife " ^) (”2/) 

wbicli is in the form of a surface 
integral over the strip of infinite- 
simal width bounded by the two 
curves of integration. 

If we again make an infinite- 
simal transformation, and so continue 
until the path has swept over any 
Kig SI. finite portion of a surface aS, and 

sum all the variations of J, we get 
for the final result that the difference in I for the two extreme 
paths 1 and 2 is the surface integral 

lim J = 7, - i, =JJ { (g - If) cos {nx) 

+ (It - If) + (H ~ 1 

taken over the portion of the surface bounded by the paths 1 and 2 
from A to B, Now — may be considered the integral from B 
to A along the path 1, so that Jg — is the integral around the 
closed path which forms the contour of the portion of surface S. 
We accordingly get the following, known as 

Stokes’s theoeem.^) The line integral, around any closed contour, 
of the tangential component of a vector 2?, whose components are 
X, Ty Zy is equal to the surface integral over any portion of surface 
bounded by the contour, of the normal component of a vector (o, 
whose components 5, are related to X, X, Z by the relations 

y _djr 

^~dy dz' 
dX dZ 

_'dX 
® dx dy 

1) The proof here given is from the author’s notes on the lectures of 
Professor von Helmholtz. A similar treatment is given by Picard, TraiU 
d' Analyse, Tom. I, p. 78. 




30 , 31 ] 


STOKES’S THEOREM. CURL. 


87 


The normal must be drawn toward that side of the surface that 
shall make the rotation of a right-handed screw advancing along the 
normal agree with the direction of traversing the closed contour of 
integration. 

37) cos (jR, ds) ds Xdx + Ydy + Zds =//» cos {ton) dS 


-SI 


{ I cos (nx) -f rj cos {ny) + ^ cos {nm) } dS. 


The vector o related to the vector point -function B by the differ- 
ential equations above is called the rotation, spin (Clifford), or curl 
(Maxwell and Heaviside) of J2. 

Such vectors are of frequent occur- 
rence in mathematical physics. 

(See Part TIL) 

The significance of the geo- 
metrical term curl can be seen 
from the physical example in 
which the vector B represents 
the velocity of a point instant- 
aneously occupying the position 

Xj y, ^ in a rigid body turning Fig. 22 . 

about the if-axis with an angular 

velocity co. Then the vector i? = cop is perpendicular to the radius p 
and its components are (Fig. 22), 

X = E cos {Bx^ = 



B sin (p;r) == — E ^ — — y 




Y^Bcos{By) = 
where to is constant, and 


E cos {qx) 


dT dX 


B- 

Q 


XtO, 


So that the ^-component of the curl of the linear velocity is twice 
the angular velocity about the i^-axis. Further examples are presented 
to us in the theory of fluid motion. 

31. Iiamellar Vectors. In finding the variation of the integral I 
in the previous section, since the variations SXy Sy, are perfectly 
arbitrary functions of s, if the integral is to be independent of the 
path, SI must vanish, which can happen for all possible choices of 
Sx, Sy, SSy only if 

^ dy dz dz dx dy ^ 

that is if the curl of E vanishes everywhere. In case this condition 
is satisfied, I depends only on the positions of the limiting points A 
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and B, and not on the path of integration. Consequently, as stated 
without proof in § 28, the conditions 38) are sufficient as well as 
necessary. 

If A is given, / is a point ’■function^) of its upper limit JS, let 
us say g>. If B is displaced a distance s in a given direction to B\ 
the change in the function q) is 

s' 

(pS' ~ ^s =J{Xdx + Tdy + Zds), 

B 

and the limit of the ratio of the change to the distance, 


38 a) 


lim 

#=0 


s 


cq) y.d x . y 

Fs ^ ^ ds ^ Ih 




ds^ 


is the derivative of q) in the direction s. 

If we take s successively in the directions of the axes of coordinates, 


38 b) 


dtp _ ^ dq> _ -y ^ y 

dx “■ dy ~ bz ^ 


A vector whose components are thus derived from a single scalar 
function q) is called the vector differential parameter or gradient of q>. 

Accordingly the three equations of condition 38), equivalent to 
curl ii — 0, are simply the conditions that X, Y, Z may be represented 
as the derivatives of a scalar point- function. In this case the 
expression 

Xdx + Ydy + Zdz = ^.dx + 
is called a perfect difforenticd. 

From the definition of the parameter of a scalar point-function 
38 b), we see that the components of the vector B at any point are 
proportional to the direction cosines of the normal to the surface 
fp const, passing through the point in question, that is Ji is 
perpendicular to the surface. A surface for which a scalar point- 
function is constant is called a level surface of that function. Since 


dx dy dz 
ds ^ ds ^ ds 


are the direction cosines of the tangent to the arc ds, we see that 
equation 38 a) states that the derivative of q) in any direction is the 
projection of its vector parameter on that direction. Since a vector 
is the maximum value of any of its projections, we see that the 
direction of the normal to the level surface of q) at any point is the 
direction of fastest increase of q) at that point. Also if we take 
for 9 ?^' and q>B in 38 a) the constant values belonging to two infinitely 


1) A function of the coordinates of a point. 
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near level surfaces, we see that, the numerator being constant, the 
derivative in the direction of the normal, that is the value of the 
vector parameter J?, is inversely proportional to the normal distance 
between the two infinitely near level surfaces of the function g?. 

Such a pair of surfaces will be called a thin level sheet or lamina. 
For this reason a vector point -function that may be represented 
everywhere in a certain region as the vector parameter of a scalar 
point-function will be called a laminar^ or lamellar vector (Maxwell). 

The scalar function (p (or its negative) is termed the potential 
of the vector It. 


32. Motion of the Center of Mass. Suppose that a system 
of particles is under the infiuence only of forces acting between the 
particles and depending on their mutual distances, and that the 
constraints, if there be any, are such as to permit of a virtual dis- 
placement which is represented by ecjual vectors for all the particles. 
Then in our equation of d'Alembert’s principle (18) let us put each 
Sxr equal to the same quantity X, (‘ach Sy^ equal to and each 8^^ 
(‘qual to V. 

Supposing the system to be conservative, and using equations 23) 
we have 


39 ) 


+ V 




, „ dv 


Now as the forces depend only on the mutual distances of the 
particles, and therefore only on the differences of their coordinates, 
if we put 


Si — — Vx Vny &1 *^1 ^ny 


— 1 — 1 ^ny '^n — 1 ?/« — 1 — 1 — 1 


we shall have 

U ^ U (||, Tju . . . 5;|__l). 

Accordingly 

ag, dlJ a dpx . . . . _ 

dx^ aSi dx^ aja dx^ dr]^ dx^ aii 

and likewise ^ ^ ^ ^ 

dx^ ag/ 

du _ du 

^ in 
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On the other hand 


40) 

Consequently 


dU 


dU_ 


dU 


dU 


dU dU 
dx^ ‘ dx^ 


du 

dx, 


dU 


J ou 

n 


0 . 


Thus 39) becomes 


41) 


A*x. 


Sr TYlr 


+ i^y!' 


nir 


d^yr 


dt^ ' dt^ ' 


+ V^Mr 




0 . 


But since X, iij v are perfectly arbitrary this is equivalent to the 
three equations 


42) 2 




dt^ dt* 

Since the rn'e are independent of the time, we may differentiate 
outside of the summation and write the above 


43) 


dt* 


nirXr = 0, 


^rWryr 


= 0 . 




If we define the coordinates of a point Xj z by the equations 

xHr^Vlr = Ur'^lrXry Jf == 2?r^^r2/r; Z = Ur'^^lr^r 

and if we consider a mass m to consist of 7n particles of unit mass, 

~ r T T 

X = - 


being the sum of the coordinates of the whole number of unit 
particles divided by their number is the arithmetical mean of the 
ic- coordinates. If m is not an integer, by the method of limits we 
extend the motion of the mean in the usual manner. The point 
X, yj Zj the mean mass point thus defined is called the center of mass 
of the system. (The common term center of gravity is poorly adapted 
to express the idea here involved and had better be avoided. We 
shall see in the chapter on Newtonian Attractions that bodies in 
general do not possess centers of gravity.) 

The equations 43) thus become 


44) 


^ = 0 


d^y 

dt^ 


= 0 , 


dn 

dt^ 


= 0. 


Therefore the center of mass of a system whose parts exert forces 
upon each other depending only on their mutual distances moves 
with constant velocity in a straight line. This is the Principle of 
Conservation of Motion of the Center of Mass. It evidently applies 
to the solar system. What the absolute velocity of the center of 
mass of the solar system is or what its velocity with respect to the 
so-called fixed stars we do not at present know with exactness. 
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Returning to tlie equations 39), whether there is a force-function 
or not, 1, fif Vf being the same for each term of the summation, 
may be taken out from under the summation sign and being arbitrary, 
the equation 39) is equivalent to the three 

d^x d^v d^^ 

45) = HrYr, 

or as before 


46) 


d*x 




dt 






rj 


dt^~ 


2Jrnir == 


ry 


that is: The center of mass of any system of the kind specified 
moves as if all the forces applied to its various parts were applied 
at the center of mass to a single particle whose mass is equal to 
the mass of the whole system. 

This principle of the motion of the center of mass reduces the 
problem of the motion of the system to that of finding the motion 
of a single particle together with that of the motion of the parts of 
the system with respect to the center of mass. 

A rigid body is a system of particles coming under the case 
here treated, since the only constraints are such as render all the 
mutual distances of individual points constant. Therefore the only 
new principles required in order to treat the motion of a rigid body 
are such as determine* its motion relatively to its center of mass. 

If the center of mass is to remain at rest or move uniformly, 
we must have 

47) 2JrYr--0, 2JrZr ^ 0. 

This will always be the case as shown above for mutually attracting 
particles, since to every action there is an equal and opposite 
reaction. The three equations 47) furnish three necessary con- 
ditions for the equilibrium of a rigid body. 

If we introduce the relative coordinates of the particles with 
respect to the center of mass into the expression for kinetic energy 
it assumes a remarkable form. Let us put 

= ^ry Vr ^ V + Vry ^ + try 


dx^. 

dx 



dt 

' dt 

+ 

dt ' 

dPr 

dy 

+ 

drir 

~di 

dt 

dt 

dz^ 

dl 

+ 

dSr 

di dt 

dt 


then 
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1 ©’ 


+ 




dx dy dri^ dz dt 

+ + ^df 

+ (t)v (^)‘i' 

and taking outside of the sign of summation the factors common to 

1 1 at . a * 1 * d X d y d z 

all the terms involving 


+ ^ diS dt2 ^ ^ dt2 'di J 




dir 


Now in the last three terms we may write 


dir 

2l^'~dT 


dt 


Zrmr%r = (l^rWr), 


if I is the a;- coordinate of the center of mass in the rjy ^ system. 
But since the center of mass in the origin of the relative coordinates 
I, rj, g, this is equal to zero. Similarly for the terms in rjr and ^r- 
Thus we have remaining if we write M for the mass of the whole 
system, 

. 0 ) (!?)%©•! 




The first term is the kinetic energy of a particle whose mass is equal 
to the total mass of the system placed at the center of mass, while 
the second is the relative kinetic energy of the system with respect 
to the center of mass. Thus the absolute kinetic energy is always 
greater than its relative kinetic energy with respect to the center of 
mass (unless the center of mass be at rest). The center of mass is 
the only point for which such a decomposition of the kinetic energy 
is generally possible. 

If the principle of the conservation of motion of the center of 
mass holds we have 


dx 

dt 


=-a, 




dz 

dt 


- 0 , 


dy 

dt 
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and inserting these in the equation of energy for a conservative 
system, T 


51) +(^) + {-^y) ) + Tr=fe-ijif{a*+ 5* +c*} = 


In this case accordingly the principle of conservation of energy holds 
also for the relative kinetic energy, the constant h being changed. 
Inasmuch as we know of no absolutely fixed system of axes of 
reference it is obvious that the kinetic energy of any system contains 
an indeterminate part But in virtue of the above principle if we 
consider the center of mass of the solar system to be at rest all our 
conclusions with regard to energy will hold good. The effect in 
general of referring motions to systems of axes which are not at 
rest will be dealt with in Chapter VII. 

As a simple example of the above principle let us consider the 
case of a rigid sphere or circular cylinder, with axis horizontal, 
rolling without sliding down an inclined plane under the action of 
gravity. If the distance that the center of the body has moved 

parallel to the plane be s, the first part of ^ is ^ • If the 

angle that a plane through the horizontal axis parallel to the inclined 
plane makes with the normal to the inclined plane be 0* (Fig. 23), 

the velocity of a particle with respect to the center is where r 

is its distance from the horizontal axis. The relative kinetic energy 
is thus 




^ 2rmrrl 



d%' 

or since the angular velocity of rolling is the same for all terms 
of the summation. 


52) 




The factor Er'tnrrl is called the moment of inertia of the system about 
the horizontal axis through the' cenler 6f maST" and will be denoted 
by K, Thus we have 


53) 






If the rolling takes place without sliding we have the geometrical 
condition of constraint. 


B 


dd' ds 

dt "" dt' 


where B is the radius of the rolling body. 
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The loss of potential energy is Mg times the vertical distance 
fallen^ s sin a, where a is the angle of inclination of the plane to 
the horizontal. Our equation thus becomes 


•'^ 4 ) i ( ^ (S') + W & ) - sin « = const. 

If =zV when 5 = 0, determining the constant we have 


55) 



2Mgs sin a 

Tl/T 1 


Thus the motion is the same (cf. § 18) as that of a particle falling 
freely with the acceleration diminished in the ratio — — 



Thus by increasing JY, 
which may be done 
by symmetrically attach- 
ing heavy masses to a bar 
fastened to the cylinder 
in such a way as not to 
interfere with the rolling 
of the cylinder (Fig. 23), 
we may make the motion 
as slow as we please and 
thus study the laws of 


rig. 23, 


constant acceleration. 


33. Moment of Momentum. Under the supposition that the 
equations of constraint were compatible with the displacement of 
the system parallel to itself and that the force -function was thereby 
unchanged we obtained the principle of the conservation of motion 
of the center of mass. We will now suppose that the equations of 
constraint are compatible with a rotation of the system about the 
axis of X and that the force -function is thereby unaiBFected. This 
will be the case in a rigid system or in a free system left to its 
own internal forces (if conservative). 

If we put 

Vr == cos (Orn 

56) ^ r r, 

^ == sm Or; 

such a displacement is obtained by changing all the Or s by the 
same amount do, leaving the r’s unchanged. We have then 

dXr^O, dyr^ — rrsinordo = — /sfrSco, 

COS (DrScJ =^yr d O. 


V. . 
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laserting these values in d’Alembert’s equation we obtain 

58) d<o'^rmr\— + J/r — Sb) — SrTr) =• SU. 

If U depends only on the mutual distances of the particles of 
the system it is unchanged in the displacement^ SU ^ 0. 

We then have 



As was mentioned in § 11 the quantity within the parenthesis 
is an exact derivative^ so that 



or differentiating outside of the sign of summation 


A 

dt. 

Integrating we obtain 

dz 


^yr\ ^ 


60) nir {yr ^ Hx, an arbitrary constant. 


The expression z = ymv^ — zmVy is the moment of 

momentum [42), § 13] about the X-axis of the mass m, or it is the 

dS^ 

product of twice the mass by the sectorial velocity (§ 8). The 

theorem consequently states that the moment of momentum of the 
whole system with respect to the X-axis is constant. 

Under similar conditions for the other two axes We obtain 



The vector H, whose components are Hxj Hyy is the resultant 
moment of momentum of the whole system, and if the above equa- 
tions 60) hold it is constant both in magnitude and direction. This 
is the case for the solar system and we accordingly have an unvary- 
ing direction in space characteristic of the system. This direction 
was called by Laplace that of the Invariable Axis and the plane 
through the sun perpendicular to it the Invariable Plane It may 
be defined as that plane for which the sum of the masses of each 
particle multiplied by the projection of its sectorial velocity on that 
plane is a maximum. *Such a plane furnishes a natural plane of 
coordinates for the solar system. 
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The principle expressed by equations 60) will “be referred to as 
the Principle of Conservation of Moment of Momentum. On account 
of the connection with the sectorial velo( ity it has received the 
shorter and more euphonious title of the Principle of Areas. 

In case dU does not vanish, going back to equation 58), we may 
divide out d(o and instead of GO) now obtain 

^ = ZriVrZr ~ SrYr), 
dH 

6 1 ) (Zr Xr - XrZr), 

dH. 

= 2r{XrYr — yrXr), 

where Hxy Hyj have the same meaning as the left-hand members 
of equation 60), but are not now constant. Stating in words: The 
time derivative of the moment of momentum of any system with 
respect to any point is equal to the resultant moment of all the 
forces of the system about the same point. 

The equations 46) and 61) furnish us the six equations of 
motion of a rigid body. Geometrically, we may say that the radius 
vector of the hodograph (§ 6) of the vector moment of momentum of a 
system is parallel to the resultant moment of the forces acting on 
the system at each instant of time, this statement being the com- 
plement to the statement that the radius vector of the hodograph of 
the velocity of the center of mass is parallel to the resultant of the 
forces acting on the system. 

The three principles which we have now treated, the Principle 
of Energy, the Principle of Motion of the Center of Mass, and the 
Principle of Moment of Momentum, in the cases of conservation, give 
us the first integrals of the equations of motion, and suffice for the 
treatment of all mechanical problems. In the next chapter we shall 
deal with a principle which is more general than any of these in 
that it enables us to deduce the equations of motion and thus 
embraces a statement of all the laws of Dynamics. 
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CHAPTER IV. 

PRINCIPLE OF LEAST ACTION. 

GENERALIZED EQUATIONS OF MOTION. 

34. Hamilton’s Principle. We shall now consider a principle 
that differs from those of the last chapter in that it does not 
immediately furnish us with an integral of the equations of motion. 
On the other hand, like d’Alembert’s principle it enables us to 
embody the laws of motion in a simple mathematical expression 
from which we can deduce the equations of motion, not only in the 
simple form hitherto used employing rectangular coordinates, but also 
in a iorm involving any coordinates whatsoever. This statement, 
employing the language of the calculus of variations, permits us to 
enunciate the principle in the convenient form that a certain integral 
is a minimum. The so-called Principle of Least Action was first 
propounded by Maupertuis^) on the basis of certain philosophical or 
religious arguments, quite other than those upon which it is now based. 

We shall first treat it in the form given by Hamilton. If in 
d’Alembert’s equation 

2'{ ("• S ^ + (”• 2) j.) - 0, 

we consider dx, Sy, Sz arbitrary variations consistent with the equa- 
tions of condition, we have 

d^x ^ d \ dx ddx 

d (dx ^ \ dx Bdx 

dT \dt d'i lu 

Treating each term in this manner, taking the sum, and removing 
the sign of differentiation outside that of summation, 


1) M^m. de TAcad. de Paris, 1740. Also: Bes lois de mouvement et de 
^epo^' dedmtes d^un prineipe m^taphysique , Berlin, de PAcad. 1745, p. 286. 

WebSTKB , Dynamics, s. 7 



98 IV. PRINCIPLE OP LEAST ACTION. GENERALIZED EQUAT, OP MOTION 
If there is a force -function TJ we have 


S{X8x + Y8y + Z8z) SU^ 
consequently the right-hand member of 1) is 

ST + SU. 

The left-hand member being an exact derivative we may inte- 
grate with respect to between any two instants tQ and 


2 ) 





dt 


If the positions are given for t^ and t^y that is if the variations 
Sxy Sy, Sz vanish for t^ and t^y then the integrated parts vanish, and 


or 


3 ) 



= 0 , 



= 


This is known as Hamilton's Principle}) It may be stated by 
saying that if the configuration of the system is given at two 
instants t^ and t^, then the value of the time-integral of T -f- U is 
stationary (that is less or greater) for the paths actually described in 
the natural motion than in any other infinitely near motion having 
the same terminal configurations. 

Considering the signification of a definite integral as a mean^) 
we may state equation 3) in words as follows: The time mean of 


1) Hamilton. On a General Method in Dynamics. Phil, Trans, 1834. 

2) It is understood that both the natural and the varied paths are smooth 
curves, that is without sharp corners. 

3) The arithmetical mean of a number of quantities is defined as their 
sum divided by their number. A definite integral is defined as the limit of a 
sum of a number of quantities as their number increases indefinitely. If we 
divide the interval ah into n parts of length and if we denote by f» the 
value of a function f{x) when x lies at some point within the interval we 
define 
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the difference of kinetic and potential energies is a minimum for the 
actual path between given configurations as compared with infinitely 
near paths which might be described (for instance under constraints) 
in the same time between the same configurations; or more freely: 
Nature tends to equalize the mean potential and kinetic energies 
during a motion. 

Hamilton’s principle is broader than the principle of energy^ 
inasmuch as U may contain the time as well as the coordinates. It 
is true even for non -conservative systems (where a force-function U 
does not exist or where U contains the time), if we write instead 
of SIJ, 

2:{Xdx + YSy + Zdz), 

We have then 

4> J'iST + i:(XSx + Ydy + Zd 0 )}dt^O. 

35. Principle of Least Action. It is to be noted that in 
the statement of Hamilton’s principle the infinitely near motion with 
which the actual motion is compared is perfectly arbitrary (except 
that it satisfies the equations of condition), so that to make the 
system actually move according to the supposed varied motion might 
require work to be done upon it by other forces. The paths described 
by the various particles are not necessarily geometrically different 


It is proved in the integral calculus that the manner of subdivision into the 
intervals dg is immaterial. We may accordingly put them all equal so that 

^ ^ then dividing by {h — a) we have 


a 


„=^b-a^ 


b^a 

n 


f. 



that is the definite integral of a function in a given interval divided by the 
magnitude of the interval represents the limit of the arithmetical mean of all 
the values of the function taken at equidistant values of that variable throughout 
the interval when the number of values taken is increased indefinitely. The 
specification of the variable with respect to which the values are equally 
distributed is of the first importance. For instance suppose that we change to- 
a new variable such that x^<p{y)^ y — then 




J'f{x)dx =J‘f(x)<f'(y) dy. 




The integral may now be interpreted as the mean of thei# function 
multiplied by the interval through which y varies, for equally distributed values 
of y. Thus we deal above with Ume means and space means. 
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from those of the actual motion, but if not they are traversed with 
different velocities, so that at any rate the coordinates of the various 
points are different functions of the time in the varied and in the 
actual motion. 

In case the system is conservative, Hamilton’s principle is 
equivalent to another, less general, but historically older. In this 
form of statement of the principle, we compare two infinitely near 
motions, but the second is not completely arbitrary, for instead of 
associating together pairs of points Xy y, Zy x -f- 8xy y -\- Sy z + Szy 
reached at the same instant in the two motions, and making Sxy Sy, 8z 
perfectly arbitrary, we assume that the variation takes place in 
accordance with the equation of energy, 

5) T + W^hy 

so that we are to put 

8W dT. 

But if the equation of energy is to hold on the varied path as well 
as on the unvaried, the kinetic energy of the system in any con- 
figuration is determined, and thus the system may not be in that 
configuration at any time we please, as that would involve arbitrary 
velocities, and there is a restriction on the velocities due to the 
determination of the kinetic energy for every configuration in the 
motion. We will therefore give up the assumption that pairs of 
points compared are reached at the same instant of time, in other 
words we shall no longer assume that 8t = 0. No matter what the 
independent variable may be, as functions of which we may express t 
and all the coordinates, so as to compare the motion point by point, 
we may use the principles explained in parenthesis on p. 8o, which 
will cause a certain modification of our result. If is not zero, 
we can no longer put in the preceding demonstration, 

dS X jsdx 

dt dt ^ 

but must write, as explained on p. 80, 


d8x 


dx 


dx 

ddt 

dt 

s 

dt 

dt 

It’ 

II 

s 

dy 

dt 

+ 

dy 

dt 

dSt 
dt ’ 

d$z 

s 

dz 

+ 

dz 

ddt 

dt *** 

dt 

dt 

dt 


We have thus to add to the right-hand member of equation 1), 
the term 
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so that instead of 2) we haye 

«) L2'{”(sf ** + 


^0 


dt. 


AltlLOugli the times of arriving at corresponding configurations are 
not the same, so that and are not the same as before, the 
terminal positions are still given, so that the integrated parts still 
vanish. Now introducing our new assumption, of variation according 
to the equation of energy, we obtain 

dV = -SW^ ST, 


V 

that is, 

8 ) 





The integral which is twice the mean kinetic 


energy for equal intervals of time multiplied by the time occupied 
in the motion, is called the Action* 

Accordingly the principle stated in equation 8) is known as the 
Principle of Least Action. 

The definition of action is usually given otherwise, for since 




r mrVr 


ds^ 

dt 


9 ) 



which exhibits the action as a sum of line integrals of the momentum 
of the particles. We may thus define the action as the sum for all 
the particles of the mean momentum for equal distances multiplied 
by the distance traversed by each particle. 

In the enumeration of the conditions there is now a difference 
— the initial and final configurations of the system (positions of all 
the points) are given as before, but instead of prescribing the dura*- 
tion of the motion, — we prescribe the initial energy h* Thus 
in the variation of the paths the energy is supposed to be unchanged. 
In forming the integral t is supposed to be diminated and all the 
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velocities to be expressed in terms of the coordinates alone. To 
ejBfect this we make use of the equation of energy, 




from which 


10) 

and 

y 2(h-w) 

c 

11) 

A^J >/2(/t - W)Srmrdsl. 


In order to fix the ideas we may explicitly introduce a new 
independent variable in the integral, supposing the equations of 
motion to have been integrated and all the coordinates to be expressed 
as functions of a single parameter which for example may be one 
of the coordinates. That is for each value that is assigned to the 
parameter q we suppose the position of every point in the system 
completely known. 

ds 

Writing now dSr ^ -j^dq the integral is 


12) A=fy2{h- W)^r dq. 

<Jo 

The proper statement of the principle of least action then is that 
the variation of this integral vanishes, given the initial and final 
configurations and the total constant energy. We have now com- 
pletely get rid of the variable t, and are not embarassed by the 
question whether its variation is zero or not. 

As the simplest possible example consider the case of a single 
free particle acted on by no forces, then W — 0 and the action is 




^2hm fds 


X, 

== mvj ds, 


and the action is proportional to the distance traversed. 

If this is a minimum the path will be a straight line, the 
principle of least action accords with Newton’s first law. 

Suppose that the particle instead of being free is constrained to 
lie on a given surface. The path described must then be an arc of 
a shortest or geodesic line of the surface. The calculus of variations 
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enables us to find the differential equations of such a line. Suppose 
the surface is a sphere, then if the particle is started from a 
point P (Pig. 24) with a given velocity v 
in any direction, it may be made to arrive 
at Q by the introduction of certain con- 
straints, for instance, suppose it obliged 
to move on a plane passing through P 
and Q. The principle of least action says 
that in the natural or unconstrained motion 
it will go from P to Q along the shortest 
path, that is, an arc of a great circle. 

Of all possible paths there are two natural 
ones by which the particle travels from 
P io Q along a great circle, but leaving P 
in opposite directions. It is only for the 
shorter of the two paths that the action is a minimum This is an 
example of a frequent occurrence in the calculus of variations, 
namely, that an integral possesses the minimum or maximum property 
only when its limits are sufficiently close together. 

We will illustrate this by a less simple example. Consider the 
problem of shooting at a target, or the ideal case of a single particle 
acted on only by gravity, which has been treated in § 18. 

Suppose the particle projected from the point with the 

velocity Vq? reach the point If ^ be the time of 

flight, we have by § 18, 3) 



from which 


17' ~ ♦'Tq 1^ -1 ^0 " h 9 ^^ ! 

- t ^ — - i ' 


or otherwise 


13 ) + {9 {h — ^0) — ®0*) + (^i — ^0)* + 

a quadratic in to determine the time of transit in terms of the 

given constants x^y ^ 0 , hi ^’o- Introducing the following letters for 

the range, its horizontal and vertical projections. 


»'=y(»i-*o)®+ l = oi\-x^, h = Sy-So, 
and solving the quadratic, 

14) V - gh 

If the radical is real — which will be the case if the initial 
velocity is great enough — ^ since the absolute value of the term 
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outside the radical is greater than that under it, both values of 
will be positive, even if the lower sign is used, therefore there will 
be two real possible positive values of t 

To determine a, the angle of elevation, we have 


Vx = -^0 ~ ^0 ^ 


Vx 


hjrgt^ 

~ i ‘ 


and inserting the two values of i we get two possible elevations. 
Thus we find that the aim is completely determined (though not 
uniquely in this case) by the terminal positions and the velocity of 
projection. ^ 

For the action we obtain 


dt 


t I 

16 ) A=^j2T(lt = mJ*{va^+*2g{Zo- 

U 0 

t 

^ m j ^gVzt]dt 
0 

Using the values of and t found above we obtain two values of 
the action different for the two paths Thus there are two possible 
natural paths, differing from each other by finite distances, for only 
one of which is the action least. Both however have the property 
that between two points sufficiently near together the action is less 
than for any infinitely near path. 

In case the radical in 14) vanishes, that is 


16) 


■ (^1 -* ^ o ) } " “ 9 ^ { (‘^1 " ^ o )" + (^ 1 ^ o )^} == . 0 ^ 


or 


g\x^ - - ^o) 0, 

the two roots are 
equal and there is 
only one course. 
The terminal point 
then lies on 
a parabola whose 
vertex is vertically 
above the point of 
projection (Fig. 25). 
It is easy to see 
that this parabola is 
the envelope of all 
possible paths in this vertical plane starting from the same initial 
point 070, with the same velocity % For it is the locus of the 
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intersection of courses whose angles of elevation a difiPer infinitely 
little. If the second point lie without this enevelope it cannot 
be reached under the given conditions. If upon it it can be reached 

by one path, and if within it by two paths. In that case the course 

that reaches before touching the envelope has the less action. 

A point at which two infinitely near courses from a given point 
with equal energy intersect is called a hinetic focus of the starting 
point, and if on any course the terminal configuration is reached 
before the kinetic focus on that course, the action will be a minimum. 
If the kinetic focus is first reached it will not 

Thus in the problem of motion on a sphere under no forces, 

the point diametrically opposite the initial point is a kinetic focus. 
Kvidently a particle may reach the kinetic focus starting in any 
direction from the orginal point, for all great circles through a 
point intersect in its opposite point. The envelope of all the great 
circles or courses from a point in this case reduces to a point, which 
is the kinetic focus. 

For the treatment of the difficult subject of kinetic foci, which 
belongs to the calculus of variations, the reader is referred to 
Thomson and Tait, Principles of Natural Philosophy, § 358, and 
Poincare, Les Mcthodes Nomelles de la Mccanique Celeste, Tome III, 
p. 261, also to Kneser, Lehrhnch der Variationsrechnung, Bolza, The 
Calculus of Variations, and Hadamard, Lemons sur le Calcul des Variations, 
From the principle of least action we may deduce the equations 
of motion. Of course the principle was itself derived from these 
equations, therefore, as is always the case, we obtain by mathematical 
transformations no new facts It is however instructive to see how 
by assuming the principle of least action as a general principle we 
may obtain the equations from it. 

Let us put in equation 12) 

dsl — dxl + dy\ + dzl, 

17) sj y2(h-W)[^7(^Tyr^-¥ 4^)} • rfa - 0. 

to 

If we put 

2{h-W)==M, 

18) + + Ymn==p, 

since P involves all the coordinates and velocities Xr^ yr^ sOrt yly 
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19) SA^JsFdq 

So So 


, ap „ , 


Now the term 


u 

. ap. , , ap. , , ap, ,1 

+ g-v ^ ar, + Sy, + _ 0. 

hp 


may be integrated by parts, giving 



Vo 


The terms in and d^l are to be treated in like manner. Since 
the variations of the coordinates yanish at the limits the integrated, 
terms disappear, leaving 



Now ill virtue of 18) since N does not contain the coordinates 

dP ^ ±-\/~K ^ l/‘K • 

dx^'~' 2 V M V M 


Also since M does not contain xl^ 

1 1 /H 1 fM , 

dx^ 2 r JV 

and consequently 


dP _ ^ /dPx _ _ -1/ A dW_ d ( -1/ dx. 

dx^ dq^xdxlJ V M dx^ f/gx N dq) 

The equation of energy, 


2”'((W+ 


gives 


+ y7 + Z’^) = 2{h - W), 

or according to 18), 
from which we get 

^/M 
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Inserting this value oi dq gives 

_ -yN' ^ 


dx^ dq\dxl,/ 


M 


dq 


mr 


dx^\ 

■if) 


Accordingly we have 

<ii 


_ 1 (dW 

V M\dx^ 


+ - 


d^x^ 


dt^ 


20) 


, idW . , (dW , \. r, 

^Wr ■*■ d"**/ W 

In order that this may vanish for arbitrary variations, dxr, SyrySZrf 
the coefficient of each variation must vanish, so that we must have 


21 ) 



d^-x^ 

+ 

aw 

1 

O 

>-< 


d'^x^ 

aw 

m. 

dP 

dx^ 

ntr 

dt^ 

dx^ 



+ 

dW 

= 0 , 


d^Vr 

aw 

7nr 

di^ 

,1 

nir 

~dW 

^Vr 


d^z^ 


aw 

0 , 


d^z^ 

aw 

Mr 

'dt^ 

+ 

ar. 

7Hr 

~dT ■“ 

- dz^ 


if. 


which are the ordinary equations of motion for a free system. 

The variations dXt y d^., d^. are arbitrary only if all the particles 
are free. If there are constraints the variations must be compatible 
with the equations of condition, 

qp, - 0, 

0, 


9k - 0, 

that is we must have the h linear relations between the d’s. Chapter III 
equations 14). We may then as in § 25 multiply the equations 
between the d^s by undetermined factors Aj, Ag, . . . Xk and add them 
to the integrand. We shall then have 

2 

+ 4 “ * • * 1^2 0 . 

We may now determine the Jc factors A^, Ag, . . . Xk, so that Ic of 
the factors multiplying the variations vanish identically. Then the 


( 




aw 




dg>i 




+ ■ 
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coefficients of the remaining 3w — h arbitrary yariations being put 
equal to zero with these h give the differential equations 


m, 


(fW 


- +^8^+'^8'; + 


3 9s 


23) 


~dt^ 

(Pz 




dP — + li gj* + • 


dtp. 

^9i 

^qpi. 


From the 3w equations 23) we may eliminate the h multipliers 
Ajy -^ 2 ? • • and obtain 3>^ — ifc equations of motion, which is the 
number of degrees of freedom of the system. 

The equations 23) are known as Lagrange^s difterential equations 
in the first form. They can evidently be deduced from equations 16) 
of Chapter III by d’Alembert’s principle, replacing Xr by 

Xr — etc. 


36. Gheueralized Coordinates. Lagfrange’s Equations. In 

many investigations in dynamics where constraints are introduced, 
instead of denoting the positions of particles by rectangular coordinates 
(not all of which are independent) it is advantageous to specify the 
positions by means of certain parameters whose number is just equal 
to the number of degrees of freedom of the system, so that they 
are all independent variables For instance if a particle is constraind 
to move on* the surface of a sphere of radius we may specify its 
position by . giving its longitude q? and colatitude d', as in § 23 
These are two independent variables. 

The potential energy depending only on position will be expressed 
in terms of q) and '9’. The kinetic energy will depend upon the 
expression for the length of the arc of the path in therms of q) and -fi*. 
Now we have, if I be the radius of the sphere, 

Dividing by dt^ and writing '9'= l^^ve 

dv dt 

24) T = + 

The parameters O' and q) are coordinates of the point, since when 
they are known the position of the point is fully specified. Their 
time -derivatives O', g?' being time-rates of change of coordinates may 
be termed velocities, and when they together with O and q) are 
know, the velocity of the particle may be calculated. The kinetic 
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energy in this case involves hoth the coordinates and (p and the 
velocities 0*/ and Inasmuch as the particle in any given position 
may have any given velocity, the variables t)’, % (p^ are to be 

considered in this sense as independent, although in any given 
actuM motion they will all be functions of a single variable t. 

The form of the function T is worthy of attention. It is a 
homogeneous quadratic function of the velocities '9' and (p\ the 
coefficients of their squares being functions of the coordinates fi-, y, 
the product term in (p^ being absent in this case We may prove 
that if a point moves on any surface the kinetic energy is always 
of this form. 

In the geometry of surfaces it is convenient to express the 
coordinates of a point in terms of two parameters and Suppose 

^ = A ((Zi 3a) > «/ = /a (3i Sa) j ^ = A (Si 3a) > 
from these three equations we can eliminate the two parameters q^^ q^^ 
obtaining a single equation between x, y, Zy the equation of the 
surface. The parameters q^ and q^ may be called the coordinates of 
a point on the surface, for when they are given its position is 
known. If q^ is constant and q^ is allowed to vary, the point x, y^ z 
describes a certain curve on the surface. This curve changes as we 
change the constant value q^. In like manner putting q^ constant 
we obtain a family of curves. The two families of curves. 


(/i - - const, ^2 " const. 


may be called parametric or coordinate lines on the surface, any 
point being determined by the intersection of two lines, for one of 
which q^ has a given value, for the other, q^. 

We may obtain the length of the iufiuitesimal arc of any curve 
in terms of and q^. We have 




j j , dx j 

25) 





dz = -lf^dq, + lf^dq,. 

Squaring and 

adding, 


26) ds® -= 

dz^= Edq^^ + 2Fdqi dq^ 

where 

E 

-'(©■+(© + (ft)' 

27) 

F 

dx dx , dy dy dz dz 

Fg,' 


G 

-{ls)’+(ft)’+(ft)’- 
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Thus the square of the length of any infinitesimal arc is a homo- 
geneous quadratic function of the differentials of the coordinates 

and ^ 2 , the coefficients-®, F, G 
being functions of the co- 
ordinates ^2 themselves. 
If the curve is one of the 
lines q^ = const, we have, 
since dg^ == 0, 

d.%^ = Odq2^, 

if it is one of the curves 
q^ =* const, we have 

ds,^ = Edq,\ 

Considering any arc ds as the diagonal of an infinitesimal 
parallelogram with sides ds^ and ds^ including an angle (Fig. 26), 
we have by trigonometry, 

ds^ ~ + 2dSi d $2 cosfi’ + ds^^. 

Making use of the above values of ds^ and ds^ and comparing with 
the expression 26), we find 

F 

cos . • 

VEQ 

If the coordinate lines cut each other everywhere at right angles we 
shall have cos 0, so that 

28) ds^^Edq,^ + Gdq2\ 

The coordinates q^j q^ are then said to be orthogonal curvilinear 
coordinates. In the example above ^) and q> are orthogonal, the 
lines of constant and (p being parallels and meridians intersecting 
at right angles and the product term in dd'dq> therefore disappearing. 

Employing the expression 26) for the length of the arc, dividing 
by dt^ and writing 



1) We have the equations of change of coordinates, 

a: *= Z sin -9* cosqp, 
t/ Z sin <9* sin q>, 

2: = Zc08-9', 


from which 


dx , ^ dv . , dz . 

^ cos -9* cos 9 , ^ Z cos a* sm 9 , — Z sm -9-, 

dx j ^ , dy , . dz 

^ Ism^sing,, ^ = ZBin»coBy, ^ = 0, 






6 r aa Z* sin* 9 *. 
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<^gi 

dt 




dt > 


we find for the kinetic energy, 

29) T = \m{Eq[^ + 2Iq,'q^ + Gg'^^). 


This is a typical example of the employment of the generalized 
coordinates introduced by Lagrange, and q^ being the coordinates, 
2 /, q^ the velocities corresponding, and T being a homogeneous 
quadratic function or quadratic form in the velocities q^, q^^ the 
coefficients of the squares and products of the velocities being 
functions of the coordinates alone. We shall show that this is a 
characteristic property of the kinetic energy for any system depending 
upon any number of variables. 

In the case of a single free particle we may express the coor- 
dinates X, y, Zj in terms of three parameters q^, q^, q^^ and we shall 
then have as in 25) and 26) 

30) ds“ = JFj^^dqf^ + E^^dq^^ "t" “h ^^2 


where 

31) 


+ dq, dq^ 4 - 2 E^^dq^ dq^ , 

V jL. JL — 

” dq, dq, ^ d\ dq^ ^ d q, dq,' 


Thus the kinetic energy has the same property as before. 

Proceeding now to the general case of any number of particles, 
Whether constrained or not, let us express all the coordinates as 
functions of m independent parameters, q^, 9 ' 2 ? • • • the generalized 
coordinates of the system, 

X,^ — Xri^q^^ U 27 ' * • ^w)? 

y*' ~ ?/r (^1 ; (I 27 • * • Qrr^ 7 


Zr — 9^2? • • 


Differentiating we have 

dXi 

32) dy, 


G x^, d 


dy 

+ 


dsir 


dg^ 


d: 

^3 




dz^ 


5 X 

The derivatives • • 
and adding* we obtain 


are all functions of all the g’s. Squaring 
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33) dsl - E^)dql ^E!r)dql + ... + 

+ 2Efr^dq, dq^-k- 2E^^ldq^dqs-{- ■ • 

where 

“ ^9. 39< ^9, <^9/ 

Thus the square of each infinitesimal arc is a quadratic form in the 
differentials of all the coordinates q Dividing by dt^, denoting the 

time derivatives by accents as before, multiplying by mr, and 
taking the sum for all the particles, we obtain 

35) T = i- Q,,q[^+ I Q^q^^+ • • . + i- Q^^ql 

+ + QuOiiis + ■ • ■ 

r ==iw 4r =m 

“ IT ^ 

r—t 8—1 

wliere 

36) 

(In the double sum the factor y is introduced because there occur 

both a term in Qrs and one in both being equal.) Thus the 
kinetic energy possesses the characteristic property mentioned above 
of being a quadratic form in the generalized velocities g', the 
coefficients Qr8 being functions of only the generalized coordinates q. 
They must satisfy the necessary conditions that for all assignable 
values of the g'^s T shall be positive. Of the form of these 
functions no general statement can be made. They are linear 
functions of the masses of the particles of the system and depend 
upon the choice of the parameters q used to denote the configuration. 
We may cull them coefficients of inertia. It is evident from 36) that 
every is positive, for is a sum of squares. If no product 
terms occur we may by analogy with 28) call the coordinates 
orthogonal. 

It is sometimes convenient to employ the language of multi- 
dimensional geometry. This signifies nothing more than that when 
we speak of anpoint as being in m dimensional space we mean that 
it requires m parameters to determine its position. Inasmuch as in 
motion along a curve, that is in a space of one dimension we have 
for the length of arc 

on a surface, that is in a space of two dimensions, 
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ds* — Edq^ + 2 Fdq^dq^ + Odq^*, 


in space of three dimensions, 

t=S 

ds^ “2* ^Er.dqrdq., 

r=l A=1 

SO by analogy^ in space of m dimensions, 


r~m H — m 

37) ds* '^Er.dqrdq.. 

r — 1 asst 1 


That is to say a quadratic form in m differentials may be interpreted 
as the square of an arc in m dimensional space. Thus we may 
assimilate our system depending upon m coordinates to a single point 
moving in space of m dimensions, characterized by the expression 
for the element of arc, 




1 

M 


^ ^Qr.dqrdq,. 


To each possible position of this point corresponds a possible con- 
figuration of our system. No matter what be taken as the mass of 

the point, M, its kinetic energy, 2 ^{dij ^ eqiial to the kinetic 

energy of our system, the coefficients in the quadratic form for ds^ 
and T being proportional.^) The advantage of this mode of speaking 
(for it is no more) may easily be seen from the many analogies 
that arise, connecting the dynamical theory of least action with the 
purely geometrical theory ot geodesic lines. This method is adopted 
by Hertz in his Primipien der Meclianik and is worked out in a 
most interesting manner by Darboux in his Theorie des Surfaces^ 
Tom. II. The ideas involved were first set forth by Beltrami.^) 


1; Since by the nature of above transformation, we have 

r = l 

if as in § 32 we consider each mass to be the sum of unit mass-points, and 

r=l 

then ds is the quadratic mean, or square root of the mean square of the dis- 
placements of all the particles. 

2) Beltrami, Sulla teorica generale dei parametri differenziali (Memorie delP 
Accademia delle Scienze deir Istituto di Bologna, Serie 2, t. VIII, p. 549; 1869. 

Webster, DynamicB. *. 8 
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In virtue of the homogeneity of 2’ as a function of the we 
have by Euler’s theorem for homogeneous functions, 


38) 


r—l 


2T, 


a property of which frequent use will be made. 

The potential energy, if the system is conservative, on the other 
hand, depends only on the configuration of the system, that is on 
the coordinates the not appearing. For instance in the 
problem of § 23, 

— mgz = — mgr cos fi*. 


Whether the system is conservative or not the element of work 

r — n 

39) dA °° ^(XrdXr + Yrdyr + Zrdz^ 


r=in »~m j 




'■)' 


r~i « — 1 

is a homogeneous linear function in the dq's which we will write 


40) dA = F^dq^ + F^dq^ H h Pmdqm. 

By analogy with rectangular coordinates we shall call Fr the 
generalized force-component corresponding to the coordinate q^ and 
velocity ql. 

If the system is conservative, since 

41) dW= - dA, 


and in any case 



We may now make use of Hamilton’s Principle to deduce the 
equations of motion in terms of the generalized coordinates q. 

Performing the operation of variation upon the integral occurring 
in Hamilton’s Principle, both the g’s and g'’s being varied, we obtain 


43) 
and since 






a 2; 

dq^ d 


-PH\ 


dt = 0, 




86 , 87 ] 


LAQARNGE’S EQUATIONS. 


115 


we may integrate the second term by parts. Since the initial and 
final configuration of the system is supposed given, the Sq'a vanish 
at t = and t — ti, so that the integrated part vanishes, and 


h 


dt = 0. 


Now if all the dq's are arbitrary, the integral vanishes only if 
the coefficient of every dq^ is equal to zero. Therefore we must have 


45) 


a(r- w) _ d id(T^w)K _ . 
dq, dq', ) 


or if we write L for the Lagrangian function T — W, 


46) 


dt\dq'J dq]' 


dW 

dq'. 


Since the potential energy depends only on the coordinates, 
= 0, and we may write the equation 45) 


47) 


di\dql) dq^ dq^ 


There are m of these equations, on for each q. These are Lagrangds 
equations of motion in generalized coordinates, generally referred to 
by German writers as Lagrange’s equations in the second form. 
Their discovery constitutes one of the principal improvements in 
dynamical methods and we shall refer to them simply as Lagrange’s 
equations.^) 

If the system is not conservative, by § 34, 4) we must write 
(dr+ 8A)dt^ 

from which we easily obtain 47), except that P, is not now derived 
from an energy function, 

""^7. Lagrange’s Equations by direct Transformation. 
Various Beactions. On account of the very great importance iOf 
Lagrange’s equations, it is advantageous to consider them carefully, 
from as many points of view as possible. The deduction from 
Hamilton’s principle is one of the simplest, but does not perhaps 
appeal as strongly to our physical sense as is desirable. Of course 
as Hamilton’s principle is completely equivalent to d’Alembert’s, and 
that to the equations of motion of Newton, we might have derived 


J {dT + i:,PJq.)dt = 0 



1) Lagrange, Meoaniqm Analytique, Tom. I, p. a34* 
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the equations from either. This we will now do. It is important 
every time that a new quantity appears in dynamics, to have a clear 
conception of its physical nature. We should make free use of all 
analogies that our science may offer us, and here geometry aids us 
readily. The notion of the geometric product and the terminology 
of multidimensional geometry here furnish us valuable aid. The 
geometric product of two vectors in three dimensional space, defined 
by their components X, Yj Z, X\ Y\ Z\ 

XX' + rr + zz', 

is a scalar quantity, symmetrical with respect to both vectors, such 
that the geometric product of the resultants of two sets of com- 
ponents is the arithmetical sum of the products of all the pairs of 
corresponding components. If one of the vectors is an infinitesimal 
displacement dXy dy, dSy the geometric product is 

Xdx 4 - Ydy + ZdZy 

and the multiplier of the change dx is called the component of the 
vector in the direction of the coordinate x. In like manner 
let us speak of a quantity defined by components Pj, Pg, . . . Pm as 
a vector in m dimensional space The geometric product of two 
such, of which the second is an infinitesimal displacement compatible 
with the constraints, and defined by the quantities dq^y dq^y . . . dqm, 
may be, by analogy, defined as 

P^dq^ “J“ 1 '^dq^ -h * * * “1“ Pmd q^* 

If now the vector P^, ... Pm is equivalent to the system of vectors 
Xry Try Zry wp huvc cquations 39), 40), 42), and the latter, 



serves to define the component of the vector-system with reference 
to the coordinate Thus we have spoken of Pj, as the force- 
component of the system for the coordinate g*. It is to be observed 
that we do not insist here on the idea of direction, and that our 
terminology is merely a convenient mode of speaking. Nevertheless, 
the notion of work gives a means of realizing by the senses the 
meaning of our term component, for, if we move the system in such 
a way that all the g’s except one g, are unchanged the work done 
in a change of the coordinate dq, will be P^dqg}) 

Let us now find the component of our velocity-system according 
to our generalized coordinates. We^have, according to our equation 

1) For a further elucidation of the nature of the geometric product, in 
connection with multidimensional geometry, see Note IIL 



GENERALIZED VECTOR- COMPONENT. 


of definition 42), for the component of the velocity of the particle 
according to 

dx dv dz 

Now we have by 32), dividing by dt, 

, dx^ , dx^ dx^ 

RON _^yr , . , 

50) Vr — 4 3i + a„ 32 "I I" i5„ 


dx 

The derivatives contain only the coordinates g, not the velocities g\ 
which we see enter linearly, accordingly 

Making use of this relation, the expression 49) becomes 
,^xL , dyL , dzi 1 ^ 

y'' Tq, a^ “ T ai; "*■ 


Thus we find that the component of the velocity of any particle 
according to the coordinate g, is equal to one-half the rate of change 
of the square of its velocity as we change the velocity This 

result is not of itself of great physical importance, but leads us to 
one that is. Inasmuch as the momentum is the important dynamical 
quantity, multiplying by the mass of the particle we find 

dx dy dz d r \ -i 

nirX'r Wr s'r 'g— = 0^ [Y ”»>• 

or the component of the momentum of a particle according to any 
coordinate is the rate of change of its kinetic energy as we change 
the corresponding velocity. Summing for the whole system. 


52) ^r{mrX'r^^ + ^ + nirgr^^ 




that is, the component of the momentum of a system according to 
any generalized coordinate g, is the rate of change of kinetic energy 

1) It is to be observed that this “component** is not what we have called 
the velocity gj. 
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with respect to the corresponding velocity. The equation 38) now 
says that the kinetic energy is one-half the geometric product of the 
velocity and momentum systems. Thus we have perfect analogy with 
the last two equations of § 27. 

We shall hereafter denote the momentum belonging to by 
and effecting the differentiation of 35) we have 

53) Pt = ^ = Qlsqi + H h 


or every generalized momentum -component is a linear function of 
the velocities, the coefficients being the inertia -coefficients 

Let us now find the component of the effective forces according 
to g,, the effective forces being defined by the system of products, 
for each particle, of mass by acceleration, 


We have 
54) 


dx^ 


^ dt^ 


nir 


dzl, 

~dt 


di d'q, bt dqj dt \ a?' 


nir 


to transform which we make use not only of 51), but of a relation 
obtained as follows. Differentiating 50) by q,, 


d*x^ ^ ^ d^x^ 

Jq, ~ 9g, *” '^g„f^g,®’“ 


_ d 
di \ dq^ ) 


Using these results in 54), we obtain for the right-hand member, 



and with similar results for y and z, summing for all the particles, 
we have for the component of the effective forces of the system, 

= ^ 
dt\dq[) dqJ 

Putting the effective force equal to the applied force we have 
Lagrange’s equation 47) by direct transformation. The equation of 
d’Alembert’s principle thus becomes in generalized coordinates 
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If we had begun with d’Alembert's principle we should evidently 
have gone through precisely the same process that we have here 
followed, and assuming all the displacements Sx^ Sy, Sis to be virtual 
all the Sq^s would have been independent, so that from the trans- 
formed equation 56) would have followed the individual equations 47). 
This was in fact the mode of deduction followed by Lagrange. 

We have a noteworthy difference between generalized and 
rectangular coordinates, in that the eiffective force -component is not 


generally equal to the time-derivative of the momentum 


dp, 
dt ^ 


but 


contains in addition the term — This we may accordingly call 

the hon-momental part of the effective force. Thus in general, even 
though the momentum is unchanging, a force P, must be impressed 


dT 

in order to balance the kinetic reaction As an example, let us 

take the case of polar coordinates in a plane. We then have for a 
single particle, for the coordinates the distance r from the 

origin, and the angle g> subtended by the radius vector and a fixed 
radius. The kinetic energy is 




from which we have the momenta, 

- ar , dT ^ t 

Thus if the momentum pr is constant, which is the case when the 
radial velocity r' is constant, we still have to impress a radial com- 
ponent of force 

T> f2 

Pr = -^=‘-mr(p'\ 

The kinetic reaction ^ Pr = mrq)^^ is called the centrifugal forces a 
name to which it is as much entitled as any sort of reaction is to 
the term force. 

By analogy we might in general call the non-momental parts of 
the reversed effective forces or forces of inertia the centrifugal forces 
of the system. These non-momental parts may be absent for some 
coordinates. For instance in the present example (p does not appear 
in the kinetic energy, but only its velocity We have then 

d T 

d~^ = 0, SO that force need be impressed to change q> only to change 

the momentum ptp. Accordingly if no such force is impressed, the 
momentum pg, is conserved. Thus in the case of a central force, 
the momentum ptp^mr^tp^ is constant. But this is the theorem of 
areas, or of conservation of moment of momentum. In fact we see 
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that the generalized component of momentum with regard to the 
angular coordinate y is the moment of momentum of the particle 
[cf. § 8, 23), 24)]. Systems in which there are coordinates having 
the property that their non-momental part of the kinetic reaction 
vanishes have peculiar properties, and are treated in § 48. 

If we perform the differentiation of p, by the time, differentiating 
equation 53), and remembering that the Q*a depend only on the </’s, 
we find for the momental part of the effective force 


dp 

d¥ + ^2.9" + 


+ Qmtg'n. 






57) 






9 ■+ 


+ 


+ 9»i 


dq^ 




dQ, 

'dq. 


TH» f 
^2 


+ 



of which the first line, which we will call FJ^'\ is a linear function 
pf the generalized accelerations Here again our generalized 

coordinates differ from rectangular, in that there is a part of the 
momental force which is independent of the accelerations gV; but 
which is a homogeneous quadratic function of the velocities, 


58 ) 


r=m t—m ^n 

r = l tr=:t 


Consequently if at any instant of the motion we can change the signs 
of all the velocities, and at the same time of all the accelerations, 
the accelerational part of the momental force will change its 
sign, while the non-accelerational part will be unchanged. We 
may thus experimentally discriminate between the two. 

Effecting the differentiation in the case of the non-momental 
force, we find 


59) 


dT 


r=TO t — m „ _ 

r=sl 


which is also a homogeneous quadratic function of the velocities, 
and thus possesses similar properties to FP\ Thus it is difficult to 
discriminate experimentally between these two, unless we have some 
experimental means of recognizing when the momentum p» remains 
constant. In the simple example which we have used above, since 

^ ^ m + 2r r*q)^) 


the non-accelerational part of the momental force belonging to r 
disappears, while the centrifugal or non-momental does not, while for tp 
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although the non-momental part ^ == disappears, we have the 

non-accelerational part = 2mr r'y'. Experimentally this means 
that, if a particle move with constant radial and angular velocities, 
we shall have to apply to it not only a radial force — mr 

to balance the centrifugal force, bat also a turning force 2mr r^q>\ 
This may be done by means of a varying constraint, say by making 
a particle move upon a rod turning with angular velocity The 

particle will then react upon the rod, to which the turning moment 
2mr r^q)' must be applied, for if it were not applied, owing to the 
conservation of angular momentum, as the particle got farther from 
the center its angular velocity would be less. To keep it constant 
the particle must be pushed around. 

We have now carefully analysed the effective forces, when 
expressed in terms of our generalized coordinates. It is to be care- 
fully borne in mind that all these parts come from real accelerations 
impressed on the particles of the system, although the accelerations 
of the generalized coordinates may disappear. This will depend on 
our choice of such coordinates. The analysis that we have made is 
however by no means devoid of physical significance, as we can not 
usually observe all the bodies with which we have to do so as to 
find their real motions and determine their accelerations, but are 
obliged to become acquainted with them in a more or less round- 
about way, through the reactions that they present to various 
operations upon them. From this point of view it is of interest to 
catalogue the various reactions that we meet in dynamics. In our 
equation of d’Alembert’s principle 56), we have called the P’s which 
are equated to the effective forces, the impressed forces, or forces 
of the system. If the system is conservative, the forces of the 
system are derivable from a potential energy, as we have assumed 
in 47), while if not, part of the forces may still be derived from 
such a function. It will be useful to consider not the forces of the 
system, but the forces which must be impressed from ovitside in 
order to counterbalance all the reactions of the system. In pther words, 
if we write for the non -conservative part not yet dealt with, 


60) 


. F(i) + i?;(2) ^ FP + Fp + FP 


dt 


dW 

Si +«« + -a»-' 


Ft is the force necessary to be impressed on the system from outside 
under any circumstances whatever, or — P, is the recuiion of the 
system, exerted through the coordinate ^ 


1) The centrifugal force may be balanced by a spring. 
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If the system is left to itself, uninfluenced by other systems, 
then every Fg is zero, and we have equation 47) with 



dW 




If two systems are coupled together, so that any change of the 
coordinate is accompanied by an equal change of the corresponding 
coordinate of another system, then the FJs of the two systems are 
equal and opposite, which is the law of action and reaction. Accord- 
ing to what happens to the system, the effect of F^ is of different 
kinds. For instance, if the system it at rest, or moves very slowly, 
all the F^"^ terms vanish except the last, and we have the static 
reaction 


^F, = - 



The work that is then done by the external forces, 

is stored up as potential energy in the system. If there is no 
possibility of statical storage, and if there is no non- conservative 
reaction, we have only the kinetic reactions already dealt with. 

As a simple example of what is meant, suppose the system to 
consist of a mass attached to a spring tending to draw it to the 
right. If the mass is at rest, it must be held by a force applied 
from outside, to keep the spring stretched, and the static reaction 
of the spring P, is toward the right. If the mass is let go, it 
begins to move toward the right, and the kinetic accelerational 
reaction is toward the left, balaticing the static reaction, or internal 
impressed force of the system, according to d Alembert’s principle. 

If there is no inertia, so that the effective forces vanish, and no 
storage, the work done upon the system is not stored, but is said to be 
dissipated. The reaction — does not, in the cases that exist in 
nature, appear except when there is motion, that is, the reaction 
— is a kinetic reaction, though not due to inertia. This work 
dissipated. 


is always positive, in other words, non-conservative reactions are 
always such as to oppose the motion. A case of frequent occurrence 
is that where there are non* conservative forces proportional to the 
first powers of the velocities so th*at any x^qj. We may 

then form a function P which is, like P, a homogeneous quadratic 
function of the velocities, 
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dF 

dq^; 


and since in this case the work dissipated in unit time is 

61) 


F represents one-half the time rate of loss, or dissipation of energy. 
F is called the Dissipation Function, or the Dissipativity.^) It was 
introduced by Lord Rayleigh, and is of use in the theory of motions 
of viscous media, and in the dynamical treatment of electric currents. 
Beside this case we have dissipative forces not capable of representa- 
tion by a dissipation function. 

We will now place our various reactions in a table showing 
their grouping in various classes and sub- classes. 


Positional ( Accelerational 

I Momenta! ) Non- accelerational J?’ « 


Reactions 


Motional 
or Kinetic 


Inertial 


Non-momental 
or Centrifugal 


Non - conservative 


Having Dissipation -function 
Others 


The advantage of this complete classification is as follows. 
Suppose that a certain system or apparatus is presented to us for 
dynamical examination. Its parts are concealed from our view by 
coverings or cases, but at certain points there protrude handles, cranks, 
or other driving points, upon which we may operate, and which will 
exert certain reactions. All that we can learn of the system will 
become known to us by a study of the reactions. Maxwell^) compares 
such a system to a set of bell-ropes hanging from holes in a roof, 
which are to be pulled by a number of bell ringers. If when one 
rope is pulled none of the others are affected, we conclude that that 
rope has no connection with the others. If however, when one rope 
is pulled, a number of others are set in motion, we conclude that 
there is some sort of connection between the corresponding bells. 
What the connection is we can find out by studying the motions. 
In general, if when we move one driving point, and let it go, it 
remains where we put it, we conclude that it is not attached to 
anything, but is a mere blind member. If when we push it, it 

1) A case of perhaps equal importance is one in which the dissipation 
function contains the squares of differences of the velocities. 

2) Maxwell, Scientific Papers, Vol. II, p, 783. 
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returns to its former position, we infer that it is connected with 
something of the nature of a spring, and that the system can store 
potential energy. If when we push it it keeps on going after we 
release it, we conclude that it is connected with a system possessing 
inertia, and capable of storing kinetic energy. If its motion dies 
away, we conclude that there is dissipation, and so on. By experi- 
menting in turn, or simultaneously, on all the driving points, we 
may conclude how many degrees of freedom the system has, how 
the inertia is distributed, and how the parts of the system are 
connected. The means of doing this will be discussed later, and we 
shall find that in this manner we may learn much of a system, but 
that our knowledge will not always be complete. This is the nature 
of the process by which the physicist proceeds in the attempt to 
explain recondite phenomena, such as those of heat or electricity, 
by reducing them to the simpler phenomena of motion. The parts 
of the systems, be * they made of molecules of matter, or of the 
ether, are concealed from him, but he may operate upon them in 
certain experimental ways, and draw definite conclusions from the 
results. One of the greatest triumphs of this method was Maxweirs 
dynamical theory of electricity. 

Impulsive forces are dealt with by Lagrange’s equations in the 
usual manner. Integrating equations 47) with respect to the time 
throughout a vanishing interval since the velocities are finite, 

d T 

the non-momental forces — are by 58) finite, so that the integral 
of the second term vanishes, and we have 


p{h) __ p{io) == lim / P^dt, 


Thus the momentum generated measures the impulse, as in the case 
of rectangular coordinates, § 27. - 

As a further example of the use of Lagrange’s equations let us 
take the problem of the spherical pendulum, which wie used to 
introduce the subject. We had 

24) ^ 

W ~ mgl cos d'. 

We have for the momenta p» and p^p 

= I'l = mFd’, 

7) T 


62 ) 
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and our differential equations are 

di r 10 Is 


63) 


dT 
^ " 


dJW 
d» ‘ 


— mgl sin ■9', 

d f n • i a. I \ dT dW ^ 

dt ^ “ - W “ 

Now since m and I are constant the equation for becomes 
64) — sin cos » 


y sin 


in which the centrifugal force -component according to is 

mV sin %' cos 

The equation for (p (q) has no centrifugal part), 

65) {V sin* = 0 
may at once be integrated, giving 

66) Z*sin*^.9)' -c, 

which is the integral equation 50), § 21. 

Substituting in 64) the value of q?' derived from the integral 
equation 66), we obtain the differential equation for -ff, which is the 
same as the derivative of equation 51), § 21, The remainder of the 
solution is accordingly the same as in § 21. 


38. Equation of Activity. Integral of Energy. Let us 

multiply each of Lagrange’s equations by the corresponding velocity q 
and add the results for all values of r, obtaining 


67) 


1 d /dT\ T \ f 

[dgfj ^ 


-^rP.q'r 


The expression on the right, otherwise written 



dq^ dA 
dt dt ^ 


represents the time -rate at which the applied forces do work on the 
system. The equation 67) is accordingly the equation of activity, 
§ 27, 20), in generalized coordinates. 

By means of the property of T expressed in equation 38), § 36, 
we may transform the left-hand side of the equation, for, since T 
depends upon both the j’s and g^’s, both of which in an actual 
motion depend upon differentiating totally, 

dt dt dql dt) 


68 ) 
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Now differentiating 38) totally 



Subtracting equation 68) from 69) the terms 
have left 


dT dql 
Wr 



cancel and we 


But this is exactly the left-hand member of the equation of activity 67). 
Thus if the system is conservative^ since 


^^__dW dT _ dW 
dt dt ^ dt dt ’ 


SO that the equation of conservation of energy is always an integral 
of Lagrange’s equations. 

>m/ 39. Hamilton’s Canonical Equations. Although the equa- 
tions of Lagrange are by all odds those most frequently used in 
dynamical problems, yet in many theoretical investigations a trans- 
formation introduced by Hamilton is of importance 

The kinetic energy being a quadratic form in the velocities (/ 
[equation 35)], the momenta pr being the derivatives of T by the 
Jr’s are, as we have seen, linear forms in the (/r’s. 

Pi ~ dq[^ ^11 


53) 


Pn 


dT 


QmlQl + Qm2Q2 + • • • + QmmQL 


These linear equations may be solved for the g/’s, obtaining any gl 
as a linear function of the say, 

71) Qr ^ I^rlPi ^r^P% “f" * * * “f" P^TmPmy 

the Rb being minors of the determinant. 


n 


^117 

Q\2} ' 

• Qlm 

Qmli 

Qm2} * 

' * Qmm 


divided by D itself. 

The JR’s accordingly, like the ^’s, are functions of only the 
coordinates q. Maxwell calls them coefficients of mobility. The 
solution of the equations assumes that the determinant D does not 
vanish. This is always the case, being one of the conditions that T 
is an essentially positive function. 
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Let us now introduce into T the variables p in place of the 
variables q\ so that T is expressed as a function of all the (fn 
and jp’s. Since 

88 ) 

inserting the values of in terms of the p's gives 


r— m « = w 


that is T ivS now expressed as a quadratic form in the p's. We will 
distinguish T when expressed in terms of the p's by the suffix p, Tp, 
We now have by Euler’s Theorem, 

73) 2T, 

Since Tp is identically equal to T, comparing with equations 38), 
above we have by symmetry, 


thus the ql's are linear forms in the p's given by 71). The two 
identically equal functions, T, having the properties 

dT dT ^ 

75) 

are said to be reciprocal functions.^) 

The expressions for the forces and potential energy are left 
unaltered. Let us now make use of Hamilton’s principle with this 
choice of variables^. Before performing the variation it will be 
advantageous to introduce in the integral to be varied instead of the 
Lagrangian function, L = T — TF, the Hamiltonian function, H ^T+W, 
by means of the relation 

76) L = 2T^H. 

T and II are both to be expressed as functions of the variables q 
and p, both of which depend upon the time Mn a manner to be 
found by integrating the differential equations of motion. 

Hamilton’s principle then takes the form 

77) ji'j dt 

to to 

dlJr + i>r - 0^ ^itr) dt = 0. 


1) Webster, Theory of Electricity and Magnetism, § 63, 64 
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The term PrSql-^'Pr^^Qr being integrated by parts and the d g’s 
put equal to 0 at the limits, we have 



dp. 


\dt ^ 


dH 

SJr 


dt = 0. 


Now since W does not depend upon the momentum pr, 


^_dT_ , 

'dPr % 


therefore the coefficients of the all vanish. If the dg’s are all 
arbitrary, their coefficients must accordingly vanish so that we have 


78) 


_ dH , . ^ 

dt dq/ ^ dt dp^! 


the first equation being the equation of motion, the second definiug 
dq 

ql = These equations 78) were introduced by Hamilton and on 

account of their peculiarly simple and symmetrical form they are 
often referred to as the canonical equations of dynamics. In practical 
problems they are generally not more convenient than Lagrange’s 
equations. 

We may recapitulate Hamilton's method as follows: 

Form the Hamiltonian function representing the total energy 
of the system as a function of the 2 m independent variables q and j?, 
the coordinates and momenta. Then the time derivative of any co- 
ordinate q is equal to the partial derivative of H with respect to 
the corresponding momentum j?, while the time derivative of any 
momentum is equal to minus the partial derivative of H with respect 
to the corresijonding coordinate. A direct deduction of the equations 
of Hamilton without the use of Hamilton’s Principle will be found 
in the author’s Theory of Electricity and Magnetism § 64. 

The equation of activity is most simply deduced from Hamilton’s 
equations, for by cross multiplication of equations 78), after trans- 
posing and summing for all the coordinates we get 


79)- 



dHd^^ 
dq^ dt 


+ 


dHdp^ 
dp^ dt 



But this is equal to the total derivative of H by 


dH 

dt 


0 . 


which being integrated gives 

a constant. But since if = T -f this is the equation of energy. 
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If the system is not conservatiye, there may be still some forces 
which are derivable from a potential energy function. In that case 
the Hamiltonian function is to be formed with that energy, but we 
must add to the right of equation 78a) the non -conservative force 
— Thus our equations become 


80) 


dR 

dt dq^ 




Hr ^ }\ 

dt dp^ 


The equation of activity then becomes 


81) 


' or 


dt ^ dp^ dt) ^ 


d^r 

dt 


dIJ 

dt 




if there is a dissipation function. 


39a. Varying Constraint. It may happen that the equations 
of constraint contain the time explicitly, that is 

Ti(^i ^1) Vi) 

9^2 Vny ^.0 


2/l, Vn, ^.0 «= 0. 

Such a case is that of a particle constrained to move on a surface 
which is itself in motion, say a sphere whose center moves with a 
prescribed motion. The constraint is then said to be variable, and 
the work done by the constraint no longer vanishes, for the surface 
has generally a normal component in its motion, which causes the 
reaction to do work. The variability of the constraint has an 
important effect on the equations of motion. We can then no longer 
determine the position of the system by means of a set of in- 
dependent parameters, but must give not only their values, but also 
the time. We may put 

Xr — «a, . . . 3m), 

83) tjr ““ 3l, 32, ■ • • 2m), 

Zr = zS, 3j, 32, ■ • • 2m), 

from which, by the elimination of the ^’s, we may obtain equa- 
tions 82). 


1) cf, § 87, 60), 
WebSTEB, Dynamict. s. 
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Differentiating now totally, we have 


dx dx - 

dx 

■■ + 8^dq,n, 

d u dy dy 

84) dy.^^dt + ^J^, + -yfda,+ .. 

dy„ 

dz^ dz^ dz^ 

dzr---^dt+^^dg, + jY^dq, + • 

dz^ 

' • + da 


or on dividing through by dt. 


85) 




“ Tt 

« — 1 

,_^yr‘^^yr , 
y''~ dt 


dz^. 


dz^ 




We have now in each x’, y\ z\ beside the linear function of ji, ^ 2 ; • • • 
a term independent of the but which may be expressed 

in terms of the coordinates q and t On squaring there are accord- 
ingly not only quadratic terms in the g'^s, but also terms of the 
first and zero orders, On forming the kinetic energy 



we accordingly find that instead of being, as before, a homogeneous 
function of the g'^s, it contains not only quadratic terms, but also 
terms linear in and others independent of the g'^s. The effect of 
these linear terms in the kinetic energy, whatever be their origin, 
will be discussed in § 50. 


40. Hamilton’s Principle the most general djmamical 
principle. We have seen in this chapter how by means of 
Hamilton’s Principle we may deduce the general equations of motion, 
and from these the principle of Conservation of Energy. As 
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Hamilton’s Principle holds whether the system is conservative or 
not, it is more general than the principle of Conservation of Energy, 
which it includes. The principle of energy is not sufficient to 
deduce the equations of motion. If we know the Lagrangian func- 
tion we can at once form the equations of motion by Hamilton’s 
Principle, and without forming them we may find the energy. For 
we have 

L^T^W, 

E^T + W. 

Accordingly 

87) 

so that the energy is given in terms of L and its partial derivatives. 
If on the other hand the energy E is given a function of the co- 
ordinates and velocities, the Lagrangian function must be found by 
integrating the partial differential equation 87), the integration 
involving an arbitrary function. In fact if be a homogeneous 
linear function of the velocities, the equation 87) will be satisfied 
not only by L but also by L -f JPl For, F being homogeneous of 
degree one, 



Consequently a knowledge of the energy is not sufficient to find 
the motion, while a knowledge of the Lagrangian function is. The 
attempt has been made by certain writers to found the whole of 
physics upon the principle of energy. The fact that the principle 
of energy is but one integral of the differential equations, and is 
not sufficient to deduce them, should be sufficient to show the 
futility of this attempt. It is the infinite order of variability of the 
motion involved in the variations occurring in Hamilton’s Principle 
that makes it embrace what the Principle of Energy does not 

41. Principle of Varying Action. We shall now deal with 
a principle, likewise due to Hamilton, somewhat broader than that 
which we have hitherto called Hamilton’s Principle or Principle of 
Least Action, and furnishing a means of integrating the equations 
of motion. In the principle of least action a certain integral, belong- 
ing to a motion naturally described by a system under the action 
of certain forces according to the differential equations of motion, 
has been compared with the value of the same integral for a slightly 
different motion between the same terminal configurations, but not 
a natural motion and therefore violating the equations of motion. 
Under these circumstances the principle states that the integrail is 

0 * 
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less for the natural motion than for the other. The new principle, 
on the other hand, compares the integrals always talcm for a natural 
motion satisfying the dijfferential equations, but the terminal con- 
figurations are varied from one motion to another. The principle is 
therefore known as the Principle of Varying Action. 

In the process of § 34 equation 2) we cannot now put the 
integrated part equal to zero, but instead of 3) we shall have 


( 88 ) 


Si 




dt 


+ 


dz^ 

dt 


dz. 


to 


W)dt. 


The integrated X)art, which is the sum of the geometric products of 
the momenta and the variations of the corresponding positions at 
the end of the motion minus the corresponding sum at the begin- 
ning, may now be transformed into generalized coordinates. The 
integral 

8=J{T- W)dt, 

to 


where T and W are expressed as functions of the time, appropriate 
to any given motion (whether natural or not) depends upon the 
terminial configurations, and is called by Hamilton the Principal 
Function. The terminal configurations being given we had d)S = 0. 
Let us now find an expression for SS in generalized coordinates 
corresponding to the expression above in rectangular coordinates. 

Proceeding as in § 36 equation 43) we obtain 


89) 6S 








I _■ rT VI j - i. 1 A 

to 


dt. 


Since the various motions are all natural ones satisfying the differ- 
ential equations of motions, the factor of every dq in the integrand 
vanishes, so that the integral vanishes of itself, and is accord- 
ingly expressed as a linear function of the variations of the initial 
and terminal coordinates. Since W is independent of the ^^'’s and 
3 T 

~ Pr, making use of the affixes 0 and 1 for the limits and 
we may write 

90) d /S «- I^rpl d gj — UrPr d g?, 

an equation which could have been obtained from the considerations 
regarding geometric products at the beginning of § 37. This 



41 ] 


VARYING ACTION. 


138 


expression for the variation of S is of great importance, for by 
means of it we can obtain a method of integrating the equations of 
motion, and obtaining the coordinates q and momenta p at any 
time As we are now to consider the upper limit as variable 

it will be convenient to drop the subscript 1. 

Suppose we have integrated the differential equations of motion 
completely so as to obtain every coordinate as a function of the 
time tf involving 2m arbitrary constants, Cj, Cg, . . . C 2 mj the number 
necessarily introduced in integrating the m Lagrangian equations of 
the second order or the 2 m Hamiltonian equations of the first order. 
Let the integrals be 

Ql ft ^2? • • 

* * • ^2m)> 

91) 


Qm — fmii) ^2, . . . Csm)> 
Differentiating these by t we obtain 


92) 


f f 


d/j f dfm 

» • • • 


from which by equation 53) we may find the jp’s as functions of ty 

93) Pr “ ^tf ^29 * * * ^2»n)* 

These equations with 91) constitute 2m integral equations of the 
system. 

Inserting the particular value in our integral equations we have 

91 ) Qr fr • ' ^2m)? 

93^ j Pr = ^r(^Q} ^17 * ^2m)- 

We accordingly have the 4m +1 variables, 

h Qlf • • • Qm) Ptj • • •Pmy Pu • • • piny 

connected by 2m integral equations. We may thus choose any 
2 m -h 1 of them as variables in terms of which to express the 
remaining 2 m. 

For instance in the problem of shooting at a target § 35 we 
saw that the motion was completely determined by the coordinates 
of the initial and final positions and the initial velocity. The latter 
determined the time of transit t, so that it together with the initial 
coordinates, • qmy a>ud the final coordinates, Qi, • * * Qmy niay be 
taken as independent variables in terms of which everything may 
be expressed. 
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Thus the integral 

t 

94) S^JiT -W)dt 

to 

is supposed to be expressed in terms of these 2m + 1 variables. 
Now if the initial and final coordinates are varied without varying 
the time of transit t — (i the upper limit of the integral) we have 


95) 


dS 




We have however proved that under these conditions we have 
90) 88 = 2rPr8qr — UrPr8qr> 

Since these expressions must be equal for arbitrary variations ol 
the q*B and g^’s we must have 


96) 

dS 

dS 

dt! 

dqi 



97) 

S' » 

dS 0 

1 

II 


We may now, if we please, regard the initial coordinates 
• • • qmf and the initial momenta, Pi^ 7 **^Pm} as 2m arbitrary 
constants replacing the Cg, . . . C 2 m of equations 91) and 93). Then 
the equations 97) will be the general integrals of the equations of 
motion, for if the form of the function 8 is known in terms of 
Q.\t ’ • • • • <fmj the equations 97) are m equations involving 

qij . . ^ qm without their derivatives, which may be solved to obtain 
the as functions of t and 2 m arbitrary constants . . . ^,Pi , . . J>m, 
as in equations 91). 

It has appeared as if in order to find 8 it were necessary to 
integrate the equations of motion, so to obtain T — W as a function 
of the time, which being integrated would give 8. If this were so 
the statement just made would be of little interest. But this is not 
necessary, for Hamilton showed that the function 8, which he called 
the Principal Function, satisfies a certain i)artial differential equation, 
a solution of which being obtained, the whole problem is solved. 

The function S is a function of the variables q, the constants 
and the time which thus occurs explicitly and implicitly. Differen- 
tiating by t we have therefore 


98) 


dS^dS , ^ 

dt dt ' dq^ dt 


Differentiating 94) by t, the upper limit, gives however 

dS « 



PARTIAL DISTKRENTIAL EQUATIOH. 


Equating the two values, 




^ _L 9 7^ 

by 38). 

Transposing and writing T + W ^ 

If + a-o, 

The function H, the sum of the energies, depends upon the co- 
ordinates qr and the momenta, If the force -function depends 

upon the time H will also contain t explicitly. Thus we have the 
partial differential equation 


+ H {t, ^ — 0 . 


The equation is of the first order since only first derivatives of S 
appear, and, from the way in which T contains the momenta [equa- 

d S 

tion 72)], is of the second degree in the derivatives Since S 

appears only through its derivatives an arbitrary constant may be 
added to it. 

Thus we have the theorem due to Hamilton: If Qiy • • • Qm ex- 
pressed as integrals of the differential equations in terms of t and 
2 m arbitrary constants ••• Qm 7 Pi 7 Pm 7 ai*® introduced into the 
integral 94), and the result is expressed in terms of 

then 5 is a solution of the partial differential equation 99). 

The converse of the proposition was proved by Jacobi, namely, 
that if we take any solution of the equation 99) containing m arbi- 
trary constants, . . . gSi (other than the one which may always 
be added), the equations 97) obtained by putting the derivatives 
of S by the m arbitrary constants equal to other arbitrary constants. 
Pit • • • Pm will be integrals of the differential equations of motion 
For the proof of this the reader is referred to Jacobi, Vorlesungen 
liber DynamiJcy XX. 

Before giving examples of the utility of this method we shall 
show that the arbitrary constants by which we differentiate need not 
be the g®'s, but may be any m constants appearing in the integral 
equations. 

Suppose that in equations 91) we vary m of the arbitrary 
constants q, . . . Cm- We then have 
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Hr 


dc^ 


df 


ifr 


Sqr 

and putting # = 0, 

^2? = + • • • + ^ 

Then equation 90) becomes 

100) dS = SrPrSqr - SrCr Sc^, 

where 

Then comparing with 

we have corresponding to equations 96) and 97) 

dS 


101 ) 

102 ) 


dS 


a. 


Thus we may differentiate 8 with respect to the m arbitrary 
constants, no matter how they may appear in the solution of 99), 
putting the result equal to other arbitrary constants. 

Hamilton’s equation 99) assumes a somewhat simpler form when 
the force -function and consequently H are independent of the time, 
that is when the system is conservative. We may then advantage- 
ously replace the principal function S by another function called by 
Hamilton the Characteristic Function, which represents the action A, 
§35. Making use of the equation of energy, T+W=^h, to 
eliminate W, we have 

t t 

S-fiT -W)dt=^J'2Tdt-Ji{t O 


or 


103) 




2Tdt = 8 + h(t-Q. 


If now the function A does not contain the time explicitly we 
have differentiating partially 

dS , dS dA 

104 ) 

and our partial differential equation 99) becomes merely 


/ 


dA 


dA\ 
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The arbitrary constant of energy, h, takes the place of one of the 
constants c. 

The variation of the action on changing the terminal configura- 
tions will cause a change in the energy necessary, 7^, if the time of 
transit, t — is unchanged. Accordingly 

r=-sm r — m — 1 

106) SA = SS+{t- g 8h -=^p.d(ir -^C,&c, + (« - g dh, 


by equation 100). 

We have therefore 

107) 

II 

oil 

108) 

acv 

109) 

1 

y 


As examples of the use of the method of Hamilton we will 
now solve a few problems that have been already treated. 

First, let us take the case of any number of free particles. 
We have 


Putting 

110 ) 

this becomes 

By 107) 

111 ) 


dT 


ntrXr, 


dT 
~ dz’ 




dA d A 

dx/ 


and equation 105) then is 

112 ) («)■+ (| 0 -| + w-k 

In the case of a single particle comparing equations 110) and 
111) we have 

1 1 Q\ AM f dA f dA 

113) = 

In other words if the action A is expressed in terms of the co- 
ordinates y, 0, the momentum of a particle describing any path 
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under the action of the given forces with the constant energy h is 
the vector differential parameter of the action and therefore, by 
the properties of lamellar vectors (§ 31), the velocity of a particle 
moving in this manner is normal to all the surfaces of constant 
action, and is inversely proportional to the distance between two 
infinitely near surfaces of constant action. Otherwise expressed, if 
from all points of any surface particles be projected normally with 
the same energy h, their paths will always be normal to a set of 
surfaces, and the action from one surface to another will be the 
same for all the particles. This theorem is due to Thomson and Tait.^) 
Suppose first there are no forces acting, then equation 112) 
becomes 



which is satisfied by the linear function 

115) = aiT + by + 
if 

116) a*+b^4 c*=2mb. 

In virtue of this last equation only three of the constants 
a, b, c, li are arbitrary. Suppose we take a, b, h, then we have 

117) A ax + by +}/2mb — (a* + b^)- 0 . 

Then equations 107) or 113) are 

118) mx^=^a, my^=-hy ^2mh — (a* + b^, 


which are first integrals of the equations of motion, showing that 
the motion of the point is uniform. Equations 108) and 109) are 



^ 

— (a*-f 6^ 


= a 




119) 


__ U 


dh ** 


mis 






The first two of these equations are the equations of the path, 
showing it to be a straight line^ while the last gives the time. Bv 
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particle projected normally to one of these planes with the energy 
(kinetic) A is a straight line normal to these planes, and the velocity 
is constant. 

In order to find solutions suited to surfaces of equal action 
having other forms, we should require to find other particular 
solutions of equation 114), which would take us too far into the 
subject of partial differential equations. Whatever the nature of the 
surfaces, since the velocity in all the motions considered is constant, 
the action is proportional to the distance traversed and consequently 
if we measure off on the normals to a surface of constant action 
equal distances, the locus of the points thus obtained will be another 
surface of equal action, or all the surfaces of equal action are so- 
called parallel surfaces. 

Next, suppose we have a single particle of mass unity under 
the action of gravity. Then 

and our equation is 

We may find a solution 


where 

or 


ax + by + 

a'+ h^+ lcp^\^)y + 2(gz-- h) = 0, 

]/2\h’-gz) — (a^ -f 
Making use of this value we have 

121) A ^ ax by + J* ]/2{h--gz) — + b^)dz. 

Equations 107) become 


x’=^ 


122 ) 


dA 

dx 

dA 


a, y^ 


dy 




«'= ^ =y2{h-ggy- + 6*j, 


giving the velocities in terms of the position of the point. These 
are first integrals of the equations of motion. Equations 108) become 


123 ) 


dA , 

s:-*+J 

P — adz 

' y2(fe— flr*) — (a’-t-6*) 

II 

n -^hdz 

y2(ft— jfg)— (a*+6*) 


= a; f ^y2(h —gg) - (a* + V) = a^, 
^y+]y2{h-gJ) - pT fc*) - 
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These are the equations of the path completely integrated, 
showing that it is a parabola in a vertical plane. The equation 109) is 

124) i/m-o«)-(a*+ p) = < _ , 

J V^(h-gg)-(a*+b*) S' ^ J \ -r j o> 

giving the time. 

From the last equation we may obtain ^ in terms of t, and, 
from the two preceding, x and y. Thus the problem is completely 
solved, the constants, a, 6, and A, being determined by the terminal 
conditions. 

Suppose we put 6 = 0, then 121) and 123) give 
126) A = ax — ^{2(* — gz) — a*)'*, 

126) ,T + y{2(A — gr«) - a*}i= a,, 
or 

{x - a^y ^ - gz) - »*}. 

If we consider motions for which a is a constant, but has 
different values for the different motions, all the parabolas are 
obtained from a single one by displacing it horizontally. The curves 
of constant action, 

127) {^giax - A)Y^ {2{h - gz) - a^}^, 



Fig. 27. 


are semioubical para- 
bolas, similarly ob- 
tained by displacing 
a single one hori- 
zontally, and cut the 
parabolas at right 
angles (Fig. 27). 

The same solu- 


tion of the differ- 


ential equation may be adapted to the treatment of other problems. 
If we put - 0, X and A will vanish simultaneously, or one of the 
curves of equal action will be the vertical line x 0, Thus We 


have 'a solution of the following problem. Particles are projected 
horizontally in a vertical plane from points on the same vertical line 
with such velocities that the total energy is equal to A, the same 
for all. The different parabolic paths contain the parameter a which 
changes from one to another. The action along any path contains 
the same parameter. Eliminating a between equations 125) and 126) 
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we obtain the action as a function of the coordinates x and z, 
whichever path is described, 

128) 

Putting A equal to 
a constant we obtain 
the curves of equal 
action which cut 
the parabolic paths 
orthogonally. This 
problem is treated 
in Tait s Dynamics, 

§ 219 - 

This problem is 
geometrically equi- 
valent to that of 
streams of water issuing from holes in a vertical side of a tank, for 
it will be proved in Chapter XI that the velocity of water so issuing 
varies with the height in precisely the manner above prescribed, the 
parabolic paths corresponding to the jets of water. It is easy to 
show that all these parabolas touch a common line making and angle 
of forty -five degrees with the vertical, and that the curves of equal 
action have cusps on this line. (Fig. 28.) 

As a further example, let us add an arbitrary constant to the 
value of A (which may always be done) writing, 

129) A = ax - ^[{2(/t -.94r) - {2(/t - ^r^o) - «*)*]> 

130) X 4- ■^[{2(^ - gs) — a*}*— {2(A-£r4ro) — a*}*] = 

If now X ^ 0, z = Zq, a vanishes, thus one of the curves of 
equal action shrinks to a point. The problem is then that of 
particles projected in a vertical plane from the same point (0, Zq) 
with the same velocity. The equations of the various paths and the 
action corresponding contain the 'parameter a. Eliminating a we 
obtain the action in terms of the position, 

131) A = ^-[{2/i - g(z + + gyx''+ {e-go) }* 

^ 8n 

— {2h — g{z + ^o) - 5 fy'a:*+ (« - 

The various paths here treated have a parabolic envelope as described 
in § 35. The curves of equal action here again have cusps on the 
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envelope, Pig. 26. The hydrodynamical illustration of this problem is 
a lawn sprinkler or fountain from a ball pierced with holes. ' 

Let us now treat the motion of a planet about the sun, using 
the coordinates r, '9*, defined as in § 21. Since r is not constant, 
we have to use the element of arc 


132) 

Form which 

133) 
also 


^ 


by § 28 (y being taken positive). Let us for simplicity take the 
mass of the planet as unity and write yM = we have then 



dA 
dr ’ 


134) 




dT 2 ^, dk 
dT a • So. , dA 

Accordingly our differential equation becomes 

Let us undertake to find a solution in the form 


136) A -^B(r) + F{^, tp), 

where the functions It and F contain only the variables indicated. 


Then 


dA 

dr 


dli 
dr ^ 


dA 

dd' 


dF 

d%'^ 


d_A 

dip 


dip 


Substituting in equation 135) we have 




Multiplying by and transposing 

1S8) JV - - 



1 



On one side of this equation we have functions of r alone, on the 
other functions of and 9? alone. Since r, fi* and 9? are independent 
variables this cannot hold identically unless each side reduces to a 
constant. The partial differential equation thus falls apart into the two 


139) 

140) 




MOTION OF PLANET. 


The first of these is an ordinary differential equation for B giving 


-fv 


r r* 


The equation 140) is to be treated in a similar manner writing 

142) F^&(»)+ 0{(p), 

Proceeding as before, multiplying by sin®^ and transposing, 

143) - 2/3 sin*^ = - 
Prom which, as before, we must have 

Q'-r. • 

whose integrals are ® • qp. 




sinks’ ‘ 


Substituting the values of E, &, 0, 


147) A-fy^^-^-t.2h-dr+f]/2f--g^ d»+Yr.^. 

This solution contains the three arbitrary constants, P, y, h. Differ- 
entiating by them we obtain the integrals 

8^ _ __ ^ dr ^ =- 

" 7 J ’ 

US') ^ C- - ... +4- ^ = 

e/ 2 l/2^sin^e’ — ysin^-a’ ^ 


'fv 


2k^ 2P 


t-k- 


-■Y + 2A 


If we put y •= 0, necessitating according to the second equation 
g? == 0, the first equation becomes 






the equation of the path, which, on performing the integration 
indicated, takes the form obtained in § 20 equation 23). 
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CHAPTER V. 

OSCILLATIONS AND CYCLIC MOTIONS. 

42. Tautochroue for Gravity. A curve along which a 
particle will descend under the action of gravity to a fixed point 
from a variable point in the same time is called a tautochrone curve. 
If the particle is dropped from rest we have the equation of energy 

1 ) 

and the time of falling to the level -s? = 0 is 


2 ) 


t = 


1 p ds 


Let the length of the arc s measured from the fixed point be 
then . 


3 ) 


t 


1 Ptp\z)dz 


If the curve is to be a tautochrone this must be independent of or 

(It 


dz. 


= 0 . 


Let us change the variable by putting z — then 


-4/ 


ye„(p'(z^u)du ^ 
j/l-u 


di 

dz„ 


-C- 


du 


or changing the variable back to g, 
dt 1 dz 




dt ^ f 
dZo y2gj a 


^{(p'iz) + 2zq>"(z)}. 


2^0 

If this is to vanish for all values of the limit the integrand 
must vanish, or 

4) ip'(^) + 2^(p"(^) = 0, 

which is the differential equation of the curve. Writing this 

1 
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we maj integrate^ obtaining 

^^8 (^) ^ ^ 

Taking the autilogarithm^ 

5) = 

since 6 = 9 ? ( 0 ). Integrating again, 

6) 5 = 2cY0 + d, 

where c and d are arbitrary constants. This is the eq^uation of the 
curve. In order to recognize its nature let us square equation 5) 
writing 


/dsK^ /dx\^ , - 2a 

(rj =1^; + ^ — T’ 


where a = ^ is an arbitrary constant. Solving for 


=1/ 

r 2a-z 


If we put 0 = a(l — cos #) this becomes 

dz . -de* t/ 1 — cose* Bine* 

9 ) - == a sm 1/ - s= — -> 

^ dx dx Y l + cose* l-fcose' 

from which 

a (1 + cos #) dd' =« dx. 

Integrating, 

a? = a ('R + sin + const.^ 
or, if X and 0 vanish together, 

X ^ aid' + mu d)y 

; 2 f = a (1 — cos '9'). 

These are the equations of a cycloid, § 29 p. 83, accordingly the cycloid 
is not only a brachistochrone for gravity, but also a tautochrone. 
For a particular cycloid the time of descent is by 2) and 7) 


or putting 0 = 0 ^x 1 , 


— A? 

-viA 

0 

-VUi 


z—g* 


Patting M — sin* O', we easily obtain 


T-.yi- 


13) 

WeBSTBBi Dynamics s. 


10 
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If the particle be allowed to ascend after passing the lowes 
point of the cycloid it will rise to the same height from which i 
fell and the motion being repeated, the time of a complete to- am 
fro -oscillation is 

4 2’ = 2;E]/y- 


Thus the time of an oscillation of whatever amplitude on a cycloid 
is the same as that of the infinitesimal oscillation of a circula 
pendulum of length 4 a or twice the diameter of the rolling circL 
which generates the cycloid. Since the time of oscillation i 
independent of its amplitude we are led to the question of whethe 
the motion is harmonic. 

We may more generally inquire whether an isochronous o 
tautochronous vibration is necessarily harmonic, that is: Is thi 
elongation of a particle, performing a vibration whose period ii 
independent of the amplitude, necessarily represented by a sine o 
cosine function of the time? 

Let the distance along the path from the point to which th< 
motion is tautochronous be s. Then if the system is conservative 
the force will be a function of s. Suppose 


14) 


d^s 

dt^ 




dF(s) 

ds 


Multiplying by 


ds 

~di 


and integrating we obtain the equation of energ; 


Ao 


where $q is the initial value from which the particle started Iron 
rest. The time of the motion from s ==» s =* 0 will be 

0 


16) 




ds 


|/2[F(5)-FK)] 


or putting s ^ SqUj 


»0 

0 


1 Sq du 

1 




Differentiating by Sj, 

1 


sF'(s)-s,F' (s,)\ 

zyF{s)-F{s,) j 
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Since this is to vanish for all values of the limit Sq we must have 


or 


yF^s)-F{s,)- 


sF'{8) ~ s„F'(Sa) 


0 , 


18) 2 [Fis) - F(s,)] - sF'(s) + s,F'{s,) = 0, 

which is a differential equation for F(s). 

Let us put y = F(s), 

2-F(So)-So-F'(So) = «; 

then 18) becomes 

19) sg_2y + c = 0. 

a linear equation of the first order. An integrating factor is \ > 
multiplying by which the equation becomes 

Integrating, 

6'* 2^-* 


20 ) 

From this we obtain 


9~hs’-l-F(s). 


SO that the equation of tautochronous motion 14) must be 


21 ) 


d^s 


accordingly the motion must be harmonic, and evidently b must be 
negative. 

We have seen that the cycloid is a tautochronous curve and 
that a tautochronous vibration must be harmonic. 

By equation 6) the length of the arc of the cycloid measured 
from ^ = 0 is _ 

22) s « 2 Y^a 0 y 


from which 

or inserting in equation 1), 


23) 


Differentiating, 

24) 


d^j _ 
dt^ 


gs ds _ g$ 


10 * 
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Thus the differential eqnation of the cycloidal motion is 


ehowing that the motion is harmonic with the period 2 Jt y — Q*® 

found above. The cycloid is isochronous for all arcs, the circle only 
for infinitely small arcs. The circle having the same curvature as 

the cycloid at its 
vertex is less steep 
than the cycloid 
(Fig. 29) and there- 
fore the time of 
descent on the circle 
is greater for larger 
arcs, as shown in 
§ 22. The evolute or envelope of the normals of a cycloid is an 
equal cycloid, hence the cycloidal pendulum may be realized. If two 
material half- cycloids be constructed tangent at 0 (Pig. 30), where 
the string is attached, and the string be allowed to wind itself 
against them, if its length is that of the half-cycloid, its end will 
describe a cycloid. This pendulum was constructed by Huygens.^) 
The length being 4 a agrees with the above. On account of the 
motion on the cycloid being harmonic Thomson and Tait call har- 
monic motions cycloidal. 



43. Dftmpod OsclllEtioiiB. Let us now consider a particle 
under the infiuence of a force proportional to its displacement from 
a certain point and directed toward the position of equilibrium, the 
Q motion being resisted by 



Fig. so. 


a non -conservative force 
proportional to the first 
power of the velocity. 
Calling the accelerations 
produced by positional 
(conservative) force — h^Sy 
and the motional (non- 
conservative) force 

ds 

the equation of motion is 



d^s 

dt* 


+ X ™ == 0. 


1) Huygens, Horologium osdUatorium, I^is 167S. 
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This equation is linear with constant coefficients ^ and is a type of 
those that appear in the theory of oscillations. The fundamental 
property of such equations is that any solution multiplied by a 
constant is a solution, and that the sum of two solutions is a 
solution. In order to find a particular solution we put 


5 = c 


Xt 


Differentiating we have 






dt ^ dt^ 

Substituting in the differential equation we may divide out the 
factor obtaining 

27) X^ + xX + == 0, 

a quadratic to determine the constant X, 

Calling its roots Ag have 


28) a, = - f - 

The general solution is obtained by multiplying the particular solu- 
tions and by arbitrary constants and adding. Thus we obtain 


29) 


s<= Ae* 


(— * + — 4A«)« i(— 


We have to consider two cases, 


— j/xa — 4**) t 


1. 

11 . 


In case I the radical is real, and since its absolute value is less 

than X both A^ and Ag are negative and s eventually decreases as the 

time goes on, vanishing when < ~ cx>. We have 

X^Ae^^‘ + 

This vanishes when 

X^A 

or 

SO) 

Consequently if B and A are of opposite signs s will increase to a 
maximum and then continually die away. If they are of the same 
sign the motion dies away from the start. Both cases are shown in 

Pig. 31, where t is the abscissa and s the coordinate. 

In case II the radical is imaginary and both A^ and Ag are 
complex. Then writing 
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=» /i + iv, Ag — /i — iv, 

and making use of the fundamental formula of imaginaries, 

31) ~ cos vt + i sin vt, 

and the principle that both the real part and the coefficient of i in 
the imaginary part of a solution are particular solutions, we obtain 
the two particular solutions 

e^^^coBvt and e^^sini/^. 



We thus obtain the general solution 

32) s = cos vt + B sin vt) 

== e ^ (AcoB^y4h^'-x^-t + 

(A and B being new arbitrary constants), 
or as in § 19 equation 10), 

33) $==ae ^ cos Q — 

The trigonometric factor represents a simple harmonic oscillation, 
which on account of the continually decreasing exponential factor 
dies away as the time increases (Fig. 32). Such a motion is called a 
damped oscillation, and x is a measure of the amount of damping. 
The extreme elongation occurs when 

34) ^ g l/dA*-— Jc**sin^~y4A^~x^-^ -- cc^ 

- 2 cos Q y4h^ — X* • ^ I == 0, 

that is when 

86) to a) - -- 
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The smaller the damping Xy the more nearly does the time of the 
maximum coincide with that of the maximum of the cosine factor 
in 33). In any case successive maxima follow each other at intervals 
equal to the period of the oscillation, 

2 4i7C 

At two successive maxima on the same side, and Sg, the cosine 
term will have the same value, therefore the ratio of the elongations 
will be that of the exponential factors, or 






The logarithm of the ratio, 



is accordingly constant, and by means of observations on the loga- 
rithmic decrement we may determine the damping. We see that the 
decrement depends on and increases with the ratio of the square of 
the coefficient of damping x to the coefficient of stiffness^^ A*. 

If there were no damping, ac = 0, we should have for the period, 


rp 

h * 

Introducing these values of Tq and d, we may write 


38 ) 
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SO that if the damping is small, as is usually the case, it affects the 
period only by small quantities of the second order. 

As has been shown in § 38 we have here an instance of the 
use of a dissipation function 



and the energy is dissipated at a rate proportional to the exponen- 
tial 


44. Forced Vibrations. Besouance. The motion considered 
in the last section being that of a system left to itself is called a 
free oscillation or vibration. We shall now consider a problem of a 
different sort from any yet treated and involving a force depending 
upon the time, and thus introducing or withdrawing energy from 
the system. Let us suppose a particle to be subject to the same 
conditions as above, but in addition to be acted upon by an 
extraneous force varying according to a harmonic function of the time, 

40) F = E cospt, 

so that the differential equation of motion is 

«) g + »*+Ws-£oo.j,<. 

We may find a particular solution by putting 

s = a cos {pt — a), 

sin (pt — a), cos (pt — cc). 

Substituting in the differential equation, we have 

43) a — !>*) cos (pt — a) — axp sin (pt — cc) = E cos pt 
= JEjcosacos ipt — a) — sin a sin (pt—^a)]. 

This can be identically true for all values of t only if the coefficients 
of the sine and cosine of the variable angle (pt — c^ are respectively 
equal on both sides of the equation, accordingly we must have 

axj» = J5sina, 
a (h^ —p^)^E cos ay 

from which eliminating first E and then a. 


45) 


tan a 




E ^ a — p^y + 
from whichjwe obtain the amplitude 

! d i « 


E 
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Thus our solutiou is 
47) s = 


E 


T-.eos (pt— a). 


The motion represented by this solution is called the forced 
vibration, for the system is forced to assume the same period as 


2 

that of the extraneous force Fy namely ^ ? of frequency while 

the frequency of the free or natural vibration would be 
or without damping 

The displacement is not in phase with the force, lagging behind 
it by less than a quarter- period if tan u is positive, that is, if h is 
greater than p, in other words if the natural frequency is greater 
than the forced. If on the contrary the natural frequency is less 
than the forced, tan a is negative, and since sin a is positive, the 
displacement is between a quarter and a half-period behind the force. 
If the frequencies of the forced and free vibrations coincide, tan a 
becomes infinite, the lag is a quarter period, so that the displacement 
is a maximum when the force is zero and vice versa. Then 47) becomes 

48) 

and if the damping x is small, the amplitude is very large. This is 
the case in the phenomenon of resonance, of great importance in 
various parts of physics, including acoustics, electricity, and dispersion 
in optics. The equation shows how a very small force may produce 
a very large vibration if the period coincides nearly enough with 
the natural one, and explains the danger to bridges from the accu- 
mulated effect of the measured step of soldiers, the heavy rolling of 
ships caused by waves of proper period, and kindred phenomena 
Although in the phenomenon of resonance the excursion and 
consequently the kinetic energy becomes very large, it is of course 
not to be supposed that this energy comes from nothing as has been 
frequently contended by inventive charlatans proposing to obtain vast 
stores of energy from sound vibrations.^) 

If we form the equation of activity, by multiplying 41) by 

d(r+ W ) 

dt 

^ ^ sin {pi — «) cos pt 


s = —sin lit. 

p% ^ 


49 ) 


E^p 


r (-— COS a Binpt cos pt + sin a cos* 2?^), 


1) Of these the United States has produced more than its share. The 
ignorance of the above mentioned principle enabled John Eeely to abstract in 
the neighborhood of a million dollars from intelligent (!) American shareholders. 
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we see that energy is being alternately introduced into and withdrawn 
from the system by the extraneous force. On the average however, 
as we find by integrating the trigonometric terms with respect to 
the time, ^ 



GOBptdt = 


0 , 


T 


fcos^ptdt=^—f T= — > 

J ^ P P 

0 

the time average of the activity depends upon the last term containing 
sin a, and this is always positive, consequently the extraneous force is 
on the whole continually doing work on the system, which is being 

d\ 

when the system is in complete resonance. Thus the mechanical 
effects producible by resonance are shown to be commensurate with 
the causes acting, and the impossibility of the common story of the 
fiddler fiddling down a bridge is demonstrated. 

The exactness of ^Huning’’, or approach to exact coincidence of 
period necessary for resonance is shown in Fig. 33, which is the 
graph of the curve 


dissipated at the rate x ( 


• This work is a maximum when cc = ^ 




1 /( 1 - «*)•+«*)»;* 


where y = a/ is the ratio of the actual amplitude of equation 46) to 


E 


the steady statical displacement ^ produced by a constant force E 


(that is when p ^ 0), ^ is the ratio of the frequencies of forced 

jt* 

and free vibration, and a*=*p*^) Thus curves are drawn for values 

of the parameter a® equal to 01, *05, -10, -15, *20. Thus the magnitude 
of the resonance for any particular case can be seen by a glance at 
the figure. The resonance is sharper the smaller cc. The maximum 

amplitude is not for perfect tuning, but for x=^i Y’ value 

of the maximum is nearly equal to i* 

If there is no friction, for p^h the vibration becomes infinite, 
which means simply that in this case friction must be taken into 
account. If there is no friction we have by 44), 


50 ) 


sin « = 0, cos a = 1 
E 

« = pt, 


1) This parameter a is not the angle a above. 
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and tlie displacement is in the same or opposite phase with the 
force, according as h is greater than or less than p. In the latter 
case the excursion is a maximum in one direction when the force is 
exerting a maximum pull in the opposite direction. This need not 
appear paradoxical, for consider the limiting case of a system with 
very little stifiFness in proportion to its inertia, that is h very small 
and the natural period very great. Then the excursion is always 
opposite in phase to the force on account of the inertia of the 
system. In the opposite case of a system with very little inertia in 
proportion to the stiffness, h is very large, and the excursion is in 
phase with the force. In this case (that of complete agreement) we 
I have what is called the equilibrium theory of 

1 5 oscillation, the displacement being the same as 


>1 



if the problem were one in statics 

except that the force and displacement are varying 
together. Such a theory was given by Newton 
for the tides, which consist of a forced vibration 
of the water covering the earth under the periodic 
force due to the moon’s attraction. The more 
accurate theory taking account of inertia was 
given by Lagrange. The relation of the dyna- 
mical to the equilibrium theory is shown in Fig. 33. 

The two points of distinction between free 
and forced oscillations then are, first, that the 
free vibration has its period determined solely 
by the nature of the system, while the forced 

vibration 
takes the 
period of the 
force, and 
secondly, 
that if there 
is damping, 


Pig. 83. 


the free vibration dies away, while the forced vibration persists 
unchanged. 

The theory of the forced vibration which we have given does 
not take account of the gradual production of the motion from a 
state of rest, but refers only to the motion after the steady state 
has been reached. We may now complete the treatment and take 
account of the motion at the start. Our previous solution is merely 
a particular solution. According to the theory of linear differential 
equations in order to obtain the general solution we must add to the 
particular solution just obtained the solution of the equation 41) 
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when the second member id equal to zero, or in physical terms the 
forced and free vibrations exist superimposed. Accordingly we have 

51) S COS — flg) -f Ac * ^ ^ COS (1/a* — - ^ f ~ /j)' 

If the system starts from rest we must determine A and /J so that 
ds 

when ^ = 0, s and are equal to zero. These conditions will be 
very nearly satisfied, if p and h are nearly equal and oc small, by 

52) 5 =« ajcos — a) — c ^ cos — a 

The simultaneous existence of two harmonic vibrations of nearly 
equal frequencies gives rise to the phenomenon known as heats. 
Suppose 

53) 6* *= a cos (^t — a) + ft cos {(p + Ap) t — j8}, 

where Ap is a small quantity, equal to 2;r times the difference of 
frequencies. We may write the last term 

ft cos [{pt — a) + ^r/jp . < -f a — /3) 

==» ft {cos {pt — a) cos {Ap » < + a — /J) 

— sin {pt — a) sin {Ap . ^ 

so that 

54) s = {a + 6 cos {Ap • ^ — ^)) cos {pt — a) 

— 6 sin {Ap •t + a — fi)sm {pt — a), 

or if we write 

a + & cos {^p + a — 

~ ft sin {^p a — fi) ^ B, 
s == ^ cos {pt - a) + jB sin {pt — a), 

55) s = i)cos(p^ — a — «), 

where 

s = tan~^ 

A 

and i. 

D = •/ J.* + JB* = {a* + 6* + 2a6co8(4p-/ + a-|3)}2. 

Accordingly the compound vibration may be considered as a harmonic 
motion of variable amplitude and phase, the amplitude varying from 

a + 6 to a — ft, with the period ^ and frequency equal to the 

difference of the frequencies of the two constituents. The phenomenon 
of beats or interferences is represented graphically in Fig. 34. 
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In the case of free and forced vibrations coexisting [equation 52)], 
we have at the beginning beats which gradually die away owing to 

the factor c ^ in the free vibration, leaving only the forced vibration. 



l ig. 34. 


This is shown in an interesting manner by a tuning fork electrically 
excited by another fork not quite in unison with it, the phenomenon 
of a single driven 
fork apparently 
producing beats 
with itself being 
very striking (Fig. 

35). It will be 

noticed that the first maximum is greater than the steady amplitude- 
The greater part of this section and the preceding is taken 
from Rayleigh’s Theory of Sound. 




Fig. 35. 


45. Oeueral Theory of small Oscillations. Having now 
set forth the general characteristics of vibrations excuted by systems 
possessing one degree of freedom, we wiU now treat the problem of 
the small vibrations of any system about a configuration of equili- 
brium after the manner of Lagrange, wo first investigated it. 

Suppose a system is defined by n parameters *^ 1 , • - • 9'w 

potential energy will depend only on the coordinates g, and developing 
by Taylor’s Theorem, 


56) 




r==l # = 


where the suffix zero denotes the value when all the g’s are zero. 
Suppose that this is a configuration of equilibrium, then TF is a 


minimum or maximum and every equals zero. Thus 


begins with a quadratic function of the g’s. If the motion is small 
enough we may neglect the terms of higher orders of small quantities. 
Accordingly, neglecting the constant Wq (for the potential energy 
always contains an arbitrary constant which does not affect the 
motion), we shall put W a homogeneous quadratic function of the g’s 
with constant coefficients. 


57 ) 


Si • = ! 
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If the equilibrium is stable the potential energy must be a minimum 
so that the constants Cr» will be such that the quadratic function W 
is positive for all possible values of the variables g. 

The kinetic energy will be a quadratic function of the time 
derivatives, g'', ... gi, 

58) 

r = l 

where the as are functions of the coordinates q alone. We may 
develop the functions in series, thus one term of the sum becomes 


and since the velocities g' are small at the same time as the co- 
ordinates g, we may neglect all the terms within the braces except 
that of lowest order therefore we may consider the a*s as 
constants. If we have besides the conservative forces of restitution, 
arising from the potential energy W, non -conservative resistances 
which are linear functions of the velocities, we may make use of a 
dissipation function jP, § 39, such that the dissipative force correspond- 

dF 

ing to the coordinate g^ will be — We thus have the three 

homogeneous quadratic functions with con.stant coefficients, 

r—l «— 1 


59) ar^q'rcl, = q'rq, +^q, 


60) 


r=l « = 1 


'Q.rQ.97 



r—n 9 ~n 

^^Cr.qr 

r—1 9=1 


•h- 


Each of these has the property of being positive for all possible 
values of the variables of which it is a function. The o’s may be 
called coefficients of inertia, the c's, coefficients of stiffness, and 
the x’s, coefficients of viscosity or resistance. We may now form 
Lagrange’s equations for any coordinate 

dPr dW dF 

dt~dq^~ ' ~ dg^~ Sgi.’ 


dT 


= 0 , 


61) 

where 
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l>r = ^ =■ + OLr^ii h 

dW 

62) == Criqi + Cr%q% + • * • + Cmy^n} 

dF 

~ + 3C/.2g2^ -f . . . 4- 


Inserting these values in our differential equation we have, performing 
the differentiation by t, 

dt^' dt^ 4 “^- • • + f^rn 

dq, dq, dq„ 

+ ^^^~dT + + “ ' + ~w 

+ Crtqi + Cr2q2 + * • ' + Crn2» ~ 

a linear differential equation of the second order with constant 
coefficients. We have one such equation for each coordinate As 
in the case of one variable we may find a particular solution by 
assuming for each coordinate 

qr = 


the k being the same constant for all the g^’s. Inserting these values 
in 63) we obtain, after dividing by the common factor 6^% 

Ax (^*11 k^ + k 4" Cji) 4- • • • 4- {ain 4- 3Ci « A 4“ =* 0 , 

Ai (g^21 4“ ^21 ^ 4“ C 21 ) 4 - • • • 4“ An (p2n 4” ^2w k + C2«) =* 0, 

64) 

-4j k^ 4“ ^ 4” Cnl) 4- • • • 4” A„ {pnn^^ 4" Xn»k 4 C2^^) = 0. 


These are linear equations in the -4’s and suffice to determine their 
ratios when k is known. In order that they may be satisfied by 
other than zero values of the -4’s, the determinant of the coefficients 
must vanish, namely, 


65) 


A* + Xu A 4 Cu, • • • «in k^ + 4- Cm 


»0. 


^nl 4“ ^nl ^ 4" Cni^ * * * 4" ^nnk 4 Cnn 


This is Lagrange’s determinantal equation for k. It is of degree 2n 
and does not contain odd powers of i if -F=«=0. We shall denote 
its roots by k^, ko , . . . which we shall suppose are all different. 
We shall first prove that none of the roots are real and positive. 
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If we multiply the equation 64), which may be written 

s —n <=i»i s—n 

64) + X ^XrgAg + "^CnA, = 0 

*— 1 #=i *=i 

by Ar and take the sum for all the r s, we obtain 

66 ) ‘^(^r.ArA. + '^ir.ArA, A, A. - 0 . 

r = l #=1 r— 1 a — 1 r—1 « = 1 

The double sum by which X^ is multiplied is the value of the 
function 2T when for every gr is substituted Ar. We shall denote 
this by 2T{A). Similarly the coefficient of X is 2jF(J.), and the 
constant term or that independent of X is 2W{A). But by the 
fundamental property of the three functions each must be positive 
for every set of values of its variables. This equation 66) thus written, 

67) X^T(A) + XF{A) + W{A) = 0 

shows at once that X cannot be real and positive, for that would 
involve the sum of three positive terms being zero. 

Secondly if F = 0, that is if there is no dissipation, 

^ “ T{A) 

which is negative and ^ is a pure imaginary. In this case and 
are replaced as above by trigonometric functions representing 
an undamped harmonic oscillation of the same period for all the 
parameters g. 

Thirdly, if F is large enough X can be real and negative. In 
this case each parameter q gradually dies away to zero, the rate of 
dying away being the same for all. This corresponds to case I of 
the preceding section. 

Fourthly, in the limiting case of a system devoid either of 
inertia or of stiffness, so that T or W is zero, F not zero, instead 
of a pair of roots we have a single one which is real and negative, 
so that the motion dies away. 

Fifthly, in other cases, that is when neither T, F^ nor W vanish 
and F is not too large, X is complex. This is the most frequent 
case in practice. 

We shall prove that the real part of X is negative. When the 
value of any root X is determined, the equations 64) determine the 
quantities Ar except for a common factor. If complex values enter, 
since any equation which involves i will also hold good if i be 
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changed to — - changing any root X to its conjugate causes 

every A to change to its conjugate A\ Let us accordingly write 

gg^ 1' = /A - iv, 

Ar = CCr + ipry Al = i^r- 

Let us now apply the method that gave us equation 66), except 
that we multiply the equations 64) containing X by the A^^s corres- 
ponding to X\ obtaining 


69) 


r—n »=i 



ar, ArAl 


r = w ti — n r=-t} n — n 

+ X ^^ XrsArAj + ^^ CrsAr Aj = Q. 

r=-l r= 1 


In this equation any coefficient appears in the two terms for 
which r Pj s t and also r = t, s ==> p, so that the sum is 

t{ApAf 4" AgApjf 

or substituting the values of the A'a, 

+ ifip) {at — i^t) -f {at + i^t) {a^ — i^p)] 

= 2apt{apat -f 

Accordingly using a notation similar to that before employed equa- 
tion 69) is 


70) [T{a) + T(^)l + X [F{a) + i^(/J)] -f + W{^) = 0. 

Now performing the same process on equations 64) with the root X 
and multiplying by the A^s we obtain 


71) X\T{a) + T(/3)l + X\F{u) + F{^)\ + W{a) + W{^) ^ 0. 


Then X and X are roots of the same quadratic. 


their sum 
72) 


X -^X 


r(a)+T(ft’ 


We therefore have 


so that fi is negative. The solution therefore represents a damped 
vibration, as in case II § 43, the period and damping being the 
same for all the q^s. For another treatment of Lagrange’s determinant 
see Note V. 

Having obtained all the roots X, by substitution of any one Xr 
in the equations 64) we obtain the ratios A^ : A^ : • • : An» For each 
value of Xr we obtain a different set of ratios. We will distinguish 
the values belonging to Xr by an upper affix r, so that A"', means 
the coefficient of in the coordinate g,. 

The theory of linear differential equations shows us that for the 
general solution we must take the sum of the particular solutions 
for all the roots Xr, so that we obtain 

WjBBSTER, DynaniiGS.^ 


11 
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=> + Ale^‘‘ + • • • + A’‘”e^*’‘‘, 

q, = + Ale^‘ + ■ • . + Al”e^”‘, 

73) 

q„ = AU^^‘ + Ale^‘ + • • • + A^”e^^”‘. 

It is to be noticed that the ratios of the As in any column 
have been determined by the linear equations 64), so that there is 
a factor which is still arbitrary for each column, that is to say, 
2n in all. We may now replace the exponentials by trigonometric 
terms. The appearance of the terms with conjugate imaginaries 

(ar cos vt — pr sin vt) 

leads to the disappearance of imaginaries from the result. Changing 
the notation we will accordingly write 

cos — «j) + cos (v^t — ^2) "f” ’ ‘ 

+ cos {Vnt — Bn), 

^2 ^ cos (vj/ — 61) + cos {Vi^t — — 

4- cos {vj — Bn), 


qn = BU^^^ cos (v^t — cos (v^t — £2) ^ 

+ ^^'‘‘"^COS {vj — Bn). 

If these be substituted in the differential equations it will be 
found that the B^s satisfy the same linear equations as the -4’8.^) 
Each column then contains an arbitrary constant as before in the 
and a second arbitrary constant in the b belonging to the column. 
We may therefore state the general result: — 'fhe motion of any 
system, possessing n degrees of freedom, slightly displaced from a 
position of stable equilibrium may be described as follows: Each 
coordinate performs the resultant of n damped harmonic oscillations 
of different periods. The phase and damping factor of any simple 
oscillation of a particular period are the same for all the coordinates. 
The absolute value of the amplitude for any particular coordinate is 
arbitrary, but the ratios of the amplitudes for a particular period for 
the different coordinates are determined solely by the nature of the 
system, that is, by its inertia, stiffness and resistance coefficients. 
The 2n arbitrary constants determining the n amplitudes and phases 
are found from the values of the n coordinates q and velocities q^ 
for a particular instant of time. 

1) In 64) put X » ^ -f ^ ^ take the real part. 
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We further notice that, since the different periods depending 
upon V are derived from the roots of an algebraic equation, they 
are not in general commensurable, so that the motion is not as a 
whole generally periodic. For instance in the case of Lissajous’s 
curves described in § 19, unless the two periods are commensurable 
the curve will never close. In the case, however, of the spherical 
pendulum performing small oscillations the periods of the two co- 
ordinates were equal, so that the path became a closed curve, an 
ellipse. 

There is one set of coordinates of peculiar importance. For 
simplicity let us suppose there is no dissipation, = 0. Let us 
make a linear transformation with constant coefficients, patting 

== Vll + ^12 9^2 + * * + Vinffnf 

92 = yn Tl 4- ^22 9^2 + • • + y^in^n, 

75) 


qn = yni (px + 7 '« 2 gp 2 + * • • + 


Differentiating by t the ^'’s are obtained from the q?'^s by the same 
substitution. It is shown by algebra that we may determine the 
coefficients y in such a way that the two quadratic functions T 
and W are simultaneously transformed to sums of squares, the product 
terms being absent. Supposing this done we have 

T == - (aj -4- + ■ + »n9>«^); 

76) 1 

W=l{c,,p^ + c,<p/ + 

Then we have 

Pr ttr fp'r 

and our differential equations 63) are 


+ Cnfpn)- 


77) 

and the integrals, 

78) 


dV,. 


dt 


+ <'r<pr = 0, 


(pr == Ar cos 




In other words, each coordinate (p appears in its own differential 
equation entirely separate from the rest, and performs a harmonic 
vibration independent of the others with its own period. The g>'s 
are called normal or principal coordinates. The q's being linear func- 
tions of the g?’s describe compound harmonic oscillations. A vibration 
in which all the normal coordinates but one vanish is called a normod 
vibration. The effect of this on the is, if every (p equals zero 
except cp^f to make 


11 * 
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79) .... 

^In ” 

that is in a normal vibration all the coordinates of whatever sort 
are in ratios constant throughout the motion, or the solutions 74) 
are reduced to a single column. The motion is then completely 
periodic, all the coordinates passing through the equilibrium values 
simultaneously. We may thus describe the general motion as the 
resultant of n normal oscillations. The normal coordinates have the 
property that the energy of any vibration is the sum of the energies 
of the separate normal vibrations, for substituting 78) in 76) we have 

80) T + W= I (c, + • • • + c„A„^). 

46. Vibration of a String of Beads. Continuous String. 

As an example of the preceding theory let us consider the problem, 
solved by Lagrange^), of the motion of a string on which are 
fastened a number of beads of equal mass equidistant from each 
other and from the ends of the string, the mass of the string being 
neglected in comparison. Let the number of beads be n, the mass 
of each, m, the distances apart, a, and the length of the string, 
? = (w + 1) a. Suppose for simplicity the motion of each bead takes 
place in a straight line at right angles to the stretched string, all 
the displacements yr being in the same plane. Then the kinetic 
energy is 

81) + + ' 

The coefficients of inertia are the same for all, equal to the mass of 
any bead. The displacements being small quantities, the length of 
the string connecting any two beads is equal to a plus small 
quantities of the second order which will be neglected. The tension 
of the string will thus be considered constant and equal to 8. 
Neglecting the weight of the beads the only forces acting on a bead 

are the compon- 
ents of the tension 
of the two ad- 
jacent portions of 
the string in the 
direction of the 

displacement y, Fig. 36. To find the component we have to multiply 
the tension by the cosine of the angle made by the displacement 

1) Lagrange, Micanique Andlytique, Tom. I, p 890. 
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with the segment of the string, which is the difference of two con- 
secutive displacements divided by a. Accordingly the force on the 
bead is 

82) f {(^'•- 1 - yr) + {yr + l- Vr)} 

from which we obtain the potential energy, 

83) W= + (y, ~ y,y + (y, - y.f + ■ ■ + yA- 

It will be seen that the are not normal coordinates since product 
terms appear in W, 

Forming the differential equations of motion we obtain 

+ -I (i^i - <> + ?/i - y») = 0, 

84) + a - y^) “ 

d*y,, S 

a - 1 + Vn — 0) = 0. 

Now putting y,. = Are^* and collecting according to the A'b we 
obtain 

? 

jr, dividing through by ^ and putting 

2 + ^ = 6 , 

q™-, + 0 + ■ • = 0 , 

'' - + (7^ - J^ + 0- =0, 

0- A^ + CA^- A^ + 0-^- = 0 , 


The determinantal equation for I is 


88 ) 


i?« = 


0 ,- 1 , 0 , 0 , 0 , . . . 
- 1 , 0 ,- 1 , 0 , 0 ,... 
0 ,- 1 , 0 , — 1 , 0 , . . . 
0 , 0 ,- 1 , 0 ,- 1 ,... 


= 0 , 


n loyi 
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Expanding the determinant in terms of its first minors we have 
89) Dn = GD„ — 1 — 

This equation between three consecutive determinants of the same 
form suggests a trigonometric relation, namely, making use of the 
relation 

sin (a + 6) 4- sin (u — b) = 2 sin a cos fc, 


with b = O’, a *= nd', we have 

sin (w + 1) O + sin (w — 1) O = 2 sinwO cos O. 
Comparing this with the formula 89), 

Dn + D^t — 2 “ CDn — 1 , 


we see that they are identical if we put 

0 =* 2 cosO, Df, = c sin {n + 1) O, 
where c is independent of n. To find it put ^ 1, 


Accordingly 

90) 


C ^ 2 cos O = 


sin O 




flin (n + 1) O 
sin O 


If this is to vanish we must have 


{n + 1) O = hot, 

where h is any integer (not a multiple of n + 1, to prevent sinO in 
the denominator from vanishing). Introducing the values of O thus 
found we obtain 

91) C =2 + ’"-I- * = 2 cos # = 2 cos — 

from which 

— = { 1 — cos -TV * ^ I 

ma\ w + 1 / 


92) 


Vk 



• sin 


2{n+~i) 


7t. 



Fig. 87 , 


Letting 7c = 1, 2, 3, . . . n, we obtain n different 
frequencies proportional to the ordinates of points 
dividing a quadrant into (n + 1) equal parts. 
Fig. 37. Giving Jc other values not multiples of 
{n + 1), we shall merely repeat these frequencies. 
There are accordingly n different frequencies 
for the vibrations. 

We may arrive at the same result by 
noticing that the linear equations for the 


Af — 1 “f" C Ar Ar -)- 1 — 0, 


87 ) 
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P sin sfi*, 

where P is a constant, making use of the same trigonometric for- 
mula as before. Accordingly let us substitute in the differential 
equation 

ma 

n A\ I 


-yr-l + 


liT + 2yr — yr-[-l 0 


the solution 


93) yr^P sin rfi’cos (vt — s). 

Every term will contain the same cosine, so that dividing out we have 

— sin (r ~ 1) fi* + 2 ^1 — ^ * sin rd' — sin (r + 1) fi* =« 0, 

which is an identity if 


giving 


mav^ ^ 

=COS«', 


; (1 - cos O'), 


as before, 92). The complete solution is then 




with the 2n arbitrary constants P#, to be determined by the initial 
displacements and velocities. 

Consider the case first in order of simplicity, n equals 2. Then 


ol/ S . It -i/ S 
^ r ma 6 Y ma 

I/O = 2 1/ - - sin — = 1/ 

* Y ma 3 Y ma 


Thus the frequency of the higher pitched vibration is in the ratio 
of /S : 1 =» 1.732 to that of the lower, — somewhat more than the 
musical interval of a sixth. In this particular case it is easy to find 
the normal coordinates. Writing 

9>i = I iVi + Vi), = 9Pi + 9>s> Vi = 9>i' + Vi, 

96) ^ 

= 2 (yi - Vi), Vi, Vi = Vi - Vi, 

we obtain 

97) ^ ? (^1* + Vi) ” (9’i * + 

+ (y, - Vi)* + yi^] - 1 -« + 39 >,*), 
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so that the (p's are normal coordinates. Forming the differential 
equations; 

98) <*’qp* , as „ 

the integrals of which are 

(p, = A,cos(y 

, (-,/iS \ 

9), = .4,cos(^|/— 

agreeing with the above result. 

The two normal vibrations are found, the first by putting (jPg = 0, 
— in this case == and the two beads swing together, the second 
normal vibration by = 0, y^^ — y^, and the two beads swing in 
opposite directions with a frequency times as great as before. 
The middle point of the string is now at rest, or forms a node. 

The general case above treated is very interesting when we pass 
to the limit as the number of beads is increased, giving us the case 
of a continuous string, of the greatest importance in the theory of 
musical instruments. 

Let us introduce in equation 94) the distance of the bead from 
one end of the string, 


X ^ r -a 


Accordingly 94) becomes 




A glance at Fig. 37 shows us that, as we increase n, the ratios 
at least of the smaller frequencies approach those of the integers, 
1, 2, 3, ... . By passage to the limit we may demonstrate that this 
is exactly true for all the frequencies. 

If Q be the line density of matter of the continuous string, that 
is, the mass per unit length, we have 

qI =» lim (n + l)m. 

W — 00 

Accordingly since 

I sss (n 4. 1) 

we have in the limit 

am = . 

(w + l)* 

Introducing this into the value of 92), 


Vg =* 2 T/^ lim sin 


2(n + l) 
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As n increases without limit y preserves its form, while v# approaches 
the limit 

102 ) 

We have therefore for the continuous string, 

103) y ^ Fm sin cos ]/- • t — 

The frequencies of the different terms of the series are in the ratios 
of the integers. Such partial vibrations are called harmonics or 
overtones of the lowest or fundamental, for which 5=1. Since, if 
we consider a single term of the series, the excursions of all the 
particles are in the same ratios throughout the motion, we see that 
the harmonics are normal vibrations. On account of the factor 
depending upon x the 5*^ harmonic has nodes for 

Z 2Z (s — 1 ? 
s ^ s * 

or at any instant the string has the form of a sine curve and is 
divided by nodes into s segments vibrating oppositely, generally 
known as ventral segments. 

In order to show how rapidly the string of beads approximates 
to the motion of a continuous string, the following table from 
Rayleigh’s Theory of Sound is inserted. It is to be noticed that it 
does not give exactly the ratios of the frequencies on account of the 
variable factor s under the sine in but it approximately does so, 
and for the fundamental, s = 1, it gives exactly the ratio of frequency 
for n beads to that of the continuous string. 


n 

1 

2 

3 

4 

9 

19 

39 

2(w4-l) . 7C 

-- — — Sin „ , — j-TT 
n 2 (n + 1) 

•9003 

•9549 

■9745 

•9836 

•9959 

•9990 

•9997 


By means of an extension of the above method, Pupin has treated 
the problem of the vibrations of a heavy string loaded with beads, 


1) Writing the factor of — 1/ - in the form 

I y Q 

S7f ( S7C I S7C \ 

2 y^^2{n + l)l 2(w+i)j' 

since 

lim 

a;=:0 X 


we obtain the result. 
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botli for free and forced vibrations^ and by an electrical application 
has solved a very important telephonic problem.^) 

On account of the importance and typical nature of the problem 
of the continuous string, we shall also solve it by means of Hamilton's 
Principle. Replacing the length of a segment a by the differential dx^ 

writing qdx for the mass m, and for y\ (partial derivative because 

y depends upon both t and x)^ and for the sum, the definite integral, 
we have the kinetic energy 

104) T- p (|f)V 

Similarly in the potential energy the limit of the term 



so that the potential energy becomes 

106) 

0 

As the number of degrees of freedom is now infinite we are 
not able to use Lagrange^s equations, but we can use Hamilton’s 
Principle, which includes them. 

ijd - W) it - \jitsf\ , (^) - S (|f)*|4* 

106 ) '» ® 

0 0 

Integrating the first term partially with respect to t and the second 
with respect to Xy 


I h 



The variation dj/ is as usual to be put equal to zero at the time 
limits, and, as the ends of the string are fixed, 8y equals zero at 

1) Pupin, Wave Propagation over non-uniform Electrical Conductors. 
Trans. American Mathematical Society, I, p. 259, 1900. 
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lihe limits for x also, consequently we must have the factor of the 
arbitrary dy vanish, that is, 


108) 




s 

Putting ~ = a* we have the partial differential equation for the motion 
of the continuous string, 


109) 


2 


d^y 

dx~^' 


which may also he obtained from the ordinary differential equa- 
tions 84) by passage to the limit in an obvious manner. 

The passage from n ordinary differential equations to a single 
partial differential equation when n is infinite is worth noting as a 
type of a phenomenon of frequent occurrence. At the same time the 
notion of normal vibrations gives rise to that of normal functions. 
To find a normal vibration let us find a particular solution of 109), 

110 ) 

where the two functions contain only the variables indicated. This 
satisfies the definition of a normal vibration, since the ratios of dis- 
placements of the different points are the same throughout the 
motion. Inserting in the differential equation we obtain 


111) 


'di* 


= ar(p 


d^X 

dx* 


Dividing by Xg? we have 


1 d^(p a* d*X 

qj di* X dt^ 

Since one side depends only on x and the other only on t, which 
are independent variables, this can hold only if either member is 
constant, say — where v is arbitrary. Thus we have the two 
equations 


112 ) 


d*(p 

d^X 

dx^ 


-f = 0, 


-f v^X = 0. 


The first of these shows, like 77), that g? is a normal coordinate. 
Its integral is 

113) (p = C cos {vat — a), 
the integral of the second is 

114) X => A cos VO? + H smvx. 

The normal vibration is accordingly represented by 

115) y ^ (A cos vx + B sin vx) cos {vat — a), 
the arbitrary constant C being merged in A and B. 
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Since for all values of y = 0 for 0, we must have »» 0, 
and since y =« 0 for x^l, we must also have 5sini/?«0, that is 

116) vl =s STtf 

where s is any integer, accordingly we obtain for the normal 
vibration, 

sn 

T' 

and the vibration is given by 

118) Ti^ sin cos ( — ^ a A • 

The general solution is therefore represented as an infinite series of 
normal vibrations, 

J»“ 90 

i/vo\ T> • {s%at \ 

103) y = B, sm -j- cos a,j, 

g = 1 

the arbitrary constants, being determined by the initial dis- 

placements and velocities. In order to determine them let us make 
use of the other fundaniental property of normal coordinates, namely, 
that the energy functions do not contain product terms. Let us write 



119) 

then 


A 1 

I I 

120 ) T-'J, l 


dx 


I I 

= X*dx + • • • 

0 0 
I 

4 ” Q 9?! 4. . . . . 

0 

Inasmuch as product terms in the 9 ?'^s are not to appear we must have 


121 ) 


I- 


XrXsdx^O 




Putting Xr equal to sin—p this result is at once verified by inte- 
gration. The property of normal functions expressed by equation 121) 
is of fundamental importance in the theory of developments in infinite 
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series. We may now make use of it to obtain the constants in the 
series above. Putting ^ = 0 and writing JR cos a, = -4^,, we have 

3 — <X> 

122) ^(0) sin®* X = f{x). 

« — 1 

The problem is, f being an arbitrary function of x to find the 
coefficients in the development in the trigonometric series. To find 
the coefficients Ar multiply the equation 122) by the normal 
function and integrate from 0 to /, giving 



and by the property just found the integral on the right vanishes in 
every term except that in which r = 5. But 



1 

2 


Therefore we have the value of the coefficient 


124) J,. = f\x) sin (lx. 

(d 

We are thus led to a particular case of the remarkable trigono- 
metric series associated with the name of Fourier. Such series were 
first considered by Daniel Bernoulli in connection with this very 
problem of a vibrating string. This determination of the coefficients 
was given by Euler in 1777. The importance of the series in 
analysis was first brought out by Fourier who insisted that such a 
series was capable of representing an arbitrary function, as had been 
maintained by Bernoulli, but doubted by Euler and Lagrange. 


47. Forced Vibrations of Oeneral System. Let us now 

briefly consider the question of forced vibrations of the general 
system of § 45. 

Suppose that there is impressed upon each coordinate a harmo- 
nically varying force, 

Fr = Er COSpt, 

the period and phase being the same for all, the amplitude Er being 
taken at pleasure. The equations are most easily dealt with if, instead 
of proceeding as we did in treating equations 41) and 42) we make 
use of the principle that, in an equation involving complex quantities, 
the real and the imaginary parts must be equated separately. Let 
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U8 therefore put instead of the above value of Fr the value 
whose real part agrees with the above, and having found a particular 
solution of the differential equation, let us retain its real part only. 
Thus we have instead of equations 63) n equations of which the r*** is 


125) 


d'q, 

an + an 


+ • • • -f- ®/-fl 


dt* 


+ * 


rl 


Hi 

dt 


+ 


Ht 


r2 


dt 


r + 


+ Xr 


Hn 

dt 


+ Crl(/l + Cr2Q2 + * * ’ + Crn^n = 

Guided by the result of § 44 , asBumiDg 


these become 


qr = Are' 


(- W + <^n) A ^ « ip + Ci„) A,, El, 

126) * ; 

(—anlP^^ + iCnlip-\-enl)Ai + h (— + 0C„ nip + On J A,, == En. 


If we call the determinant of equation 65)E(X) and the minor 
of the element of the column and row Dr» (A), we have as 
the solution of 126) 


126) 


A _ 


Since D{X) 0 is the determinantal equation 65) for the free vibra- 
tion, whose roots are ^ 2 , . . . we have 

« n 

128) D{X) = C{X - X,) (A - A,) • • . (1- 12 ,,) = Cljix - A,) 

« 1 

where C is the proper constant. 

Accordingly the denominator D{ip) is 


n 

1 29) D{ip) = C'JJ (ip - X.) =. CJ7 {-l^.+ i(p- »'.))• 

>=•1 M — l 

The minors Drt {ip) are polynomials in ip and the numerators are 
therefore complex quantities, which however reduce to real ones if 
the jc^s are zero. We may write 


130) ^ I>r.(ip)F.^B,e’^r, 

where Br and d'r are real and vanishes with the x’s, and is small 
if they are small. We thus have 
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131) 


where 



«— 1 



i". = ]/ ft.* + (P - V.)*, tan (*,==— 


Retaining now only the real parts, we have for our solution, 

n \ 

cosj pt + I 


132) 


qr = 


t-’/j ■)/<*! + (p-^)'* 


#=rl 


Thus if the damping coefficients x are small, all the oscillations 
are in nearly the same phase. If the frequency of the impressed 
force coincides with that of any one of the free oscillations, jp — i/, *=0, 
and one factor of the denominator reduces to /a,, so that if the 
damping of that oscillation is small, the amplitude is very large, or 
infinite if there is no damping. This is the case of resonance. 
(Resonance may also be defined in a slightly different manner as 
occurring when ip is one of the roots of the equation I>(A) = 0 in 
which all the x’s have been put equal to zero. This corresponds 
with our example in § 44. In practical cases the difference is very 
small.) 

48. Cyclic Motions. Iguoratiou of Coordinates. In certain 
large classes of motions some of the coordinates do not appear in 
the expression for the kinetic energy, although their velocities may. 
For instance in the case of rectangular coordinates. 





the coordinates themselves x, y, z do not appear. In sphelical co- 
ordinates, § 41, 133), 

q? does not appear while both r and d' do. Further examples are 
furnished in the case of systems in which throughout the motion 
the place of one particle is immediately taken by another equal 
particle moving with the same velocity, as for instance in the case 
of the system of balls in a ball-bearing (bicycle) or better in the 
case of a continuous chain passing over pulleys, or through a tube 
of any form, or by the particles of water circulating through a tube. 
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In order that this condition may be permanent it is evidently 
necessary that the path traversed by the successive particles shall he 
reentrant^ or that they shall circulate. Under the conditions supposed 
it is evident that the absolute position of any particle does not affect 
the kinetic energy, for throughout the motion at any point on the 
path of the particles there is always a* particle moving with the same 
definite velocity. On account of the character of these examples the 
term cyclic coordinates has been applied by Helmholtz to coordinates 
which do not appear in the kinetic energy. We shall when necessary 
distinguish cyclic coordinates by a bar, thus 

dT 

133) = 0 

is the condition that q is cyclic. This of (*ourse involves that every 


134) 



= 0 , 


that is the coefficients of inertia do not depend upon the cyclic co- 
ordinates. Thus a cyclic coordinate is characterized by the fact that 
the corresponding reaction is wholly momentat Examples of cyclic 
coordinates are found in x, t/, above, and (p in the case of plane 
polar coordinates. 

Inserting equation 133) in Lagrange’s equations we have 


135) 


^ ^ V 

~dt\dqp '^ ~dt 


or the fundamental property of a cyclic coordinate is that the force 
corresponding goes entirely to increasing the corresponding cyclic 
momentum. If the cyclic force vanished, we have 


136) 

and integrating, 

137) 


dt \Oq<J 


dT 

Q— f — Pr — 

r 


In this case we may ‘with advantage employ a transformation intro- 
duced by Routh^) and afterwards by Helmholtz^), which is analogous 
to that invented by Hamilton and described in § 39. By means of 
equations 53) and 71) § 39, we have expressed the velocities as 
linear functions of the momenta with coefficients Bra, which were 
functions of the coordinates, and have thus introduced the momenta 
into the kinetic energy in place of the velocities. We have thus 
been led to use instead of the Lagrangian function L ^ T — W, 


1) Routh, Stability of Motion, 1877. 

2) Helmholtz, Studien zur Statik monocyclischer Systeme, 1884. Ges. Abh. 
Ill, p. 119. 
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whose Tariation appears in Hamilton’s Principle, the Hamiltonian 
function H =» T + TF. The transformation of Routh and Helmholtz, 
instead of eliminating all the m velocities (][, eliminates a certain 
number, which we will choose so as to replace those having the 
suffixes 1, 2 , . . . r, by the corresponding momenta, but to retain the 
velocities with suffixes r + 1, . . . m, in the equations. This trans- 
formation, while it may be made in the general case, is of particular 
advantage where the eliminated velocities are cyclic and the corre- 
sponding momenta constant, as in the case just described. 

The equations 53) § 39 for the elimination become by trans- 
position 

” 1 " ^12^/2 -f • • • 4 - Qlr<j[r = !>! “ -f- • • • + 

138) 

QrW\ + -f * • * 4" QrrQr ~ 2^r — 4 * * * 4 QrmQm) 

It will be convenient to write the right hand members above, 

Pv ^1? * • P>’ 

Let the solutions of equations 138) be 

= JFJi, — Si) 4 -^12 (i>2 “ Sjj) 4 . . . 4 r (2>r — S^), 

139) 

q^ = Hrl (^Pl S^l) 4 ^ 2 ) 4 • • • 4 Hrr i^Pr S^), 

where the ii’s are the quotients of the corresponding minors of the 
determinant 

Qny Qi2J • • • Qlr 


Qrly Qrif • • • Qrr 

by the determinant itself, and, like the Q's, are functions of tlie 
coordinates only. 

Introducing the values 139) for the g^”s into the kinetic energy, 
the latter becomes a function of the velocities q\iy • • . qh and of 
the momenta Pi, . . . Pr- It is a homogeneous quadratic function of 
all these variables, but not of the ^s or g^’s considered separately 
on account of product terms, such as pt,q[ which are linear in terms 
of either the j?’s or g^’s. The function T thus transformed has lost 
its utility for Langrage’s equations, but may be replaced by a new 
function, as follows. 

Let us call the function T expressed in terms of the new 
variables We have thus identically 

140) T (g,, g-i', 3s,', ... 3^) 

it, - - 3m, Pt> Pi, ■••Pr, ^r + l, • • • (iL)- 

Webster uynatnicR.'* 12 
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It is to be noticed that since the coordinates q appear in the co- 
efficients jR of equations 139) they are introduced into T' in a way 
in which they do not appear in T, so that we do not have 

aT_ ar' 

but since q enters in I' both explicitly and implicitly through 
equations 139), we have for s = r4 1, r + 2, . . . m, 


141) 


dT _dT ^ ^9't 

~ ^ 9, H ^ 9, 

and since the same may be said of the velocities, 


142) 


ar 

^9', 


■oT 

dq', dq', oq’. 


(« = r+l, ..m), 


(« = r+ 1, »«)• 


Now if the eliminated velocities with suffixes 1, 2, 
and the corresponding forces vanish, we have 

dT 

a-f P‘ 

^9> 

Accordingly equations 141/142) become 

t — r 


r are cyclic 


dr dT . ^q, 


143) 


^9. 

dr 






or transposing and difiPerentiatiDg outside of the sign of summation. 


143) 



We may therefore use with the coordinates whose velocities remain 
in the equations Lagrange’s equations^ except that instead of the 
kinetic energy T we use the function 

r -^e,q\, 

<=1 

and instead of the Lagrangian function L==^T — Wj we use the function 
* = T' -^c,q, - W. 
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Equations 45) or 46) § 36 accordingly become 


145) 


d / d^ \ 

dtVdq'J 


(or equal to P# if this represents an extraneous force not included 
in the potential energy, or any dissipative force). The function ® 
is called by Routh the modified Lagrangian function, and its negative 
by Helmholtz the kinetic potential. It is to be understood that ® is 
to be expressed in terms of the velocities, Q.ln by means of 

equations 139) in which . Pr have been replaced by c^, . . , Cr* 

The important thing to notice about ^ is that it contains linear 
terms in the velocities, as well as a homogeneous quadratic function 
of the c’s whose coefficients depend only on the coordinates 1 , • • * 
like the ^’s from which they are derived. The terms of the latter 


sort in — cause precisely the same effect as if they were added 

to the potential energy. The effect of cyclic motions in a system is 
accordingly partly represented by an apparent change of potential 
energy, so that a system devoid of potential energy would seem to 
possess it, if we were in ignorance of the existence of the cyclic 
motions in it The effect of the linear terms in ® is quite different 
and will be discussed in § 50. 

A system is said to contain concealed masses, when the coordinates 
which become known to us by observation do not suffice to define 
the positions of all the masses of the system. The motions of such 
bodies are called cmcoded motions. It is often possible to solve the 
problem of the motions of the visible bodies of a system, even when 
there are concealed motions going on. For it may be possible to 
form the kinetic potential of the system for the visible motions, not 
containing the concealed coordinates, and in this case we may use 
Lagrange^s equations, as in the case just treated, for all visible 
coordinates, while the coordinates of the concealed masses may be 
ignored. Such problems are incomplete, inasmuch as they tell us 
nothing of the concealed motions, but very often we are concerned 
only with the visible motions. Such concealed motions enable us to 
explain the forces acting between visible systems by means of 
concealed motions of systems connected with them. 

The process of eliminating the cyclic coordinates of the concealed 
motions as above described is termed by Thomson and Tait ignoration 
of coordinates.^) 

Examples of the process may be obtained in any desired number 
from the theory of the motion of rigid bodies rotating freely about 


1) Thomson and Tait, Natural Philosophy ^ Part I, § 819, example G. 
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axes pivoted in bearings fastened to bodies themselves in motion* 
Such motions will be treated in § 94. 

A very simple case of the above process is encountered in 
treating the motion of a particle m sliding on a horizontal rod, 
revolving about a vertical axis, at a distance r from the axis. Let 
the angle made by the rod with a fixed horizontal line be 9 ), then 
the velocity perpendicular to the rod is The velocity along the 

rod being r', the kinetic energy of the body m is 

14G) r = 

Since tp does not appear in T, ^ is a cyclic coordinate. If there is 
no force tending to change the angle (p • we have 

1 A '7\ 2 / 

147) 

from which we obtain 


to eliminate q/. Thus we get 
149) 


Supposing that there is no potential energy we have 
150) * = r - 6 -<p' = 4{wr'2- 


illustrating the general property of Q mentioned, being the 

1 • 

quadratic function of the remaining velocity and — —2 being 

the quadratic function of the constant c, which contains as a coeffi- 
cient a function of the coordinate r. We may now, ignoring the 
coordinate qp, use the differential equation for r, 

d /d0\ 

151 ^ dt\dr’) dr ^ 

d^r 0^ _ 

~ dr ~ 

We accordingly see that the system acts as if, there being no rotation, 
it possessed an amount of potential energy ~ producing the force 

^^5 directed from the center. This example accordingly illustrates 

the effect of ignored cyclic motions in producing an apparent potential 
energy, but it does not illustrate the effect of linear terms in qp, for 
they disappear in this example, which is chosen on account of its 
very simplicity. The example hardly seems to illustrate the case of 
concealed motions, for the fact of there being a rotation qp' could 
with difficulty be concealed. Nevertheless this is exactly what 
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happens to bodies at rest relatively to the surface of the earth. To 
the unsophisticated mind they seem at rest, the constant rotation of 
the earth being concealed. The rotation however produces an effect 
in altering the weight of the body by the vertical component of the 
force just found, which is known as the centrifugal force. (In the 
case of the rotation of the earth it is to be observed that it is 
that is constant rather than nevertheless, if in the case above 

r is constant, will be constant at the same time with pip?) The 

effect of the motion of the earth will be treated in detail in § 104. 


49. Example. Three Degrees of Freedom. Oeueral Case. 

As a further example of the process of ignoration of coordinates we 
will work out the case of a system with three degrees of freedom, 
one of whose coordinates is cyclic, this being the simplest example 
which typifies the behavior of the general system. We have then. 


152) T = 4- i 

If ^3 is the cyclic coordinate, all the ^’s are independent of and 
if the corresponding force Pg vanishes, we have the constant momentum, 

153) = Qvilx + = Cs- 

From this we determine the cyclic velocity, 


154) 




inserting which in the kinetic energy gives, on combining terms, 
155) T'-= Y Si' * 

I ^ (Q22Qnii~ Qi»^\ ^ f2 t Qib QiS I ^ ^ ^ 8 ^ 

It is noticeable that the linear terms in qj have cancelled each 
other. It will be proved below that this always happens. But when 
we form the kinetic potential, which is to be used instead, they 
reappear. We have 

156) 


-K 


Qll OsS ~ Qi2* ^ 
Qsn 










4, 




+ 


c, 4i 


Qi + 


®8 4l 


I 1 c • 


Thus the effect of the cyclic motion, which may itself be concealed 
from us, is made evident to our observation by the presence of the 
fourth and fifth terms, which are linear in <//, q^. The apparent 
coefficients of inertia, that is the coefficients of 
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changed from their real values (unless (?is=^83 = 0), while 

c ^ * • 

there appears the term — ^ independent of the velocities^ depend- 
ing on the coordinates q^, q^. This iS; since it gives rise to a 
conservative positional redaction, undistinguishable in its effect from 
potential energy. In reality, the reaction to which it gives rise is 
motional, instead of positional, as it appears to be. If we could 
explain all potential energy in this manner, namely as due to concealed 
cyclic motions, we should have solved the chief mystery of dynamics. 
In his remarkable work on dynamics, Hertz treats all energy from 
this kinetic point of view. In order to have a successful model for 
this representation of potential energy, which needs in order to be 
perfect no linear terms, we must have ^33 = ^23 = 0. 

We can now see why the simple example of § 48 showed no 
linear terms, since by putting all the ^'s with one suffix 2 equal to 
zero we pass to the case of a system with two degrees of freedom. 
If at the same time the coordinates are orthogonal, so that 

the single linear term disappears. This was the case above. 

Let us now pass to the general case. We have for the momenta 
the equations 53) § 37 and, for the first r, 137) which are written out, 


Pi 

— Qn 

2 /+ Qii 



2r' 

: + 1 

ir+i 

*• 4 - Qlm 

— ('i 

Pi 

= Q2t 

2l “f ^22 

Q.r 

• + ^2r 

ir 

: + ftr + 1 

2^1 



<l)Pr 

= Qrl 

g/+ Qr2 


• 4 * Qrr 

<lr 

4 " Qrr-\- 1 

Qr+l 

'’-^Qrrn 


Pr+1 

== Qr-\-l 

I 2 /+ Qr-{-\2(l2' 

'•4"^/-{-3 

1 

rq.- 

4 - Qr-\- Ir-f] Qr+l 


m Qm 


~ Qm\ 

2 /+ Qmi 



^Ir': 


24 1 

” *4“ Qmm 

Qm 


Let us now form the kinetic energy from the definition, § 36, 38), 

9~m 

158) 2T=^p.g.’. 

Multiplying the above equations, the line by g/, and adding, we 
obtain from the first r lines on the right. 





The terms coming from the last m — r lines, and the first r columns, 
as marked off by the dotted lines, are found to be, on collecting 
according to columns ^ 
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s=l 

OD referring to the definition of the definitions of the 138), 

159) Sg = §,,r+l2r-4-l + + + * * * + Q»,mQm> 

Finally the terms from the lower right hand square, of m — • r rows 
and columns gives us a quadratic function of the last m — r velocities, 
namely that part oi 2 T which originally depended on these velocities 
and no others. This part we will call 2Ta» We have therefore 

160) 2 T = 2 +^2.' (& + «-) • 


Now if we form the quadratic functions, with the coefficients It from 
the determinant of equations 139), 

1611 

we may write equations 139) as 


, _ ac ds 
“ ac. Js, 




162) 

SO that we may write 

163) 2 r = 2T„ +^{c, + S .) - II]) . 

« — I 

But since 6^ 8 are homogeneous functions of c„ S» respectively, 


«=r 





ds 

ds^ 


28, 


so that the above becomes, 

164) 2T-^2Ta + 2C -28 

But we also have 


,=1 * #==1 t = l #=*1 #==1 




t = r «=r 


ds 

ds: 


so that the sums in 164) destroy each other, and there remains 
165) T'^Ta- 8+ a 



184 


V. OSCILLATIONS AND CYCLIC MOTIONS. 


But S is a Lo'inogeneous quadratic function of the SJb, which are 
themselves homogeneous linear functions of the qj^&, so that like 
is a homogeneous quadratic function of the non -eliminated velocities. 
Thus we have proved that the linear terms disappear from the kinetic 
energy At the same time we have obtained the general value of 
the part independent of the velocities. Forming the function Q for 
the kinetic potential, 

0 = T' -2 -S+C -2 

A = 1 



so that the part C which imitates the potiential energy is a homo- 
geneous quadratic function of the momenta of the concealed cyclic 
motions. The terms under the sign of summation are linear in the 
remaining velocities. 



do __ ^^S'\ 


50. Effect of Linear Terms in Kinetic Potential. Gyro- 
scopic Forces. We will now examine the effect of terms linear in 
the velocities in the kinetic potential, arising from any cause what- 
ever. V\’e have seen that such terms arise from variable constraints, 
and from ignored cyclic motions We shall find a third case when 
we treat of relative motion, § lOB. 

Suppose now that the kinetic potential contains the linear jiart 

167) 01 = Ly (J^ -f Lg gg' + ■ • • Lrn (llnj 


where the coefficients L are functions of the coordinates, and may 
also involve the time explicitly. Let the part of the force P, that 
must be applied on account of the part 0^ be denoted by FS^\ so that 


168) 

Now 

and differentiating. 


=p(i) 

dt\dqj) dq^ ' 


a®, 






We have also 


dL. 8L, 


dt 


dL, 


dL, 


dL,, 
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Using these values in 168), we obtain for the force, 

i)LA . 


170) P! 


i(i) 


(Eh 


^9, 


+U. 8l 


== (^41 <li ‘ ‘ Qm + 


■ 


where the (?’« are functions of the coordinates deined by 


171) 






For the force applied to cliange a coordinate qt we have a similar 
form, with coefficients such that 

f)L. dL 

172) = 

^ dq^ 

We have then the result that the terms linear in the velocities in 
the kinetic potential give rise to reactions linear in the velocities, 
with the property that the coefficient of ql in the reaction P, is 
equal and of opposite sign to the coefficient of g/ in the reaction P^. 
Such reactions are called gyroscopic forces by Thomson and Tait^), 
since we have examples of them where gyrostats, or symmetrical 
bodies spinning about axes attached to parts of systems, act as 
concealed cyclic motions. 

If we find the activity of the gyroscopic forces, 

6 = w .V — r/i t=ni 


we find that the part we have the term G^tq! ql while in 

the part PP'^ql we have the term Gt,^qjqc\ and since Gm ^ — G^tj 
these two terms destroy each other. Accordingly the gyrostatic 
forces disappear from the equation of activity. These forces are 
consequently conservative motional forces. They are however perfectly 
distinguishable by their effects from the conservative motional forces 
arising from the term C which imitates potential energy, and they 
in no wise imitate potential energy, as we shall see by an example. 
A system containing gyrostatic members behaves in such a peculiar 
manner that their presence is easily inferred. The theory of gyro- 
stats will be treated in Chapter VII. In the mean time the following 
simple example will illustrate the theory, and at the same time serve 
to prepare for the general theory of the gyrostat, of which it con- 
stitutes a special case. 


1) Thomson and Tait, Nat. Phil. § 346^1. 
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Let four equal masses, be fastened to the ends of two mutu- 
ally perpendicular arms of length 21 and of negligible mass (Fig. 38), 

which are fastened rigidly where 
they cross, at their middle points, 
to an axis perpendicular to them 
both, about which they turn. Let 
the point of crossing of the three 
arms be fixed while the system 
can spin about the axis OP, 
which can move in any manner. 

We will suppose that during 
the motion the axis OP makes 
with the Z-axis a small angle 
whose square can be neglected 
in comparison with unity. Let 
the position of the axis be 
determined by the coordinates 
I, 1 ^, of the point in which it 
intersects a plane perpendicular 
to the Z-axis at unit distance 
from the origin. The squares 
and products of ly, are con- 
sequently to be neglected. Let us further specify the position of the 
system by the angle q) that the projection of the arm OA on the 
XY-plane makes with the X-axis. Thus the three coordinates |, i], q? 
determine the position of the whole system. 

If the coordinates of the point A are x, y, 0, since it lies in a 
plane whose normal passes through the point S? 1, we have 

174) 0 + + rjy 

But since OA always makes a small angle with the XT- plane, the 
projection of OA on this plane dijBFers from it in length only by a 
quantity of the second order, which we neglect. We therefore have 

a;=*!!cos9?, dx^ — ydq)^ 

^==2 sin 9 ?, dy ^ xdq>. 

Differentiating 174), 

— = Idx + ridy + xd^ + ydiq 

= xdl + ydri + {rix + ly)dq), 

so that we have 

dx^ + dy^ -\- d0^= (Z*+ ifj^x^+ 2^'qxy)dq)^ 

+ x^d^^+ y^d'q^+ 2xyd%dri 

+ 2{7ix^— lxy)dldq> 

+ 2{7ixy - ly^)d7idq), 


z 



•/? 


X 
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and the part contributed by the particle A to the kinetic energy is 

+ 2('t]x^— ^xy'^'tp’ + 2(r]xy — ly*)^?)'}- 

The opposite particle C, for which x^, xy have the same values, 
contributes the same amount. The other pair of particles, for which 
the values of x^, y^ are respectively those of y^, x^y for the first pair, 
and the values of xy the negatives of the values for the first pair, 
consequently contributes an amount of energy which, added to that 
already found, makes the terms in xy disappear, and replaces each 
term in x^y y^y by the same term with P written in the place of x^ 
or y^. Neglecting then rfy we have finally 

176) r = + + 


We accordingly see that y is a cyclic coordinate for the system, so 
that if the system is spinning without any force tending to change q), 
we are dealing with a case of the example in § 49. We have, pro- 
ceeding as there, 

= + =c, 

and eliminating q?', 

178) ji.(5'-+ Vj-j-hl'- 6V)’l + 5^. 

from which we form 






In order to form the differential equations for the motion of 
we have by differentiation 


179) 




and neglecting the squares and products of the small quantities i) 
and I', 1 }', which are small at the same time, 


SJ' 

0 | 


t, ■ CTJ 
2 ^ 2 


C^' 

~2" 


180 ) 
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Proceeding in the same manner for rj, we have with the same 
degree of approximation 


181) 


ml^ t 

c 

dll 2 ^* 



If W is the potential energy (there being no apparent potential 
energy due to the cyclic motion, since the part (J is here constant), 
the equations of motion are accordingly, 

T|= O' 

- 0. 


Thus the gyroscopic terms in c have the property proved in 172). 

If there is no potential energy, the gyroscopic forces cause the 
motion to be of such a nature that 


+ n"ri + 0 , 


that is the acceleration is perpendicular to the velocity, and pro- 
portional to it. Under these circumstances the motion is uniform 
circular motion. In fact the equations are satisfied by 


183) 




| = JLcosp^, 2c 

rj = ABmpt^ 


Thus the circle, whatever its size, is described in the same time 
which is inversely proportional to the momentum of the cyclic 

motion. We may describe the effect of the gyroscopic forces in 
general for a system with two degrees of freedom by saying that 
they tend to cause a point to veer out from its path always toward 
the same side. This effect is characteristic, and cannot be imitated 
by any arrangement of potential energy whatever. By the aid of 
this principle all the motions of tops and gyrostats may be explained. 


61 . Cyclic Systems. A system in which the kinetic energy 
is represented with sufficient approximation by a homogeneous 
quadratic function of its cyclic velocities is called a Cyclic System. 
Of course the rigid expression of the kinetic energy contains the 
velocities of every coordinate of the system, cyclic or not, for no 
mass can be moved without adaing a certain amount of kinetic 
energy. Still if certain of the coordinates change so slowly that 
their velocities may be neglected in comparison with the velocities 
of the cyclic coordinates, the approximate condition will be fulfilled. 
These coordinates define the position of the cyclic systems, and may 
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be called the positional coordinates or parameters of the system. In 
the example of § 48 if we suppose the radial motion to be so sloW 
that we may neglect in comparison with we have 


184) T = 

and the system is cyclic, r being the positional, tp the cyclic co- 
ordinate. In the case of a liquid circulating through an endless 
rubber tube, the positional coordinates would specify the shape and 
position of the tube. The positional coordinates will be distinguished 
from the cyclic coordinates by not being marked with a bar. The 
analytical conditions for a cyclic system will accordingly be, for all 
coordinates, either 

185) or arr = = 0, 


or if we use the Hamiltonian equations 78) § 39 with the value of T 
obtained by replacing the velocities by the momenta, which we shall 
denote by T^, since the non -cyclic momenta vanish 


1 OD ) == V, MllU ’-. a-" = 

for the cyclic coordinates, as before. We accordingly have for the 
external impressed forces tending to increase the positional coordinates, 
by § 37, 60) § 39, 80) respectively, the first term vanishing, 


187) F. = P. = - 

and for the cyclic c.oorclinates 


d{T-^W) __ d(Tp-\-W) 1) 


V - 

” dt raYjJ 


A motion in which there are no forces tending to change the 
cyclic coordinates is called an adiabatic motion, since in it no energy 
enters or leaves the system through the cyclic coordinates. (It may 
do so through the positional coordinates.) Accordingly in such a 
motion the cyclic momenta remain constant. The case worked out 
above was such a motion. 

In adiabatic motions the cyclic velocities do not generally remain 
constant. In the above example, for instance, the cyclic velocity qp' 
was given by , o 

^ mr* 

A motion in which the cyclic velocities remain constant is called 
isocyclic. 


1) That 


may be seen by putting r = w in 144), when the 


parenthesis becomes T'— 2 iT = — ■ . 
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The motion of a particle relatively at rest upon the surface of 
the earth is isocyclic, taking account of the earth's rotation. 

In such a motion the cyclic momenta do not generally remain 
constant, but forces have to be applied. 

In the example of the bead on the revolving rod if r varied 
forces would have to be applied to the rod to keep the rotation qp' 
constant. 

If the motion is isocydic, the only variables appearing in T are 
the g^’s, the positional coordinates. The positional forces, 187), are 
then derivable from a force -function W— so that even if the 

system possessed no jiotential energy, it would ajipear to possess an 
amount of potential energy ~ T. If the motion on the other hand 
is adiabatic, the energy in the form again contains as variables 
only the coordinates and the positional forces are now derivable 
from the force -function Tp -\-Wy so that in this case a system 
without potential energy would appear to contain the amount of 
potential energy + Tp. In this manner we are enabled to explain 
potential energy as kinetic energy of concealed cyclic motions, thus 
adding materially to our conceptions of the nature of force For it 
is to be noted that kinetic energy is an entity depending only on 
the property of inertia, which is possessed by all bodies, while 
potential energy is a term employed only to disguise our ignorance 
of the nature of force. Accordingly when we are able to proceed 
to an explanation of a static force by means of kinetic phenomena, 
we have made a distinct advance in our knowledge^ of the subject. 
A striking example is furnished by the kinetic theory of gases, by 
means of which we are enabled to pass from the bare statement that 
all gases press against their confining vessels to the statement that 
this pressure is due to the impact of the molecules of the gas against 
the walls of the vessel. 


62. Properties of Cyclic Systems. Reciprocal Relations. 

Since by the properties of the kinetic energy we have three different 
kinds of quanties represented by partial derivatives of one or the 
other of two functions. 


dT 


dT 


189) = P, 


dT^ 


dT 

3 * dp/ 


dq^ Oq; 

applying the principle that a derivative by two variables is independent 
of the order of the differentiations we obtain six reciprocal theorems. 
We shall throughout suppose that there is no potential energy. 


1) The reason for the appearance of W with the positive sign is that as 
explained in § 87, P, denotes the external impressed forces, which in the case 
of equilibrium, are equal and opposite to the internal forces given by W. 
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la. In an adiabatic motion if an increase in one positional co- 
ordinate qr causes an increase in the impressed force belonging 
to another positional coordinate at a certain rate^ then an increase 
in the positional coordinate q^ causes an increase in the impressed 
force Pr at the same rate. For 

ap, _ ap^ 

190 ) — dq^dq, ~ Tq,' 

l b. In an isocyclic motion we have the same property as 
above. For 

di\ d^T ap^ 

191) dq^ 

II a. If in any motion an increase of any cyclic momentum Pr, 
the positional coordinates being unchanged, causes an increase in a 
cyclic velocity (j[ at a certain rate, then an increase in the momentum p„ 
the positional coordinates being unchanged, causes an increase in the 
velocity 7^ at the same rate. For 

192 ) 

II b. If in any motion an increase in any cyclic velocity gr; the 
positional coordinates being unchanged, causes an increase in a cyclic 
momentum p^j then an increase in the velocity ql causes an increase 
in the momentum Pr at the same rate. For 

dp^ ^ d*T dp^ 

193 ) dfl - d7jij:s7,[ “ w.' 

Ilia. If an increase in one of the cyclic momenta pr, the posi- 
tional coordinates being unchanged, causes an increase in the impressed 
force Pf, necessary to be applied to one of the positional coordinates g, 
(in order to prevent its changing), then an adiabatic increase of the 
positional coordinate q^ will cause the cyclic velocity g/ to increase 
at the same rate. For 

irib. If an increase in one of the cyclic velocities ql, the posi- 
tional coordinates being unchanged, causes an increase in the impressed 
force P, necessary to be applied to one of the positional coordinates g, 
(in order to prevent its changing), then an isocyclic increase of the 
positional coordinate g, will cause the cyclic momentum pr to decrease 
at the same rate. For 

dF. as. 



192 


V. OSCILLATIONS AND CYCLIC MOTIONS. 


53. Work done by the Cyclic and Positional Forces. 

1. In an isocyclic motion, the work done hy the cyclic forces 
is double the work done by the system against the positional forces. 
In such motions the energy of the system accordingly increases by 
one -half the work done by the cyclic forces, the other half being 
given out against the positional forces. For if we use the energy 
in the form 


we have in any change 
196) dT = 




S}K-\- p,dqj), 


and in an isocyclic change, every dgj vanishing, 

197) dT^l^,q:Sp.. 

But since 

dp di} 

198) -^ = P,, 8p, = F,St, and since qj = 7j'8t=^dq,. 

and the above expression for the gain of energy becomes 

199) 8T 


But the work done by the cyclic forces is 


200) d ^ =2 -P. “ 2 d P. 

Therefore the last part of the theorem is proved. Again, in any 
motion, 

201) =2? S' " 2 %. 

and in an isocyclic motion, 

202 ) 

But since the work of the positional forces is 

203) 8A=^.FJq,= -^l^^8q,^-ST, 

the hrst part of the proposition is also proved. 

II. In an adiabatic motion, the cyclic velocities will in general 
be changed. 

Then they change in such a way that the positional forces 
caused by the change of cyclic velocities oppose the motion, that is, 
do a positive amount of work. For since for any positional force 



63 , 64 ] 


WOKK DONE BY FORCES. 


193 


P =- 


dT 

h: 


the change due tu the motion is 
CUT 


204) dP, = - 


_ NT' x-i 

H ~ 2jNM 


Of this the part due to the change in the cyclic velocities is 

d*T 


20o) d-' P, , d (Jr' - 

and the work done by these forces is 

206) S-A =2^sd,7- P» d(7, = - 
Now we have for any motion 

207) 


Sql, 






and in an adiabatic motion this is zero, so that 

Substituting this in the double sum 206), we get 
209) d,7 A >;■ aS = >? a ' ^ 


But this expression represents [§ 36, 35)] twice the energy of a 
possible motion in which the velocities would be dqj^ and must 
therefore be positive for all values of dqjy dqj. 

Accordingly S~>A > 0. 

The interpretation of this theorem for electrodynamics is known 
as Lenz’s Law^), namely, an electrical current being represented by 
a cyclic velocity, and the shape and relative position of the circuits 
by positional coordinates, if in any system of conductors carrying 
currents, the relative positions of the conductors are changed, the 
induced currents due to the motion of the conductors are so directed 
as by their magnetic action to oppose the motion. 


54. Examples of Cyclic Systems. Let us consider the example 
of equation 184) as illustrating the ])revious theorems. 

We have for the momenta 

dT r. - dT . f 
Pr = = 0, 

1) These Theorems are all given by Hertz, Prinzipien der Mechamk, 
§§ 668 — 583 . 

WebSTEB, DynamicB. 2. 
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and introducing these instead of the velocities 


210 ) 






We have for the positional force 

211 ) = = 


dTp 

dr 



This being negative denotes that a force Pr toward the axis 
must be impressed on the mass m order to maintain the cyclic 
state. This may be accomplished by means of a geometrical constraint, 
or by means of a spring. The force or reaction — Pr which the 
mass m exerts in the direction from the axis in virtue of the rotation 
is the so-called centrifugal force. We see that if the motion is iso- 
cyclic, the positional force increases with r, while if it is adiabatic, 
as in the case worked out above, it decreases when r increases. The 
verification of the theorems of § 52 is obvious. The cyclic force 


P(p 


dt 


= m 


vanishes when the rotation is uniform, and the radius constant. If, 
the motion being isocyclic, that is, one of uniform angular velocity, 
the body moves farther from the axis, the cyclic force is positive, 
that is, unless a positive force Pip is applied, the angular velocity 
will diminish. In moving out from to work will be done 

against the positional force P,. of amount 


212 ) 


f’-i f I 

— A = — y* V,dr = m(p' '^''^r(lr =• - r,^), 


while the energy increases by the same amount. 

Thus the first theorem of § 53 is verified. If the motion is 
adiabatic, 

= r. 


If the body moves from the axis, 9' will accordingly decrease, 
so that 

213) r^dqp'-f- 2r(p^ dr = 0. 


The change in P^ due to a displacement dr is, by 211) 

214) dPr = — m{(p^^dr -f 2rcp'd(p^) 
of which the part containing dq)' 

215) d(p>Pr = — 2mrg)'dcp' 
does the work 
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216) dtp' A = d(p>PrSr ==> — 2mrfp^ Sq>^ dr, 

or by 213), 

217) dtp'A = mr^dg)^^ 

which is positive, illustrating Theorem 11, § 53. 

A further example is found in the motion of the following 
system. Two particles of equal masses m are fastened to a rod of 
length 2 a pivoted at its central point upon an axis fastened to the 
horizontal rod of the previous example at a distance b from the axis 
of rotation in such a way that the two masses can move in the 
vertical plane containing the axis of rotation. The inclination of the 
pivoted rod to the vertical being d', the distances of the particles 
from the axis of rotation are respectively 

r^ = h -j- asind', = 6 — a sin 'd* 

The system is fully specified by the coordinates and <jp, the latter 
having the same meaning as before. 

It is evident that the kinetic energy is given by 

218) T = + + 2 «*«•'*} 

== m{{b^ + a^sin^fi*) 9'^ + 

so that g? is again the cyclic coordinate.^) 

To find the change of d' we have 

2ma^g?'*sm'9’cos'fi', 

giving us the differential equation, 

2ma^ — 2ma^g)'^smfi’COsff == 0, 

r= COS ff. 

If the motion is isocyclic g? is constant, and since the angular 

d*‘9’ . Tc 

acceleration vanishes when equals zero or we see that the 

rod carrying the particles will remain at rest relatively to the hori- 
zontal rod in either a vertical or horizontal position. It is easy to 
see that the vertical position is one of unstable equilibrium, for, 
writing the equation 219) 

220 ) = 

we see that if be slightly different from zero, # will tend to become 

still greater in absolute value. Writing however ^ the 

equation becomes 

221) g)'*sin2«''. 

1) The system is cyclic if we neglect a*e*'*. 

13 * 
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If •9’' is slightly different from zero, it will accordingly tend to 

approach the value zero, so that the horizontal position is stable. 

A body moving according to the differential equation 221) is 

called by Thomson and Tait*) a quadrantal pendulum, since It changes 

"according to the same law with reference to a quadrant on each 

side of its positions of equilibrium as the common pendulum with 

reference to a half-circle on each side", or in other words, in the 

ordinary pendulum the acceleration is proportional to the sine of 

the angle of deviation from equilibrium, and in the quadrantal to 

the sine of twice the angle. The .small oscillation performed by the 

» 

bar will be harmonic with the frequency |^* Here we have an ex- 
cellent example of an apparent potential energy which is really kinetic. 

1) Thomson aucl Tait, Kat. PhiL § 3-22. 
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CHAPTER VI. 

SYSTEMS OP VECTORS. DISTRIBUTION OF MASS. 
INSTANTANEOUS MOTION. 

55. Translations and Rotations. A rigid body or system 
of material particles is one in which the distance of each point of 
the system from every other is invariable. Its position is known 
when the positions of any three of its points are known, for every 
point is determined by its distances from three given points. These 
three points have each three coordinates, but, since there are three 
conditions between them, defining their mutual distances, there are 
only six independent coordinates. Thus, a rigid body has six coordinates. 

A rigid body may evidently be displaced in such a manner that 
the displacement of every point is represented by equal vectors, that 
is equal in length and parallel. Such a dis- 
placement is called a translation, and, being 
represented by a free vector, has three coordinates. 

A rigid body may also evidently be displaced 
so that two given points in it, A and B, remain 
fixed. Since any point P must move on a sphere 
of radius BB about B, and also on a sphere of 
radius AB about A, the locus of its positions is 
the intersection of the two spheres, that is a circle 
whose plane is perpendicular to the line AB, and 
whose radius GB is the perpendicular distance 
from P to the line AB, If this is zero, the 
point does not move, therefore all points on the 
line AB remain fixed. The displacement is called 
a rotation and the line AB, the axis of rotation. The rotation is 
specified if we know the situation of the line AB and the magnitude 
of the angle BGB^, or the angle of rotation. 

A line may be specified by giving the two pairs of coordinates 
of the points in which it intersects two of the coordinate planes. 
A line has thus four coordinates, and a rotation, five — the four 
of the axis together with the magnitude of the angle. 
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Any displacement of a rigid body may be brought about in an 
indefinite number of ways. Let three points^ jBO (Fig. 40) be displaced 

to C\ We may first 

give the body a translation 
defined by the vector A A!, 
C' This will bring B to and 
to Cy Then through A' 
pass an axis perpendicular 
to the plane and 

rotate the body about this 
axis through the angleP^ J'i?. 
This brings to and 
to a new position (J^. Finally 
rotate the body about A^ B^ 
until CK arrives at We have thus brought about the given dis- 
placement by means of a succession of translation and rotations. 
Evidently the order of these may be varied. Accordingly, 

Amj displacement of a rigid hodg mag he reduced to a succession 
of translations and rotafims. 

We have seen that a translation may be represented by a free 
vector, a rotation, by a vector that must give the axis and the angle. 
If we agree to draw the vector in the axis, and make its length 
numerically equal to the angle of rotation, it will completely specify 
the rotation, if we adopt a convention about the direction of rotation. 
This shall be that, if the rotaticm is in the direction of the hands 
of a watch, the vector shall point from face to back of the watch. 
Vector and rotation correspond then to the translation and rotation 
in the motion of a cork-screw, or any right-handed screw. As the 
vector may be placed anywhere along the axis, but not out of it, 
it has five coordinates, and may be characterized as a sliding vector. 

Translations are compounded by the law of addition of vectors. 
The resultant of two rotations about the same axis is evidently the 
algebraic sum of the individual rotations. The resultant of trans- 
lation and rotation is evidently independent of the order in which 
they take place. 

The resultant of a rotation and a translation perpendicular to 
its axis is equivalent to a rotation about a parallel axis, for it is 
evident that all points move in planes perpendicular to the axis, and 
that the motions of all such planes are alike, or the motion is 
uniplanar. 

Now the motions of any two points in a plane determine the 
motion of the plane parallel to itself. 


a' 



Fig. 40. 
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From 0(Fig. 41) lay off tlie translation vector 00' of length r and 
find a point G on the perpendicular bisecting 00' which makes the 
angle OCO' equal to co, the angle of rotation, and in the right sense. 
Then if OC be rotated about 0 through the angle co to O' and 


then O' be moved by the translation it will 
return to 0. Therefore the point 0 remains 
fixed, and is the center of rotation, and 
thus the rotation co about 0 is equivalent 
to the equal rotation about 0 together with 
the translation, 

1) r==2dOsinY; 

and if is the perpendicular from O to 00', 

2) = OCcos-|- = -|-cot-^- 



Fjg n 


56. Rotations about two Parallel Axes. As before the 
motion is uniplanar and is specified by two points. Let A and B(Fig 42) 
be the intersections of the axes with the plane of the paper perpen- 
dicular to them. Turn about 
A through the angle cd,, 
bringing B to J5'. Then turn 
about J?'through the angle co^, 
bringing A to A^. Bisect cuj 
by AO, B could be brought j 
to jB' by rotation about any 
point of AC, since all such 
points are equidistant from 
BB^. Bisect cug by B' D. 

A could be brought to A! 
by rotation about any point 
in JB'X). Therefore the motion Fig ^'42. 

of A and B could be produced 

by a rotation about 0, the intersection of AC and jB'D Triangle 
AOA^ is isosceles. 



Angle AOD = angle OJ J?'+ angle AB'O = ^ + Y' 

Angle AOA! ^ 2 • angle AOD = coj + Og, 
that is, two rotations about parallel axes compound into a rotation 
equal to their algebraic sum about a parallel axis. To find the 


position of this axis we have 
.js OB' OA 


AB 

2 


If the order of rotation is changed we obtain a d/iff'erent result. 
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If the rotations and are of opposite signs and of equal 
magnitudes, the intersecton of the two bisectors is at infinity and 
the axis of rotation is thus at infinity. A motion about an infinitely 
distant axis is a translation. The direct proof is as follows. 

Let A be the center of rotation co, bringing B to jB'^ Then 
rotate about J5' through an equal angle in the opposite direction, 

bringing A to A\ Triangles 
ABB^ and AA'B' have AB^ 
common, and AB = A!B^ and 
the included angles equal, 
therefore A A' and BB^ are 
equal and parallel and two 
points — consequently all 
points — have moved parallel 
to each other the same distance. The motion is therefore a trans- 
lation of magnitude, 

4) r -= 2 J.jBsin Y* 

Accordingly every translation may he decomposed into rotations, and we 
may reduce all displacements to rotations. 

57. Sotatious about Intersecting Axes. Infinitesimal 
notations. Let OA and OB be two intersecting axes about which 

we revolve the body through the 
angles (o^ and (Ug respectively. 
Describe a sphere with the center 0. 
Let the rotation about A bring 
B to B\ and Og about B bring 
A to A\ Pass planes through 
the vertices bisecting the angles (o^ 
and cOg, then, as in § 56, the 
displacement just given is equi- 
valent to a rotation about the line 
of intersection 00 of these planes. 
The order of the rotations affects 
the result. 

Since AC bisects the angle 
BAB^ and the spherical triangle 
BAB^ is isosceles, 

angle ABC = angle AB^ C = 

Thus the resultant rotation, m == angle AC A' « angle BCB^ 

Angle ACE =» angle B^CB = angle DCB = y* 




Fig. 43 
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In the spherical triangle ABC we have 


5) 


(X) to to 

sin-i sin 2* sin-- 

Bin GOB ^ sin CO A sin AOB 


The preceding results are much simplified if the rotations are 
infinitely small. 

We shall first prove that two equal infinitely small rotations in 
the same sense about axes infinitely near each other may be regarded 
as equal. Suppose the axes 
first parallel, and perpendic- 
ular to the paper which they 
cut in A and B. Let a point P 
be rotated about A through 
the angle dca to P', and 
through the same angle about 
P to P''. The arcs PP' 
and PP'' differ by the amount drdcjy if dr is the difference between 
AP and BP. They are inclined to each other at an infinitely small 
angle BPA, and as the sides PP^ and PP” are infinitely small, and 
differ by an infinitely small quantity of the second order, P' P'' is of 
the second order. If the axes are inclined to each other at an 
infinitesimal angle, there is a third component r 

perpendicular to P' P'', which is likewise of the 
second order. Therefore the theorem is proved. 

The theorem of rotations about intersecting 
axes may then be stated. Two infinitesimal 
rotations about intersecting axes are equivalent 
to a rotation about an axis in their plane, 
the order of rotations being immaterial To 
find the position of the axis of the resultant 
rotation, we have, by 5) 




6 ) 


dcoy dco^ da 

2 “ _ "2 

sin GOB ~~ sin GOA ~ sin AOB 


If we lay off on the axes OA and OB (Fig. 46) lengths OP 
and OQ proportional to the rotations dcoj and rfeug? the above equa- 
tions show that OC is in the direction of the diagonal of a parallelo- 
gram constructed on OP and OQ as sides and the resultant rotation dw 
is proportional to the diagonal OP. 

Therefore the resultant of two infinitesimal rotations whose axes 
intersect is found by the parallelogram construction, or by the law 
of addition of vectors. This process may be extended to any number 
of infinitesimal rotations whose axes intersect, 



204 VI. SYSTEMS OF VECTORS. DiSTRIBUT. OF MASS. INSTANT. MOTION. 


The theorem regarding rotations about parallel axes becomes; 
Infinitesimal rotations about two parallel axes compound into a 
rotation about a parallel axis lying in their plane. We have for its 
position by 3), 

‘ OB ^OA ^ AB 

©1 ©2 + ©2 ’ 


showing that the point of application of the resultant is at the center 
of mass of masses proportional to the component rotations placed at 
their points of application. 

If vectors representing 05^ and cOg are laid off anywhere on their 
axes, the position of the axis 0 may be found by the following 

construction. At -4. a point 




on the axis of rotation lay 
off Alt = ojg and at at a 
point on the axis of rotation cOg. 
in the opposite direction 
Join J? and /S', and where this 
straight line ItS cuts AB, 
draw OT parallel to ATi^ B8 
equal in length to coi + For 
O /I ^ ^ ^ ©2 
OB B8 ©/ 


as required by 7). 


The construction (Fig. 47) shows that if coj and have the 
same sign, the resultant + cOg has its axis 0 between A and B. 
If and Og are of opposite signs the same construction may 

be used (Fig. 48), but 0 



is on AB produced and 
on the side of the greater 
rotation. If = — cog 
evidently 0 is at infinity 
and 0 = 0. The resultant 
is then a translation per- 
pendicular to the plane of 
the two axes, and its 
magnitude r is by 4) equal 
to ooj times the perpen- 
dicular distance between 
the axes. 


68. Vector -couples. A pair of equal, parallel, oppositely 
directed, sliding vectors will be called a vector -couple* A rotation 
vector- couple is thus equivalent to a translation perpendicular to its 
plane, equal to the product of the length of either vector by the 
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perpendicular distance between their lines, or the arm of the couple. 
This product is called the moment of the couple. 

Two couples whose planes are parallel give rise to parallel 
translations, and if their moments are equal, to equal translations. 
Therefore a rotation -couple may be displaced without altering its 
effect, if its plane is kept parallel to itself and its moment is un- 
changed. 

A vector -couple may then be represented by a single vector 
perpendicular to its plane, whose length is equal to the moment of 
the couple. Its direction will be governed by the same convention 
as before, namely, the vector moment is to be drawn in such a 
direction that rotation in the direction of the couple and translation 
in that of the moment correspond to the motion of a right-handed 
screw. 

Moments will be represented by heavy vectors. The moment of 
a vector- couple is a free vector, hence the composition of couples is 
simpler than that of the slide -vectors themselves. 

We may now state the theorem of the general infinitely small 
displacement of a body as follows: The infinitely small displacement 
of a body may be reduced to a translation and a rotation, or in other 
words to a rotation and a rotation- couple The choice of components 
may be made in an infinite number of w.ays. 


69. Statics of a Rigid Body. Two equal, parallel, opposi- 
tely directed forces applied to a rigid body in the same line are in 
equilibrium. For otherwise they can produce only distortion or 
motion. Distortion is excluded according to the definition of a rigid 
body. They satisfy the conditions of equilibrium, § 32, for if applied 
at the center of mass they are in equilibrium, and their moments 
about any point are equal and opposite. Accordingly a force applied 
to a rigid body may be applied at any point in its line of direction 
without change of effect. Thus forces applied to a rigid body are 
not free, but are sliding vectors (five coordinates). (This is not a 
property of forces, but of rigid bodies.) Forces, whose lines of 
direction intersect, may be applied at the point of intersection and 
compounded by the rule of vector addition. 

59 a. Parallel Forces. Force -couples. Let AB and PQ 

(Fig. 49) represent two parallel forces applied to a rigid body at A 
and B. Introduce at A and B two equal and opposite forces AB 
and BS of any magnitude in the line AB. These being in equili- 
brium do not affect the system. Find the resultant of and AB 
by the parallelogram, giving AC, also of BQ and BS giving BD. 
All these forces are coplanar, therefore the lines AC and BD will 
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meet at JS, if produced. Slide AC and BD to and then resolve 
into components parallel to the original ones. We get EH and EJ 
equal and opposite (being equal io AB and B8)y and EK equal to 
AP and EL io BQ applied at E. Therefore the resultant of two 
parallel forces is a parallel force equal to their algebraic sum, and 

applied on a line 
\T EO, whose posi- 

tion is to be found 



as follows. 

Prom the simi- 
lar triangles, 

AO _ OE 

F~K KE^ AP' 

BJJ ___ OE _ OE 
OL ■“ LE'^ B</ 

By division, since 
FK^GL, 

^ _BQ 
BO ~~ AP 


Thus the position of the resultant of parallel forces is to be found 
by the same construction as the resultant of two rotations about 
parallel axes, Fig. 47. 

If the two forces are oppositely directed (Pig. 50), 0 is on 
produced, and if the forces are equal 0 lies at infinity. Accord- 



ingly there is 
no force that can 
replace two equal, 
parallel and op- 
positely directed 
forces not along 
the same line, or 
force-couple. The 
distance between 
the lines of direc- 
tion is the arm, 
and the product 
of either force by 
the arm is the 
moment of the 
couple. 


We shall prove the following theorems. 
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Theorem I. A couple may be transported parallel to itself either 
in its own or a parallel plane without changing its effect. 

Consider the forces Pj and both equal to P, applied perpendi- 
cularly at the ends of AB (Pig. 51). At the ends of an equal 


and parallel line A ! apply 
four equal and opposite forces 
Pg, P 4 , Pg, Pg, each equal to P, 
which are in equilibrium. The 
resultant of the equal parallel 
forces Pj, Pg is a force 2 P / 
applied half-way between A 
and P'. The resultant of Pg 
and P 5 is a force 2 P in the A 
opposite direction applied half- 
way between A^ and P. Since 
ABB A^ is a parallelogram 
these two points of application 



P 


Fig. 51 


coincide and the two resultants neutralize each other. We have left 


the couple P 3 P 4 equivalent in effect to the original couple. 

Theorem 11. A couple may be turned in its plane about its 
center of symmetry without changing its effect. 

Let yl'P' be a line of the same length and with the same center 


0 as the arm of the couple, and in the plane of the couple 

(Pig. 52). Apply at 


A! and B four equal 
and opposite forces 
in equilibrium, each 
equal to P, and 
perpendicular to 
A B^ and in the 
plane of the couple. 
Consider Pj and P 5 
applied at C, their 
point of inter- 
section, and by 
symmetry their re- 
sultantwill be along 
0(7. Similarly the 
resultant of Pg and 
Pg is an equal force 
along OD in the 
opposite direction. 



Fig. 52 


These two resultants neutralize each other, leaving the couple F^P^ 
which has the same effect as the original couple. 
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Theorem III. A couple may 
same plane having equal moment. 





Fig. 53 


be replaced by another in the 

Let the couple be Pj Pg and 
the arm A JB (Fig. 53 ). At C 
on AB produced and at P apply 
four equal and opposite forces Q 
of such magnitude that 

Q ^AB 
P ” BO' 

The resultant of the parallel 
forces, Pj, (>3, is' equal to I\ plus 
Qb applied at B on account of 
the above equation. This is 
counterbalanced by the forces Pg 
and (>4 a ])plied at B, leaving tlie 
couple (>j Q2 moment 


Q BC^FAB, 


equivalent to the original couple. 

A force- couple is determined therefore by its idane and moment, 
and may be represented by a free vector per2)endicular to its jdane 
and of length equal to the moment. 


Theorem IV. Composition of Couples. Suppose the two couples 
are in different planes. By turning each in its own plane bring all 

the four forces into directions 





■Fig 54. 


perpendicular to the intersection 
of their planes, and then by 
varying one of the couj)les cause 
them to have the same arm AB. 
The forces ^jPj applied at A 
compound by the parallelogram 
into By Pg and Q.^ applied at 
B compound into It^ equal and 
opposite to By The arm of all 
these couples is the same, there- 
fore their moments are propor- 
tional to FyQ and B. The vectors 


representing the moments are perpendicular to A B and to P, Q and JR 
respectively, thus they form the sides and diagonal of a parallelogram 
similar to that of P, Q, B. Therefore couples are compounded by 


compounding their moments by the law of addition of vectors. 
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60. Beduotlou of Groups of Forces. Dualism. Suppose we 
have any number of forces applied to various points of a rigid body. 
Let one such be P applied at A. At any point 
0 apply two equal and opposite forces equal and 
parallel to P. One of these forms a couple 
with P. The other is equal and parallel to P. 

The moment of the couple is perpendicular to 
this force. 

In this manner the points of application 
of all the forces may be brought to 0, where 
they can then be compounded into a single 
resultant P. For each force thus transferred 
there remains a couple, and all the couples 
may be compounded into a single one. There- 
fore all the forces applied to a rigid body may be replaced by a 
single force and a single couple. 

We may now state the following dualism existing between 
infinitesimal rotations and forces: 





Fig. 55. 


Infinitesimal rotations are slid- 
ing vectors. 

When their axes intersect they i 

Parallel infinitesimal rotations 

have a resultant parallel and eqi 
the center of mass of their points 

Two equal and opposite parallel 
rotations form a rotation- 
couple represented by its 
moment, a free vector. 

Every displacement of a rigid 
body may be reduced to a 
rotation and a rotation- 
couple. 

The theory of couples is due 


PorQes applied to a rigid body 
are sliding vectors. 

> compounded by the vector law. 

Parallel forces 

to their algebraic sum, placed at 
of application. 

Two equal and opposite parallel 
forces form a couple, re- 
presented by its moment, a 
free vector. 

Every combination of forces 
applied to a rigid body may 
be reduced to a force and 
force -couple. 

to Poinsot. 


61. Variation of the Elements of the Seduction. Central 
Axis. Null -System. We have seen that any system of slide- 
vectors may be reduced to the resultant of 9. single vector and a 
single moment applied at any point whatever. We have now to 
examine the variation of the pair of elements, vector It and moment S, 
as we vary the point of application 0. It is invariable. As we move 0 
along the line of B there is no change since R may be applied at 
any point of its axis, and S may be moved parallel to itself If we 

WEBSTSB, Dynamios. 2 . 14 
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make the resolution at any other point, O', the couple to be com- 
pounded with S at O', is perpendicular to It and 00', so that if S 

has any component parallel to It it 
cannot be neutralized by the new 
couple. Accordingly in order that the 
couple may vanish for any point O', 
t]ie couple S must be perpendicular 
to It at all other })oints. As a change 
of 0 introduces only a component 
of S perpendicular to Jt, the com- 
ponent parallel to Jt is unchanged. 
Therefore the projection of S on It 
is the same for all points 0, 








8 ) 


S cos ft == . 


Although in general JR and S have different directions, we may 
find points O' for which they have the same direction. Let S and jR 
include the angle S' at 0. Resolve jS into Sq = 8 cos # 
parallel to It, and = 8 sin S perpendicular to K 
If we take O' on a line perpendicular to 5 JR at a 
distance d such that d ^ It = 8 sin S in the positive 
direction of translation corresponding to a rotation 
from R to 8^ the component 8^^ will be neutralized, 
and we shall have at O', R and S' == S„ in the same 
direction. This property holds for all points on the 
line of R through O'. This line is called Poinsot's 
central axis. 

In order to consider the resolution at any point 0 
we may refer it to the central axis. Drop a per- 
pendicular from 0 (Fig. 58) on the central axis, 
and take this perpendicular for the axis of X, the 
h'ig. 57. central axis for the axis of Z. 

Then as above 

8 ) 8oobS==^8q, 

9) 8 sin S = d • It, 

and if xy^ are the coordinates of the end of 8, we have 

10) 12 = 6",, y = Rx, tan == x ^ ? 



and for any point on the line of 8j 


11 ) 




or 


zx 




z 

y R'x 

that is the line of 8 lies on a hyperbolic paraboloid. 
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It is evident that if we slide the whole of Fig. 58 along or turn 
it around the central axis nothing is changed, consequently if we 
suppose the vector S laid off at 
every point of space 0, and con- 
sider the assemblage of couples 
thus formed, the assemblage re- 
mains unchanged if we rotate it 
about or slide it along the cen- 
tral axis. 

Every S is tangent to a cer- 
tain helix, or locus of a point 
which moves on a circular cylinder 
in a path making a constant angle 
with its generators (Fig. 59). This angle is less as the diameter of the 
cylinders is less, so that 



Pifl 58 


10 ) 


tan 


R 


Ail these helices have however 
one constant in common, 
namely the distance traversed 
parallel to the central axis for 
each turn. If rfr be the trans- 
lation for a rotation rfo, 
have 

xdb) 


we 


(it 

d(o 

dt 

Then 


tan ^ ~ X 


B 


B 


r ^ 


B 


(O, 


12 ) 


p = 2;r 


B 



is the traverse for each turn, 
and is called the pitch of the 

helix. Every helix lies on a ruled screw- surface, made by the revolution 
of a line perpendicular to the central axis, which slides along it a 
distance proportional to the angle of rotation, the pitch of the screw 

S 

beings = 2iw; ~ The lines of the assemblage of moments have every 


direction in space — there are a triple infinity of lines of the system 
(one for each point in space), but only a double infinity of direc- 
tions — therefore every plane cutting all these lines has for its 
points (a double infinity), every possible direction for S. For one 
point only is this perpendicular to the plane. This point is called 

14 * 
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the focus of the plane. Let the plane cut the central axis in A 
Through A draw a plane perpendicular to the central axis, intersecting 
the given plane in AO, As we go along the line AO, 8 turns 

about it, and for one point 
has the direction of the 
normal to the given plane. 

Accordingly to every 
point in space there corre- 
sponds one plane, and to 
every plane one point 
The correspondence was 
discovered by Chasles, and 
the system of points and 
planes was called a Null- 
System by Mobius. 

62 . Vector-cross. Besides the reduction to the screw- type 
we may reduce the system of vectors to two vectors not lying in 
the same plane, without a couple. This reduction may be made in 
an infinite number of ways, and the line of one of the vectors may 




be given. Let AB (Fig. 61) be the given line. At any point 0 
on AB let B be the resultant vector, S the resultant couple. 
(B and 8 will not in general lie in a plane with AB.) At 0 pass 
a plane perpendicular to 8, intersecting the plane of B and AB 
in OP. Resolve 8 into the pair of vectors OP and CQ so taken 
that the resultant of B and OP shall lie in AB. The length of OP 
is thus determined, and the distance between its line and that oi CQ 
is determined by 8. Thus the line AB determines the line CQ. 
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The lengths OB and CQ are determined as soon as the line AB 
given. Two such non-parallel and non-coplanar vectors OB, CQ will 
be termed a vector ^cross. The crossing will degenerate to intersection 
only when 8 and to parallelism when J2 ~ 0. 

As any line may be taken for AB, and as there are a quadruple 
infinity of lines in space, there are a quadruple infinity of vector- 
crosses. They all posses a property in common, namely, that the 
tetrahedron formed by joining the four ends of a vector- cross has a 
constant volume. Let OB, CQ (Fig. 61) be the vector -cross, and let 
us reverse the preceding resolution. The volume of a tetrahedron is 
equal to one -third the product of its altitude by the area of its 
base. The area of the base OCQ in one -half the moment of CQ 

about 0, or -^8, while the altitude is the projection of OB on the 

perpendicular to OCQ, that is, on 8. But since BB is parallel to 
the plane OCQ, OB has the same projection on S' as OJ?, namely 
Bcos^, consequently 


But by 8), 

therefore 

13 ) 


F cos#- 4" /S' -^B8 coB'd' 

o z o 


/S' cos#- 8q, 

r 


This theorem is due to Chasles. 

Corresponding lines of vector-crosses possess a remarkable relation 
to the null -system. Let AB and CQ (Fig. 62) be the two lines of 
the vector- cross. Through CQ pass any 
plane cutting AB in 0. The moment 
of CQ is perpendicular to the plane OCQ, 
and the other vector has no moment 
about 0, since it passes through it. Accord- 
ingly 0 is the focus of the plane OCQ, 

Thus, if a plane turns about a line, its 
focus traverses another line, and these 
two conjugate lines are lines of a vector- 
cross. 

We have here shown the intermediate 
nature of a line between a point and a 
plane, in the dual role as generated by the motion of a point and 
by the rotation of a plane. In the first relation the line is spoken 
of as a ray, in the second as an axis. 

If two conjugate lines are at right angles, pass a plane through 
one, AB, perpendicular to the other, CD (Fig, 63). By the preceding 
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theorem, the point of intersection of the plane with CD is the focus 
of the plane. Resolving at any point P in ABj the moment of OZ), 



Fit? 6.5 


being perpendicular to OD 
and OP, Lies in the plane 
OAB. 

That line in a plane which 
iias the property that for all 
its points the resultant 
moment lies in the plane is 
called the ckaracteristic of 
the plane, or of its focus. 
Its distance OX=^d from the 
focus is such that’) 

14) r/Psin# /S'. 

The line OX, of length 
. S 


is perpendicular to the plane 
of Ji and S, and drawn toward the side corresponding to the motion of 
a right-handed screw when rotated in the direction from It to S. If 

we should go from 0 in the direction OX a distance we 

should reach the central axis, and 

15) dd' |. 


63. Complex; of Double -lines. If a plane 1 pass through 
the pole of a plane 2, then the plane 2 passes tlirough the pole of 

the plane 1 Let P (Fig. 64) 
be the pole of the plane 1, and 
let PO be any line in 1 through P. 
The moment of It about 0 is 
5 perpendicular to PO, and so 
is S, hence so is their resultant. 
Thus the moment at 0 is per- 
pendicular to OP, and the polar 
plane of 0 contains the line OP, 
that is, if 0, the pole of 2 lies 
in 1, then P, the pole of 1 lies 
in 2. 

In this case the two poles lie in the line of intersection 
of the planes, and we see that if a plane turns about a line through 
its pole, its pole traverses that line. Such a double line is conjugate 



1) For the component in ABj sin O', has the moment S about 0. 
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to itself. Tlie necessary and sufficient condition that a line is self- 
conjugate is that the pole (focus) of a plane through the line falls 
in the line. For then as the plane rotates about the double line as axis, 
the focus describes the line as a ray. Hence the double lines lying 
in a particular plane all pass through the pole of that plane, and 
conversely, all the double lines passing through a point lie in the 
polar plane of the point. Such a system of lines is called by PlUcker 
a line complex of the first degree. There are in all a double infinity 
of lines passing through any point in space, but of these only a 
single infinity belong to the complex. Therefore lines belonging to 
the complex have one less degrees of freedom than lintfs in general, 
or a complex contains a triple infinity of lines. A complex may be 
represented analytically by a single relation between the four para- 
meters determining a line. If we mark off on a line any length ii, 
and give its projections on a set of rectangular axes X, Y, Z, and 
the projections L, Af, N of its moment about an origin 0, the line 
is completely determined. For its direction is given and giving the 
moment A' == '|/i® + ^ gives the plane through 0 containing 11 ^ 
and the distance from the line, if the length of li is given, but this 
is given by 

As the determination of the line is independent of the length 
of Rj the ratios of the six quantities determine the line But these 
five ratios are not independent, for since by § 5, 12), 

16) zX — xZ, 

N^zY~ijX, 

we have the identical relation, 

17) LX + MY NZ^O, 

expressing the fundamental property that the moment of a vector is 
perpendicular to it. The coordinates LMNXYZ are known as 
Pliicker’s line -coordinates. 

Thus there remain four independent quantities to determine a 
line. A relation between these denotes a complex, and in particular 
a linear relation, 

18) (iX + hY + cZ -f dL + eM-{- fN=0, 

denotes a complex of the first degree. 

Since the double lines of the null- system are the loci of points 
which are the poles of planes containing the double-lines, at every 
point of a double -line the resultant moment is perpendicular to it, 
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or double lines are lines of no moment. In the kinematical applica- 
tion^ points on a double -line experience no translation along it. 

If a double-line cuts one of a pair of conjugate lines, it cuts 
the other. Let FQ be a double-line cutting the line AB. Then 
the pole of the plane BBQ lies in the line conjugate to AB, But 
since P(i> is a double-line, the pole of BBQ lies on BQ. Hence 
PQ cuts the conjugate to AB. Conversely, every line cutting two 
conjugates is a double -line. 

The complex of double -lines is symmetrical with respect to the 
central axis. Let AB (Fig. 65) be a line of the complex, and let OX 

be the common perpendicular to it and 
the central axis. Now AB is perpen- 
dicular to the moment S at X, but S 
is perpendicular to OX, and the distance 

OX is of = — tan '9’. If g) is the angle 

that the line AB makes with the central 
axis we have 



1 9) tan qj == ctn d' == 


Bd 


This equation shows that the double-lines 
constituting the complex are tangent to 
an infinite number of helices, which become less steep as d decreases, 
so that the double -lines cutting the central axis are perpendicular to 
it, and those at infinity are parallel to it. For the pitch p of any 
helix tangent to lines of the complex we hrive 


20 ) 


p , Bd 

^ = ctnqp = 


27rd 


Thus the pitch is not constant, but varies as 
This construction shows the triple infinity of complex -lines. In 
a plane perpendicular to the central axis every point x is on one 
complex line AB. There is a double infinity of such points. But there 
is a single infinity of such planes, and therefore in all a triple infinity 
of complex lines. It is evident that the complex is unchanged if 
we rotate it about, or slide it along the axis. 


64. Composition of Screws. Suppose we have two systems 
of vectors, each reduced to the type of a screw. (The combination 
of forces of this type, namely a force, and a couple tending to cause 
rotation about its line of direction, is called a wrench. JR is called 
the intensity of the wrench, or the amplitude of the rotation.) The 
resultant of both systems may also be reduced to a screw, and we 
may find its position. 
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Let us first suppose that th% axes of the component screws 
intersect at rigth angles, and let us take them for axes of X and Y. 
Let their pitches be 

Let K (Fig. 66), the resultant 
of jRr and make an angle a 
with the X-axis, and let /S', 
the resultant of Sx and Sy, 
make an angle /3 with the 
same axis. Then the central 
axis is parallel to 7?, and cuts 
the Z-axis at a distance from 
the origin 

OZ = ^sin {(i — a). 

The resultant moment along 
this line is 

Sq == S cos (/3 — a). 



21 ) 


We have now 

S cos /3 

/S sin /3 
OZ 


S.r 




Px 


P.r 


-^£j?COSa 


Pv -o 




2 n “ 

li sin cc. 

2 7C ’ 

P.-Px 


^ - sin a cos a, 


u 


Sq S cos — a) ' (p^ cos^ a + py sin^ a) 


For the pitch of the resultant screw we obtain 

h ^ I 2 * “ + P‘' “) ’ 

22) P ^ Px cos* ^ + Py sin* a. 

The equations of the central axis are 

y = X tan a. 


23) ^ 

Inserting the values 

cos a = 

we have 


Py Px • 

= Sin a cos a, 

2 % 


y^*+2/* 


zf sina = 


yx^ + y^ 
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2w(.r*+ i/2/ 
or 

24) + = 

as the equation of the ruled surface of the third order in which tiie 
resultant screw must lie, whatever the values of li^, Vk,,. This surface 
is called the Cylindroid. 

Since 

23) ^ ^ sin 2a 

^ A% 

the surface is the locus of a line 
which, always intersecting a fixed line 
at right angles, revolves about it, and 
makes a harmonic oscillation along it, 
making two complete oscillations for 
each rotation. In this manner the model 
shown in Fig. 67 was constructed. 

For every screw lying on the 
cylindroid there is a definite pitch, 
given by the etfuation 22). If we lay 
off the square roots of the reciprocals 
of the pitches on lines making angles a 
with the X-axis in the plane of XF, 
and call the coordinates of their ends xy^ we have 

1 1 
X = cos a, y = sm a, 

VP VP 

and our equation is 

25) = 1, 

representing a conic section, such that the pitch belonging to the 
direction of any radius vector is inversely proportional to the square 
of the length of the radius vector. This is called the pitch-conic. 
If Pj> and prj are of the same sign, the pitch -conic is an ellipse, if 
of opposite signs it is an hyperbola. In the latter case, there are 
two lines of zero pitch, given by the asymptotes. In other words, 
if one screw is right-handed, while the other is left-handed, there 
are two screws on the cylindroid representing merely rotation. 

Any two screws determine a cylindroid. Let their pitches be 
PiPtj let them make an angle y and let the length of their common 
perpendicular be A. Then if they lie on a cylindroid we must have, 
by 23), 22), 
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= Wg — «! = >', 

Py Pz . Q PtJ'^Px • o 

26) 

i^i = Px cos* ttj + p,, sin* titg , 
jPs = Pr cos* ttg + Py sin* Kg , 

as six etjnatioDS to determine pj, p^, cci, Og. We have by 

elimination _ 

^2 — ^ (sin 2^2 — sin 2ai) 


P, - P^ 


cos (ccg + ^i) sin (a^ — cc^), 


or using the first two equations. 


P — P 

h = cos («g + ttj) sin y, 


'J "t" ^*2 


(sin 2^3 + sin 2a^) 


P,~P.r 


sin (o^g + c^i) cos (ccg — cc^) 


28) = - sin (og + a,) cos y, 

Pi — Pi — Pc “2 — + P" “2 — “ 1 ) 

= (Px—Py) (cos* 0 !g — COS* eti) 

= (^Ih — Py) sin {tti + tti) sin (otg — a,), 

^9) Pi — Pi = {Px — Py) sin (ag + Kj) sin y, 

30) + p^ — pjc (cos* etg + cos* a^) + Py (sin* Og + sin* a,) 

Px 4- py + iPx — 2>„) (cos* ttg — sin* a,) 

= Px+Py+ (Px — Py) COS (a^ + ttg) COS y. 

From 27) and 29) we obtain 

4jr*//* + {p, —PiY = (j)j, — jp*)*sin* y, 

81) 

From 27) and 30), 

Py + Px = Pi -V Pi — 2«h ctn y. 

Prom 29) and 31), 

sin (a. + Kg) = -p=: rr^*. 

cos (cCj + 02 )= r Z.- ; 

tan (a, + «*) = 


32) 
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From 32) with Oj — 


33) 




Since the cylindroid is thus determined by 31) and 33), a twist 
about jPi can be resolved into a twist about px and one about Py. 
A twist about jPg likewise resolved. The two components 

about px add together, so do those about py, and since the resultant 
of any twists about px and 2^y lies on the cylindroid, the resultant 
of Pi and p^ does. Its direction can be found, since the amplitudes B 
of the two twists about compound by the parallelogram law, 

hence the angle made by the resultant with the axes is known. The 
pitch is then found from the pitch -conic. 


65. Work of Wrench in Producing a Twist. Let us find 
an expression for the work done during a twist of amplitude Bk 
about a screw of pitch pk by a wrench of intensity B/ about another 
screw of pitch pf. We already know the work done by a force in 
a translation, namely, it is equal to the product of the magnitudes 
by the cosine of the included angle. If the force is Bf and the 
translation (rotation -couple) is Sji, we have 

W= BjSk cos (BfSk). 

Notice that the vector of one system is multiplied by the vector- 
couple in the other. 

We can find the work done by the force -couple in a rotation 
about its axis. Apply the couple so that one of its members P 
passes through the axis of rotation. In a rotation this member does 
no work, for its point of application is at rest, while that of the 
other member Q moves in a rotation a distance dcD, where d is the 
arm of the couple. Accordingly the work is TT = Fdco which is 
equal to the product of the twist by the moment of the couple. 
Here again we multiply the vector of one system by the vector- 
couple of the other. 

If the axis of rotation is perpendicular to the axis of the couple, 
the motion is perpendicular to the force, and no work is done. Hence 
we must take the resolved part of the couple on the vector, as before. 

We can now find the work of a wrench during a twist. The 
work of the force in the displacement Sk is B/S^ cos a, oc being the 

angle between the two screws. The work of the couple Sf = ~ Bf 
in the rotation B/, is ^ 

SfBk cos a ^ B/Bk cos a. 

ioTC 
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But when Bf is changed to the origin of Bk it gives rise to a moment 
perpendicular to Bf equal to B/d, d being the perpendicular distance 
between the screws. This moment therefore makes with Bk the 

angle + y, and the work done by it in the rotation Bk is 

dUfBk cos = ” dBfBk sin a. 

Thus the whole work is 

34) W" = iZ/ie* cos a - sin a) . 

It is symmetrical with respect to both screws, hence the wrench and 
twist might have been interchanged. 

The geometrical quantity in parentheses is called the virtual 
coefficient of the two screws, and if it vanishes no work is done, 
that is, a body free to twist only about a particular screw is in 
equilibrium under a wrench about another screw if the virtual coef- 
ficient of the two screws is zero. The two screws are then said to 
be reciprocal. 

66. Analytical Kepresentation. Line Coordinates. In 

Pliicker’s line coordinates referred to any origin, since each component 
of vector does work on the corresponding component of couple in 
the other system, 

35) Tr= XfLk + YfMk + ZfNk + LfX,. + Jf/F, + 

If a screw is reciprocal to two screws on a cylindroid, it is 
evidently reciprocal to all the screws on it. 

For two screws to be reciprocal, the condition is, 

36) X,L, + + L,X, + M, T, + N,Z, = 0. 

If the coordinates of one of the screws be constant, while those of 
the other be variable, this is the equation 18) of a complex of the 
first degree, so that all the screws reciprocal to a given screw form 
such a complex. 

Since between the six coordinates X^ Z^ there is 

always the identical relation 

X,L, + Y,M, + Z,N,^0, 

we may always make them satisfy five equations like the above, 
that is, we may always find a screw reciprocal to five arbitrarily 
given screws. 

Suppose the coordinates of the system of vectors for an origin 0 
are XYZLMN, being the projections of B and S at 0. Let 
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XYZ V N denote the same for a point O' whose coordinates 
are xyz. Then 

L= IJ + yZ-^zY, 

37 ) M==M^ + zX---xZ^ 

N= + xY-yX. 

In order that the point O' may lie on the central axis, the direction 
of resultant and couple must coincide, or 

X ““ r X ’ 

hence the equations of the central axis in Cartesian coordinates are 
oox L-yZ+zY M~zX + xZ N-xY + yX 

38 ) - ^ ^ 

The equation of the focal or polar plane to a point ./' y' is, 
since it is perpendicular to IJ M' N', 

39) {x — y ) L' + (y — y') Jf' + (^ — z') X' = 0 
and inserting the values of U M' N\ 

_ y) ^ yf z+z'l) + (2/ 2/') z'X + x'Z) 

+ z') (N - x'Y + y'X) == 0, 

or, more symmetrically arranged, 

40) L{x — y) + M(y — y') + N{.z — z') + X {zy' — yz') 

+ Y {xz' — zx') + Z(yu' — xy') = 0. 

This equation is symmetrical with respect to xyz, x'y'z\ hence if 
x'y'z' is fixed, xyz is on its polar plan^ or if xyz is considered 
fixed, x'y' z' is on its polar plane, showing the reciprocal relation 
of pole and polar. 

If the vector system is to reduce to a single vector, the resultunt 
and couple ot any point must be perpendicular, or 

41) LX+MY^NZ^O, 

We must have in general, at any point, S' cos '9' = Sq that is. 


42) 




and the pitch p is given by 

p _ So _ LX-\-MY-\-NZ 


43) 


The volume of the tetrahedron on a vector -cross is 


44) 




^{LX + MY+NZ), 

and this, like the last expression, is independent of the choice of 
origin or axes, that is, is an invariant 
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Suppose that the two members of a vector»cross have Plticker’s 
coordinates 

and 

with the identical relations, 

L,X^ + M,Y^ + N^Z,^0, L,X.^ ¥ M^Y, + 

Their resultant has components 

X = Xj + Xg, L = L^-\- 

x^y,+ r„ + 

z^ z,^ z,, x,+ X,, 

and the volume of the tetrahedron is one sixth of 

LX + MY + NZ ^ 

(L, + 4)(X, + X,) + (M, -f M,) (Y, + Y,) + (X, + N,){Z, + Z,), 
which in virtue of the two identities is 

45) L,X, + M, y, + N,Z,+ L,X,+ M,Y, + N,Z,. 

It any two lines are given by their Pliicker’s coordinates, the 
condition that they shall intersect is that the above expression shall 
vanish. 

We may now find the equation of the comple;t of double-lines. 
We have seen that every line meeting two conjugate lines is a 
double- line. Let the coordinates of the two conjugate lines be 
Xi . . . X^, Xg . . . Xg, satisfying the conditions 

X^ 4- Xg == Xq, Lj -f Lg = ^o; 

46) Y,+ Y,^Y,, + 

Zg = Zqj Xj + Xg = Xq, 

where X^Y^Z^^LQM^^NQ define the vector-system Let the coordinates 
of a double-line be XYZLMN. The condition that it meets the 
line X^Y,Z,L^M,N^ is 

L,X+M,Y+N,Z+X,L+ Y,M+ Z,X=0, 
and that it meets X^Y^Z^L^M^N^, 

L,X+ M.,Y+ XgZ+ XgL-f rgJlf + ZgX= 0. 

Adding these equations, and using the conditions 46) we obtain, 

47) L^X^M,Y+N,Z + X,L+ Y,M -f Z^X- 0, 

as the equation of the complex, that is, any linear relation in 
PluckePs coordinates represents a linear complex, as stated in § 63, 
It is to be noticed that the equation 47) does not signify that 
the line XYZLMN cuts the line X^Y^Z^L^M^N^ unless the latter 
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are the coordinates of a line (not of a general system of vectors), 
that is fulfill the relation 

4 X 0 + 7^+ 0 . 

If they do, then every line of the complex cuts the line 
and the equation may be considered the equation in Plucker’s co- 
ordinates of the line X^ (see Clebsch, Geometrie,Vol. II, 

p. 51). For further information on this subject, the reader may 
consult, Ball, Theory of Screws. 

67. Momentum Screw. Dynamics. The previous sections 
have shown how to combine systems of vectors having different 
points of application, provided they are unchanged if slid along their 
lines of direction. As one particular system to which the operation 
is applicable we have had the various rotation -velocities of 
a rigid body, as another, sets of forces applied to a rigid body. 
That these vectors are susceptible of such treatment may be considered 
as due to properties of a rigid body, rather than of the vectors 
themselves. We have however previously dealt with two other sorts 
of vectors which may be dealt with in similar fashion, on account 
of their physical nature, and independently of the nature of the 
bodies in which their points of application lie. By means of these 
properties we are able to connect the kinematical aspect of a rigid 
body, as expressed by its instantaneous screw motion, with its 
dynamical aspect, as expressed by an applied wrench about another 
screw. 

If for each point of the system we consider the momentum, 
whose six coordinates (one being redundant), in the sense of § 66 are, 

mvjcj mvyj 7)iv^j m(yv^ — 0Vy), m{0Vjc — xv^), m{xvy—yvx)^ 

and form the general resultant, we obtain a system whose co- 
ordinates are 

Mx = Umvx, Hx = 2m{yvz — 

48) My = 2mVy, Hy^ Sm{0Vx — xvz)^ 

Mg UmVg, Hg =* Sm{xvy — 

which represent the momentum of the system, the three projections 
Mxy My, Mg, being more particularly characterized as the linear 
momentum, the others Hx, Hy, Hg, as the angular momentum or 
moment of momentum with respect to the origin. 

We have now by the general principles of dynamics, as shown 
in § 32, 45), § 33, 61), the fact that the time -derivatives of these 
six components of momentum are equal to the corresponding com- 
ponents of the resultant wrench. 
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X=-2X, Y=2Y, Z = 2?Z, 

2{yZ-zY), 2{eX-xZ), 2{xX-yX), 

applied to the system. That is, 


X 

Ai: 


dt Tt 

dH ,, kn^ 

-- = M - = N 

/if /if 


Integrating these equations with respect to the time, 


t t i 



* i 

( Xdt, 

11 ' 

^Ydt, 

JC = / Zdt, 

50) 

fj 

0 

t 

ex 

0 

t 

0 

t 



Ldt, 


Melt, 

Ndi, 


0 0 0 


we may, in the sense of § 27, call the momentum the impulsive 
wrench of the system. Physically, then, the momentum that a system 
possesses at any instant is equal to the impulsive wrench necessary 
to suddenly communicate to it when at rest the velocity-system that 
it actually possesses. As a prelude to the dynamics of a rigid body 
we must accordingly study the properties of the momentum or 
impulsive wrench of a body possessing a given instantaneous twist- 
velocity. 

All the systems of vectors in question may be reduced to the 
screw type, and their respective screws are in general all different. 
Thus we may speak of the instantaneous velocity -screw and instan- 
taneous axis, the momentum screw, and the force-screw. As the 
body moves, all these screws change both their pitch and position 
in the body, describing ruled surfaces both in the body and in space. 
The integration of the differential equations of motion 49) will eqable 
us to find these surfaces. The kinematical description of the motion 
will be complete if we know the two ruled surfaces described in 
space and in the body by the instantaneous axis, together with such 
data as will give their mutual relations at each instant of time. 


68. Momentum of Bigrid Body. The properties of the 
momentum of a rigid body are conveniently investigated by the 
consideration of the velocity-system as an instantaneous screw-motion. 
Let V be the velocity of translation, and oj of rotation. Then every 
particle of mass m has one component of momentum parallel to the 
axis of the instantaneous twist (which we will take for .^-axis), 
equal to mv^ mV and the resultant for all is 

51) M, = EmV== VUm = MV, 

WbbsTBB, Dynamics. 2 . 15 
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where M is the total mass of the body. By the construction of 
§§ 57, 59 the resultant of parallel vectors P and Q is applied at the 
center of mass of masses proportional to P and Q placed at their 
points of application. Consequently the various elements being pro- 
portional to the masses m, 
this component of the 
momentum is applied at 
the center of mass of the 
body. 

There remains the 
component of momentum 
perpendicular to the instan- 
taneous axes. Let OZ 
(Fig. 68) be the instan- 
taneous axis, and let r be 
the perpendicular distance 
from it of any point P, 
and let the angle made 
by r with the X-axis be 
Now P is moving parallel 
to the XY- plane with the 
velocity v = rm perpendi- 
cular to r, so that the projections of this velocity are 

sin = — cor sin # = — toy, 

Vy cDrcos'9^= cox. 

Thence we obtain the components of momentum 



Fig. 68. 


52) 


3I;t — Umtoy = — toSmy = — Mtoy, 
My = JJmcjx GiZlmx — MtoXy 


where x, y are the coordinates of the center of mass. The resultant 
momentum is accordingly equal and parallel to the momentum that 
the body would have if concentrated at the center of mass, but its 
point of application is different, for the components M^c, My are not 
applied at the center of mass, inasmuch as their elements are pro- 
portional, not to m but to my and mx. The magnitude of the 
resultant momentum being given by Mx, My, Mz, we may find its 
axis by obtaining its three remaining coordinates, representing the 
angular momentum. We have 


S{ymvz — == VZmy — to Zmzx = MVy — to I^mzx, 

53) E{zmVr — xmvC) ^-^toZmyZ’--V21mx^ — MVx — tQ2my^, 

H:^E(xmVy — ymvx)=^^Sni{x^ + y^) = toUmr^. 



68 ] 


MOMENTS AND PRODUCTS OP INERTFA. 


227 


Of these the terms in V are the moments of the vector 31 V 
in the direction of the Z-axis applied at the center of mass, while 
the terms in co are applied elsewhere. The equations of the central 
axis of momentum are, by § 66, 38), being the running co- 

ordinates, 


54) 




' ^ my ' ^ ' 


- -s' IL - .r' + y' M ^ 


V., 




or inserting the values, 


55) 


MVy-^o 2Jmxz ~ - y' MV -f M © J 
— May 

— MVx — o}EmyZ’\-z*MGiy -f x' MV 
Mm'x 

a 2m{x* y"^) — x' MaJ — y’ May 

-^y ^ 


This does not pass through the center of mass unless, putting 
-r' =v i, y = ?/, / = i, 

— a^mxz M a zx _ —aZmyz + ^layz 

MaJ 

a 2m {x* -\-y*) — M a (ic* + i/*) 

” - 


We see that the resultant momentum involves the various sums 


Zmx, Zmyy HmxZy 2]myz, 2Jmr^y 

the axis of Z being the instantaneous axis. These sums are constants 
for the rigid body, depending on the distribution of mass in it. The 
first two represent the mass of the body multiplied by the coordinates 
of the center of mass. The last represents the sum of the mass of 
each particle multiplied by the square of its distance from the Z-axis 
and is what has been called the moment of inertia of the body with 
respect to that axis. We are thus led to consider the sums 

A = Zm(y^ + B = Em{z^ + x^)y C = Zm(x^ -f «/*), 

D = Umy^y E = EmzXy F = 2mxy, 

Of these the last three, Z>, E, F, are termed the products of inertia 
with respect to the respective pairs of axes. 

In the case of a continuous distribution of mass, we must divide 
the body up into infinitesimal elements of volume rfr, and if the 
density is p, the element of mass is dm = Qdt and the six sums 
become the definite integrals 


A = <f(y* + e^)dr, B= J'J'J' p(^'* + iC*)dr, C=f fJ‘ ^(x^+y^)dr, 

D—J'J’J'QyedT, E =J’J'J*Q0xdT, F =J'J J'gxydt. 
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The determination of these quantities is then, like that of centers of 
mass, a subject belonging to the integral calculus. 

The six constants A , j5, 0, D, Ey F together with the mass M 
and coordinates x, y, z, of the center of mass, completely characterize 
the body for dynamical purposes, since when we know their values 
and the instantaneous twist, the momentum or impulsive wrench is 
completely given. The body may therefore be replaced by any other 
having the same mass, center of mass, and moments and products 
of inertia, and the new body will, when acted upon by the same 
forces, describe the same motion. 

69. Centrifugal Forces. As the body moves, its different 
parts exercise forces of inertia upon each other, so that there is a 
resultant tending to change the instantaneous screw in the body. 
Let us suppose the translation to vanish, and examine the kinetic 
reactions developed by the rotation, or the centrifugal forces. The 
instantaneous axis being again taken as the axis of Z, a particle P 

experiences the centripetal acceleration - = rco* towards the axis, and 

the centrifugal force is Rc^mra>^ (see p. 119) directed along the 
radius r from the axis OZ, and having the j^rojections 

Xc =r mxm\ 

Z.= 0. 

For the mojnent of the centrifugal force we have 
Lc == yZc — zYo = — myzG}\ 

58) Mc^ zXc—xZc^ nixz(x}\ 

Nc = xYc — yXc = 0 , 

so that the coordinates of the resultant centrifugal force and couple are 


Xc=- 

(a^Emx — 

(o'^Mx, 


co^Emy = 

co^My, 



0,’ 

Lo = 

— (o^Emyz = 

-Da*, 


(D^2]mzx=^ 

Em*, 



0. 


Thus the centrifugal force is equal and parallel to that of a 
mass placed at the -center of mass, and moving as the latter point 
does. It vanishes when the center of mass lies in the axis. The 
system of centrifugal forces is however, as in the case of the 
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momentum, not to be replaced by a single force placed a# the center 
of mass, for the couple is not equal to what its value would be in 

that case, unless > = 4- If the center of mass lies on the axis, 

Jlj X 

although the centrifugal force Be vanishes, the centrifugal couple Sc 
does not, unless D == E = 0. 

The centrifugal forces then in general tend to change the instan- 
taneous twist, unless the axis of the latter passes through the center 
of mass, and for it J) = E — 0. Such axes are called principal axes 
of inertia of the body at the center of mass, and are characterized 
by the property that if the body be moving with an instantaneous 
twist about such an axis, it will remain twisting about it, unless 
acted on by external forces. In order to examine the effect of the 
distribution of mass of the body, we are led to interrupt the con- 
sideration of dynamics in order to consider the purely geometrical 
relations among moments and ])roducts of inertia. 

70. Moments of Inertia. Parallel Axes. Consider the 
moments of inertia of a body about two parallel axes. Let the 
perpendicular distances from a point P 
on the two axes be and and let 
the distance aj^art of the axes be d. 

Let A and B (Fig. 69) be the inter- 
sections of the axes with the plane of 
p^ and If we take AB for the 

X-axis, A for origin, we have 

P 2 ^ 4- -it2p^d cos [p^x), 

60) B7np./ ~ Ump^^ + Md^ — 2dllmp^ cos {p^x) 

== 2mp^^ + Md^ — 2d Unix. 

The last term is equal to — 2dMx and vanishes if the axis I passes 
through the center of mass. Consequently the moment of inertia 
about any axis is equal to the moment of inertia about a parallel 
axis through the center of mass plus the moment of inertia of a 
particle of mass equal to that of the body placed at the center of 
mass, about the original axis. Consequently of all moments of inertia 
about parallel axes, that about an axis through the center of mass 
is the least. In virtue of this theorem the study of moments of 
inertia is reduced to the study of moments of inertia about axes in 
different directions passing through the same point. 

71. Moments of Inertia at a Point. Ellipsoid of Inertia. 

Consider now moments of inertia about different axes all passing 
through the same point 0. Let a, /3, y be the direction cosines of 


jP 



Fig. 69. 
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any axis. Let p be the perpendicular distance of a point P from 
the axis, r its distance from 0, and q the distance from 0 of the 
foot of the perpendicular. Now since q is the projection of r on 
the axis, 

61) q = ax+ py + yz, 
and we have 

62) — q^ =: — {ax + ^y + yz'f 

= x:^{\ + y^) 

— 2(Pyyz + yazx + a^xy). 

Now since we have 

«' + + y^ = 1, 

and replacing in 62), 

p 2 _ ^2 ^ ^ 2 ^ ^2 ^^2 _ j , ^ 2 j ^ y 2 ^^2 ^ ^^ 2 ^ 

— 2(§yyz+yasx+apxy), 

^ 2Jmir= a^2m{y^ f + x^) + (.r» + j/*) 

2^y2myz — 2ya Hmzx — 2aP2Jmxy. 

Thus the moment of inertia K about any axis whose direction cosines 
are ay y, is given by 

64) K = Aa^ -f P/3*+ Cy^ — 2Dfiy — 2Eya — 2Fa^ ~ F{ajfi,y)f 

as a homogeneous quadratic function of the direction cosines of 
the axis. 

The sum of products of the mass of each particle multiplied by 
the square of its distance from a given plane is called the moment 
of inertia of the system with respect to the plane. Although it has 
no physical significance it will be convenient to consider it. For a 
plane normal to the preceding axis we have 

65 ) Q = Umq^ = a^Lmx^ + Lmy^ + y^Umz^ 

+ 2Py2]myz + 2yaIJmzx + 2a^2mxyy 

and if we put 

A = Emx\ P' - 

we have 

66) Q = Aa^ + P'/32 4 C^y^ + 2Dfiy + 2Eya 4 2FaP = P' (a, ft y). 

The six quantities, J, P, (7, A^ B\ O', being sums of squares, are all 
positive. We have evidently 

^ 4 + Ay G^ A + B\ 

67) B+ G = A + 2Ay C4^ = P + 2P', A4P-=C + 2C', 
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so that the sudi of any two of the moments -4, jB, C is greater than 
the third. 

If we lay oflF on the axis a length p and call the coordinates of 
the point P so determined f we have 

| = ij = 9 / 3 , e = 

68) I'a,r),t) = Q^F'(u,P,r) = Q^Q. 

If we now make the length of OP vary in such a manner that 
we obtain for the coordinates of P the equation 

69) + + 1, 

or P lies on a central quadric surface. Since q = — is always real, 

this is an ellipsoid. It possesses the property that the moment Q 
with respect to any plane through its center is inversely proportional 
to the square of a radius vector perpendicular to it. It will be 
termed the fundamental ellipsoid of inertia at the point 0. It was 
discovered by Binet. 

In a similar manner the moments of inertia about the various 
axes are inversely proportional to the square of the radii vectores in 
their direction of another ellipsoid 

70) P(|, ri, g) = 4 Brf 4 ~ 2Dril - 2EU ^ 2FU = 1. 

This is known as Poinsot^s ellipsoid of inertia at the point 0. 

Since a central quadric always has three principal axes perpen- 
dicular to each other (see Note IV), we find that there are at any 
point in a body three mutually perpendicular directions, namely those 
of the axes of the two ellipsoids of inertia, characterized by the 
property that for them the products of inertia D, E, F, are equal to 
zero. These are termed the principal axes of inertia of the body at 
the point in question. They have, as shown in § 69, the property 
that if the body be rotating about one of them the^ centrifugal couple 
vanishes, so that if the center of mass lies on the axis the body 
remains rotating about the same axis, unless acted on by external 
forces. 

The moments A, B, C about these axes are called principal 
moments of inertia. 

It is important to notice that as we pass along a line which is 
a principal axis at one of its points, the directions of the axes 
of the ellipsoids at successive points are not the same, so that in 
general a line is a principal axis of inertia at only one of its points. 
We are thus led to study the relative directions of the principal 
axes at different points of the body. 
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72. Ellipsoid of Gyration. The moment of inertia about any 
axis may be considered equal to that of a particle whose mass is 
that of the body placed at a distance h from the axis, such that 
K = Jc is called the radius of gyration for this axis. The 

radii of gyration about* the principal axes of inertia at any point are 
called the principal radii of gyration for that point. If we call their 
lengths a, h, c we have 

A - MaK B = Mh\ C - Mc\ 

and 70) becomes 

71) P = 

Another ellipsoid besides Poinsot’s, which referred to its axes is 

72) F {x, y, 0 ) = Ax^ + By^ + 6V == 1 

is sometimes convenient. If at any point x, y, 0 on Poinsot's ellipsoid 
we draw the tangent plane, and from the center let fall a perpen- 
dicular upon it, its length will be the projection of the radius 
vector r on a line parallel to the normal, 

73) p = X cos (nx) + y cos (ny) + z cos (nz). 

But since 


-(-)-r.7ia+(if)+(iDr- 


By 


this gives for the ellipsoid 





1 


Thus the direction cosines of p are, by 74), 


= cos {nx) = Apx = Apra, 

75) = cos {ny) = Bpy == Bprp^ 

= cos {nz) = Cpz = Cpry, 

If on the perpendicular we mark off a point P', at a distance 
jR* 

OP' = y' = ^ j and call its coordinates a?', y', s', we have 
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r' «' 


76) 


- 


Ap'/ X = Ax, 
-=Bpr^ y== R^ By, 




=.Cp^\z - R^Cz, 


from which we obtain 

77) 

and by 72) 

78) 


ABr 


BR^’ 


z' 

CB^' 


— 4 - -^ — ^RA 

A ^ B ^ C 


Accordingly the locus of P' is an ellipsoid, whose axes are 
inversely proportional to those of the original ellipsoid. It is called 
the inverse ellipsoid. If we take 
1 


PA 


' M 


we have 


79) 


^ 6* ^ c- 


1 


and the semi -axes of the inverse 
ellipsoid are equal to the principal 
radii of gyration a, h, c. 

Since the two ellipsoids have the 
directions of their principal axes coin- 
cident (namely the directions in which 
and r coincide), the relations are 
evidently reciprocal, and OP is per- 
pendicular to the tangent plane at P^ 

Let the length of the perpendicular in 
this direction be p\ Then since the triangles OPQ, OP'Q' (Fig. 70) 
are similar. 



Kir 70 


SO) ' p'r = r^p = Rl 

Since the moment of inertia about OP is 


81) 

we have 


K - Jf 


B* 




k=p', 


and the property of the inverse ellipsoid is that the radius of gyration 
about any line is equal to the part intercepted by a plane perpen- 
dicular to it tangent to the inverse ellipsoid. The inverse ellipsoid 
is accordingly called the ellipsoid of gyration. 

It is evident that the direct ellipsoid more nearly resembles the 
given body in shape than the inverse ellipsoid, for if the body is 
spread out much about any particular axis the inertia and radius of 
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gyration about that axis are large, so that the inverse ellipsoid has 
a large dimension in the direction of that axis, while the direct 
ellipsoid, like the body, has a small one. 


73. Ellipsoidal Coordinates. The equation of a ^ central 
quadric referred to its axes may be written. 


82) 


+ ^ = 


where may be positive or negative. If they are all negative, 

the surface is imaginary, for the equation is not satisfied by any 
real values of x, y, z. 

1®. Suppose one is negative, say 


while 


a 


Let 


1 = a?, cfg = ¥. 


The equation now is 


a > b 


c. 


nt "T /,» 


The surface is cut by the XF-plane in the ellipse 


?/* 


4- = 1 


whose semi- axes are a and b, and whose foci are at distances from 
the center 

= Ya^ — (12 

on the X-axis. 

The section by the ZX- plane is the hyperbola 


f! 

a* 



with semi -axes a, r, and foci at distances )/tt^ + = l/ai — % on 

the X-axis. The section by the plane is the hyperbola. 



with semi -axes &, r, and foci at distances 

the Y-axis. The surface is an hyperboloid of one sheet. 

2®. Let two of the constants ag, %, be negative, say 

ttg = — b^y ag = — 

The equation is 

2/* 1 

““ 5* 
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The sections by the coordinates planes and their focal distances are 
XY ^5 — f« ~ 1 Hyperbola, ]/«* + fo* = |/a, — on X-axis, 

ZX ~ = 1 Hyperbola, ya^ 4. = y on X- axis, 

TZ I? + ^“* = — 1 Imaginary Ellipse, Y— {b^ — c^) = Ya^ — a^. 

The surface is an hyperboloid of two sheets. 

3 ®. If a^, 0^2, are all positive, the sections are all ellipses, and 
the surface is an ellipsoid. In all three cases, the squares of the 
focal distances are the differences of the constants aj, a^. Con 
sequently if we add to the three the same number, we get a surface 
whose principal sections have the same foci as before, or a surface 
con focal with the original. Accordingly 

y»8 A.S M 8 

83) , Y IL “I 2 1 = 1 

' 

represents a quadric confocal with the ellipsoid 

4_ ^ 4. 1- = 1 
a* ^ 6* ^ c* 

for any real value of p. 

If a > 6 > c and q> — c^y the surface is an ellipsoid. If 

— > p > — 6^, the surface is an hyperboloid of one sheet, and if 

— 6* > p > — (7^, an hyperboloid of two sheets. If p < — the 
surface is imaginary. 

Suppose we attempt to pass through a given point .r, y, z, a 
quadric confocal with the ellipsoid 

(»>«»> c). 

Its equation is 83 ), where the parameter p is to be determined. 
Clearing of fractions, the ecjuation is 

84 ) /■(p) (a® + p) (6® -H p) (c* + p) — a:® (ft® -f p) (c® -f p) 

— y^ic^ + p) (a* + 9) — ■?*(«* + p) (6* + p) = 0 

a cubic in p. But this is easily shown to have three real roots 

Putting successively p equal to 00, — c®, — 6^, — a* and observing signs 
of f{9), 

p = 00, /•(?) =00 -f 

P = _ C®, /-(p) = - 5® (o® - c®) (b® - c®) - 

p = - b®, f (p) = — y\c^ — b^) (a® — b®) + 

p = — a®, /"(p) = — a;®(b® — a®) (c* — a*) — 
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Call the roots in order of magnitude A, ii, v. The changes of 
sign above show that k lies in the interval A > — c* necessary in 
order that the surface shall be an ellipsoid, fi in the interval 
— > /i > — that it may be an hyperboloid of one sheet, and v 

in the interval — > i; > — that it may be an hyperboloid of 

two sheets. There pass therefore through every point in space one 
surface of each of the three kinds. If we call 


85) 




yi ;v2 

I y L - 1 

a*+X ^ ^ r*+;i ’ 


the equation JP' = 0 defines A as a function of x, z. The normal 
to the surface X{xyz) ~ const, has direction cosines proportional to 


dX H r)X 
dx ?y dz 

Now since identically F = 0, differentiating totally, 

ITT ^F j , dF. . r)F. , r)F ... ^ 

ilF = dy + dz + = 0, 

and we have 


dx \dx)^l^Q ~(!^x I 


for the required partial derivative of A with respect to when y 
and 2 are constant 
Therefore 


dX 






+ 




2«c 


Similarly 

rU 2y 

fiy (<,.+ 1) F'O) ’ 

fix _ 22 

r)2 (c’‘ + X)F'{X) 

The sum of the squares of the derivatives being called hx% we have 


86) 


4 


2/ _ 4 ._- 

xy 


F\xy 


hx — ± 


}/- jP' (X) 

Now the direction cosines of the normal to the surface const, are 

2a; 


cos iflxx) 

88) cos(m/2/) = ± 


^ _ =4- 

'\dx.~ — 2 ■ {a*-\-X)F'{X) ~ — (fl*J^X)yZF\X) 


y 


{h^+x)y-F'{x) 
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Similarly for the normals to the surface fi — const., 
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cos (w,,®) = ± 




89) 


cos (n„y) = ± — 


cos = ± 


(,b* + iv)V-F' it,) 

(c«+7)i/-F'W 


The angle between the normals to I and n is given by 
90) cos (ni.nf,) = { („* ^. (a* TfTji) + X){b^+ fi) 

+ 

(c* + X) (c* + fi) I y -p' (i) p> (jt) 
Now by subtracting from the equation 





4- 



1, 

the e(juation 









4.+ 

&*'+(* 


1, 

we obtain 






91) 


1 

‘+X 


1^+4“ 

- 

. ,2f _ M = 

4- ^ lc»4X c«4(i| 

or 







92) 

a- 

/^) j 

.r* 



«/* 

+- 1-0 



4(c*+X)(c‘4(^)|” 


Accordingly, unless A = /i, cos “ 0, and the two normals are 

at right angles. Similarly for the other pairs of surfaces. Accord- 
ingly the three surfaces of the confocal system passing through any 
point cut each other at right angles. 

If we give the values of A, /i, t/ we determine completely the 
ellipsoid and two hyperboloids, and hence the point of intersection 
Xj y, s. To be sure there are the seven symmetrical points in the 
other quadrants which have the same values of A, /i, v, but if we 
specify which quadrant is to be considered this will cause no 
ambiguity. Thus the point is specified by the three quantities A, v, 
which are called the ellipsoidal or elliptk coordinates of the point. 


74. Axes of Inertia at Various Points. Let K = Mlc^ be 
the moment of inertia about an axis whose direction cosines are 
«, fty y, at a point 0 whose coordinates with respect to the principal 
axes at the center of mass O are xys. Let p be the distance of the 
axis at 0 from a parallel axis through (?, and q the distance of the 
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foot of the perpendicular from O. Then by the two theorems of 
§ 70 and § 71, 

a: == ^«* -t- + C'y* + MjA 

+ y?*. 

Now 

pi — r^ — — r^ — {ax + + ysf, 

F = o^a* -f- + cV* + »•* - s'. 

In order to find the principal axes at 0 we must make this a 
maximum or minimum with respect to a, y subject to the condition, 

a* 4- + y- = 1 . 

Multiplying this by a constant 6, subtracting from 94), and diffe- 
rentiating 

a 

2 

1 ^ 

2 a/3 
1 a 
2‘ a /3 

Multiplying these equations respectively by a, /3, y and adding, 
a^or -f + y^) — (? == 0, 


2 a^^^^ — + y*)} = ~ — occ = 0, 

95) I ^ {¥ - 6 {a^+fi^ + y*)) = - yy -0/3 = 0, 

{F — (?(a^ -f -t y^)\ == — g'-e' — ay = 0. 


<? = 0. 


96) p 

Thus a is determined as 

97) a — r\ 

Inserting this value in 95) we have 

{a^ + a — qx, 

98) (6^ + — F) /3 = qy, 

(^2 ^ ^2 /. 2 ^ y _ 

Multiplying these equations respectively by 

jx _ _ y_^ ^ _ 

a* -f r* - 6* + r* - + r« - 

and adding, we get, since q divides out, 


99) 


L 4- 

a* + r*-A;* ^ 6* + r*-~A;* ^ + 


= 1 . 


If we now put this is the same cubic as 83) to 

determine (), and gives three real roots for 7c^, 


7r/ 




r2 - 


— V, 
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The direction cosines are then given, according to 95) and 98), by 

(a* + = fe- (6** + »■*-/■,*) = (c* + r* - 

ih y z 

100) “* (a* + r* - \^) = (¥ + (c^ + r* - 

X y z 

(a* + (i* + r* - A/) = (c* + - *3“*), 

that is 

Hence the principal axes of inertia at any point 0 are normal 
to the three surfaces through 0 confocal with the ellipsoid of gyration 
at the center of mass. This theorem is due to Binet. 

Since X> the least moment of inertia is about the normal 

to the ellipsoid, the greatest about the two sheeted hyperboloid, and 
the mean about the normal to the one-sheeted hyperboloid. 

We have 

-f + k./ - 3r" — (2 + ft + v). 

But the sum of the three roots is the negative of the coefficient 
of p* in the cubic 83), 

2 + ft + 7/ = — {a^ + 

101 ) A , 2 4 - + /,;2 _ 2 r 2 4^2 + 

Thus the sum of the principal moments of inertia is the same for 
all points lying at equal distances from the center of mass. 

It is now easy to see that any given line is a principal axis for 
only one of its points, unless it passes through the center of mass, 
when it is such for all of its points. It is also evident that not 
every line in space can be a principal axis. 

If the central ellipsoid of gyration is a sphere, all the ellipsoids 
of the confocal system are spheres, and all the hyperboloids cones. 
Every ellipsoid of inertia is a prolate ellipsoid of revolution, with 
its axis passing through the center of mass. 

If the central ellipsoid has two equal axes, the ellipsoids of 
inertia for points on the axis of revolution are also of revolution. 
If the distance of a point on this line from the center of mass is rf, 
and the moment of inertia about it is Mk^ 

k,^ = 

= 62 + (l\ 
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If 6 < a there are two points for which the ellipsoids of inertia are 
spheres, namely where c? = ± - - 6*. This is the only case, except 

the above, where there are spheres. 

If we look for ellipsoids of revolution in the geueral case when 
a, fc, c are unequal, we must distinguish between prolate and oblate 
ellipsoids of gyration. 

Prolate The two equal radii of gyration are the two smaller 
/i’l and /%. For these to be equal, we must have A = But as X 
and ^ are separated by — c®, if they are equal they must be equal 
to “T e^. In this case the axis of the ellipsoid and one- sheeted 
hyperboloid are both zero, and the ellipsoid becomes the elliptical 
disJi with axes }/a^ — “ o', forming part of the X!F-plane, 

and the hyperboloid all the rest of the Xy. plane. Points lying on 
both surfaces lie on the ellipse whose axes are 
which passes through the four foci of the system lying on the X- 
and F-axes, and is accordingly called the focal ellipse of the confocal 
system. (We saw by 92] that if A = /ti the two surfaces were not 
necessarily orthogonal.] All points lying on this ellipse have prolate 
ellipsoids of gyration, the axes of rotation lying in the plane of the 
ellipse. 

2®. Oblate ellipsoids of gyratimi. In this case we have 
fcg = ^ — 1/ 

The Faxes of the two hyperboloids now vanish. That of one sheet 
becomes the part of the XZ-plane lying within the hyperbola 



and that of two sheets the remaining parts. The points common to 
both are those lying on the hyperbola, whose axes are — 6®, YW—c^ 
and which passes through the remaining two foci of the system, and 
is called the focal hyperbola. The axes of revolution of the ellipsoids 
of gyration lie in the plane of the hyperbola. 

75. Calculation of Moments of Inertia. In the case of a 
continuous solid, the sums all become definite integrals, as stated 
in § 68. AH the preceding theorems of course are unaltered. If 
the body is homogeneous all the integrals are proportional to the 
density. Since the mass is likewise, the radii of gyration are in- 
dependent of the density. We will therefore put p = 1. 
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Bectaagular Parallelepiped, of dimensions 2a, 2h, 2c. 

a b c 

A!=J* J* j^x^dxdydis Y a^hc, 

— a — 6 — c 
a h c 

^'—J' ^ J'y^dxdy (Iz— ^V^ca, 

— a- b — c 
a b c 

^'—J' j' dxdydz — ab, 


(Af=8a6c) 


— O O 


102 ) 


^ = if' + O' =- -|rt6c(l»®+ c*), 

B = (!' + A' = ±abc{c^+ (1% 

C = A! + B'=-- ^ahc{a^+V), 

Thus the radii of gyration are 

103) 

Sphere, with radius J-t. 

= j j^J^x^dx dydZj jE?'= j J*J y'^dxdyd^, C'= z^dxdydz, 

the limits of integration being given by the inequality + 

A' + B' + CV I + y^+ dx dy dz. 

Changing to polar coordinates, 

R 

A'-\- B'+ 0 '= f inr^dr = ~xB\ 

A'=-B'=^ C'-=-^xB\ 

A = B' + ("== ^n;B.\ 


104 ) A = B^C ^ ^MIi\ h - B]/- 

Ellipsoid, with semi- axes «, 6, c. 

==y^/^ r* dxdydz, 

the limits of integration being given by the inequality 




_ 4- ^ < 1 

* 7.J! • ^ 


WKBSTBE, Dynamics 2 


16 
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The integration is most easily performed by a change of variable. 
If we put 


x'^adx'hdy^ cdjsf = aHc j^J^J^x'^dx^ dy^ d^’/ 


the integral being taken for values corresponding to points within 
the sphere 


Now the moment of inertia of the sphere with respect to a diametral 
plane is hence 

-^n^a^bc, JB' = C ^^Ttc^ab. 

16 ’ 16 ' 15 

-4 = jB'+ (7'== '^jtahc{b^ + c^), 

105) C' + A' ~^7tabc(c^+ a^), ^ ^ra6c) 

C^A^+B^ = ^^abcia^+ h% 



Thin Circular Disk normal to Z-axis 


107) 


A'= J'J x^dxdy, 
A'+Bf=^JJ{x^ 


B' =J'J'y^dxdy, C' — O, 

R 

+ y*) dxdy —J‘ ^ar^dr = ^ nli*, 


M = %B\ A’= B'=^^MR\ C' = 0, 
A=>B^^MR\ C^^MRK 

4 a 


The moment about the normal to the disk is double that about a 
diameter. 

Circular Cylinder of radius i?, length 21. 

The moment about the axis of rotation, is, as for the disk, 

C=^\mR*, A! = B'‘^^MR*, 

I 

C'= j'«R»g^de= ^nRH^^^Ml*, 

A-^B^ Jf (^* + I), C - \mR\ 


108) 



76,76] 


MOVING AXES. 


243 


We have A = B C if 

, /9 

A •” « O ^ 


Z = JR 


1/3 

2 


Then the cylinder is dynamically equivalent to a sphere, as is 
also the case for a cube. 

These examples furnish the means of treating the cases that 
usually appear in practice. 


76. Analytical Treatment of BLinematics of a Bigid 
System. Moving Axes. In §§ 55 — 57 we have treated the 
general motion of a rigid system, from the purely geometrical point 
of view, without analysis. We shall now give the analytical treatment 
of the same subject. Let us refer the position of a point in the 
system to two different sets of coordinates. Let t/j be its co- 

ordinates with respect to a set of axes fixed in space, and let Xj y, z 
be its coordinates with respect to a set of axes moving in any 
manner. The position of the moving axes is defined by the position 
of their origin, whose coordinates referred to the fixed axes are 
I, g, and by the nine direction cosines of one set of axes with 
respect to the other. Let these be given by the following table 



X 

Y 

z 

X' 

1 i 
1“' 

h ! 

ri ! 

Y' 

: “2 

1 1 


rt • 

Z' 

1 i 


!/» 1 


The equations for the transformation of coordinates are then, 


109) 


I + cfjO? + p^y + 

+ CC2X + p^y + y^z, 
0^s=z g 4 . a^x - 1 - P^y -h y^z. 


Since cc^ are the direction cosines of the X-axis with 

respect to X', Y', Z*, we have 

110) ai®+a2*+a3^- 

and similarly 

110 ) 


1, 




16 * 
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Since the axes F, Z are perpendicular, their direction cosines satisfy 

PiVi + ^2 7'2 + 

yiai+ y2«2+ 

+ ^2i*2 + ^sPs = 0. 

Thus the nine cosines are not independent, but, satisfying six 
conditions, may be expressed in terms of three parameters. These, 
with the three -ly, g, show the six degrees of freedom possessed 
by a rigid system. 

By interchanging the roles of the axes, and considering the 
direction cosines of X', T\ with respect to X, Y, Z we find the 
equivalent conditions 



+ y,* •= 1, 

112) 

«s* + ^2* + “ 1, 


“a* + + Ys^ = 1 > 


0!i« 2 “t" ft ^2 + Y 1 Y 2 ~ 

113) 

«2«8+ ^2^3+ Y2Ys=^> 


+ /Js^i + YsYi == 0- 


If we now differentiate the first of equations 109), supposing 
Xj y, ^ io he constant, we obtain 


the conditions, 
111) , 

and similarly, 
111) 


114) 


v' = dft dy, ^ 

dt ^ dt ^ ^ df ^ ^ dt ^ dt 

dri 


d^ _ da^ 
dt '^dt 




dt 


di 


dz' da^ , dBjt 
ic-r* + y - - 


dt 


dt 


dt 


I . <<7. r 


for the components in the directions of the fixed axes of the velocity 
of a point fixed to the moving axes. 

Let us now resolve the velocity in the direction which is at a 
given instant that of one of the moving axes. To resolve in the 
direction of the X-axis we have 


115) 


+ OiV'y + 


+ ^(ai 


da^ 
^ dt 


1 I 

dr. 


di 

da. 


dri 






+ 0f2 

) + y(«l^ + «,^ + «8^) 




The coefficient of x in this expression is the derivative of the left* 
hand member of the first of equations 110), and is accordingly equal 
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to zero. If we now denote the coefficients of y and ^ bj single 
letters, and compare them with the results of differentiating equa- 
tions 111), writing 


116) q = + + 


~ (“' %. + “2 lit + “3 '^h)’ 


we obtain 


117) 


*’■ = “157 + “^2 + “ 3 ^ + 2 ^ - ^ y ’ 
= ^1 57 + 57 + 

“ y. §1 ^ n + y» §7 + Pi/ - 


These equations express the fact that the velocity of a point attached 
to the moving axes is the resultant of two vectors, one of which, 
F, is the same for all points of the system, being independent of 
x,y, Zj and having the components in the direction of x\ y\ z' equal 

to and in the direction of r, y, 3^ equal to 




d t] 


XT w* S I ^ H \ 

= “i 57 + “2 5< + 


Sdf’ 


118) 


V'j 


a , o dn 

^i57+^3 5i 


+ 


, dt 
*3 57' 


d^ , di\ d^ 

y'Tt^y^dt +y»57,' 


This part of the motion is accordingly a translation. 

The other part of the velocity, whose components in the direc- 
tion of the instantaneous positions of the X, F, Z-axes are given by 

Va. — ry, 

119) Vq = r,r—p3, 

= py ■— 

being the vector product of a vector co whose components arep,q,r, 
and of the position vector p of the point, is perpendicular to both 
these vectors and is in magnitude equal to opsin (cop). It accord- 
ingly represents a motion due to a rotation of the body with angular 
velocity o about an axis in the direction of the vector o. Thus we 
have an analytical demonstration of the vector nature of angular 
velocity. If we take as a position of the fixed axes one which 



246 VI. SYSTEMS OF VECTORS. DI8TRIBDT. OF MASS. INSTANT. MOTION. 


coincides with that of the moving axes at some particular instant 
of time, the direction cosines vanish with the exception of a^, /Sg, y,, 
which are equal to unity. We then have 


120) p 


dt dt ^ dt dt dt dt 


But since /Sg— cos(y0'), yg*- cos(;jy'), we have on differentiating 




and since 


sin(;yr') = sin {ey') = 1, 


d(yj^ == djoy') . 
dt dt 


Thus it is clearly seen that p, q, r are angular yelocities, being the 
rates of increase of the angles zy\ xz\ yx\ or in other words, the 
angular velocities with which the moving axes X, F, Z are turning 
about ea(^i other. 

It is to be noticed that Pj q, though angular velocities, are 
not time -derivatives of any functions of the coordinates, which might 
be taken for three generalized Lagrangian coordinates q. 

They are merely linear functions of the derivatives of the nine 
cosines, which latter may themselves be expressed in terms of three g’s. 

If we seek to find those points of the body whose actual velocity 
is a minimum, we must differentiate the quantity, 

121) = (Fr + g'-e — Vy+ rx — p^y+ {V^ + py — qxy 

with respect to x^ y, z, and equate the derivatives to zero. We 
thus obtain 

r{yy + rx—pz) - q{V,+py — qx)-=-0, 

122) p{Vz +py — qx) — r (F* + — ry) = 0, 

q{y^ + qz - ry) —p{Vy + ra - pz) = 0, 

which are equivalent to the two independent equations, 

123 ^ ry ^ + 

' p q r 

These are the equations of a line in the body, namely of the central 
axis, as found in § 66, 38). 

Calling the value of the common ratio I, clearing of fractions, 
multiplying by p, g, r, and adding, we obtain the value of A, 

X (p* + <r* + r*) “ pF, + g-Fg + rV^, 

, pVr + 2V^ + »-V, 

p’+a’+r* 


124 ) 
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Making use of this value of X with equations 121), 123), we obtain 
for V for points on the central -axis 


V 


2 


X^(p^+q^+r^) « 


(PK+^v^,+rr^y 

p» + (Z* + ^* ' 


125) 


pV. + 2V, + r K^ 
i/jp* + q*+y* 


agreeing with 42). 

If the velocity of points on the central axis is to be zero, we 
must have 


126) pV:.+ qV, + rK=^0, 


when the motion reduces to a rotation, as in 41). 


77. Relative Motion. In forming equations 114) and the 
following, we have supposed the point in question fixed in the body, 
so that X, y, z were constants. If this is not the case we have to 
add to the right hand members of 114) the quantities 


127) 



dx 


ft 

dy 

+ 


dz 

«1 

dt 

+ 

dt 

ri 

w 


dx 

+ 

ft 

dy 

+ 


dz 

“2 

dt 

dt 

rs 

dt^ 


dx 

+ 

^8 

dy 

+ 


dz 

«8 

dt 

dt 

n 

Jt' 


which, on being multiplied by the proper cosines, will appear in 
equations 1^"^) components 

of the actual velocity in the direction of the axes X, F, ^ at the 
instant in question, if the origin of the latter is fixed, 

dx , 

128) ' Vy^^ + rx — pg, 

dz , 

'Oz’=-g^+py — ^x. 

These equations are of very great importance, for by means of them 
we may express the velocity components in directions coinciding 
with the instantaneous direction of the moving axes of the end of 
any vector x, y, g. If for x, y, g we put the components of the 
velocity v, we obtain the acceleration -components (§ 103), if the 
components of angular momentum H we have a dynamical result 
treated in § 84. 
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If we apply these equations to a point fixed in space, for which 
Vxf Vg vanish, we obtain 

dx 'dy dz 

12^) n. = ^'y — 


dl 


Taking a point on the X'-axis at unit distance from the origin, we 
have ir — y = /Ij, -s' = 

130) - Yiq, = TiP- oil r, 

and in like manner taking points on the and Z'-axes, 

da, 


ai - ft' - M, ‘‘p, - r,ti - ‘^.r, ‘‘p-vi-ftP, 

>30) 

di 




<h'a 


'* = -fl = TbP - “an at ^ “3^ ~ 


Using these values of the derivatives of the cosines, we find that 
they identically satisfy equations IIG). , 


78. Augpular Acoeleration. If we call p’, q', r' the compon- 
ents of the angular velocity on the fixed axes X', Y', Z', we have 

p'=UiP - 1 - ^tq + ri>', 

131) q' = ci^p -f 

r' = ttjtp + fi-jq -f- 2 'i,r. 


The time derivatives of these quantities will be called the angular 
accelerations about the axes X', Y', Z'. Differentiating the first, 


dp^ 

dt 


dp 

dt 


= a, + /*! ^ + Yi “ 7 / +P-^i + '/T.‘ +'r'^. 


dr 

ill 


^~dt 


dk 

dt 


dy, 

dt ’ 


and substituting the values of ^^7 from 130), we have 


-«."/+aS+)', 


dr 


dt' 


132) 


rfj?' dp 

di 

do! dp , a dq , dr 


dr’ 
dt " 


dp 


dq 


dV 

dr 


*^di 




dl 


Thus the angular acceleration is obtained by resolving a vector whose 
components about the axes X, 7, Z are In other words, 

the time derivatives of the components jp, q, r, of the angular velocity 
in the directions of the moving axes at any instant are equal to the 
angular accelerations of the motion about axes fixed in space 
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coinciding in direction with the position of the moving axes at the 
given instant This theorem, which is by no means self-evident, is of 
great importance, as is the similar property of the angular velocity, 
of which we have already made use 

79. Kinetic Energy and Momentum due to Botation. 

From equations 119) we find for the ])art of the kinetic energy of 

the rigid body due to the rotation, supposing ^ ^ 

133) T = i-2;m(r/ + 

— qrEmyp: — rpZmsx — pqEmxy 
= -V \ B ^ Cr^‘ - Dqr - Erp - I pq, 

and for tbe angular momentum, introducing 119) in 48), 

Hx^ ^^{yipy ^/■^) ““ — p 0 )\ = Ap — Fq — Er, 

134) = 2Jm[^(q:s — ry) — x(py — qx)] = — P'p + Bq — Dr, 

Hz = Zm[x{rx — pz) — y{qs — ry)\ - Ep — Bq + CV, 

the last column being what we obtained in § 68, 53). 

It is evident that 

-I Q Tj j] dT jj dT 

so that in this respect p, q, r, H^, Hy, have the relation of 
Lagrangian generalized velocities and momenta. 

Since we have 

136) T=^^[pl^ + q^+r ll) + qH, + rH.), 

the kinetic energy is one -half the geometric product of the angular 
velocity and angular momentum. 
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CHAPTER VII. 

DYNAMICS OF ROTATING BODIES. 

80. Dynamics of Body moving about a Fixed Axis. The 

simplest case of motion of a rigid body next to that of translation 
is a movement of rotation with one degree of freedom, namely a 
motion about a fixed axis. The centrifugal force exerted by the body 
on the axis is Mdm^ where d is the distance from the axis of the 
center of mass of the body, and since this is in the direction of dy 
which is continually changing, if a body is to run rapidly in bearings 
the center of mass should be in the axis, otherwise the bearings are 
subjected to periodically varying forces. At the same time, even if 
this condition is fulfilled, there will be a centrifugal couple, also 
tending to tear the body from its bearings, unless the axis is a 
principal axis of inertia. It is worth noticing that the first condition 
may be obtained in practice by statical means, by making the axis 
horizontal, and attaching weights until the body is in equilibrium in 
any position, but that the second condition is only obtained by 
experiments on the body in motion. For this reason the former 
condition is generally fulfilled in such pieces of machinery as the 
armatures of dynamos, while the latter is not especially provided for. 

Let us consider the motion of a heavy body about a horizontal 
axis. The resultant of all the parallel force acting on its various 
particles is by § 59 a equal to a single force equal to the weight of 
the body Mg applied at the center of mass. The position of the 
body is determined by a single coordinate which we will take as the 
angle '9* made with the vertical by the perpendicular from the center 
of mass on the axis. If the length of the perpendicular is h the 
work done in turning the body from the position of equilibrium is 

1) TF == — coBfi-). 


The kinetic energy is 



The equation of energy accordingly is 

Y K Mgh{l — cos d) = const. 


3 ) 
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But this is the equation of motion of a simple pendulum of length 

K 

Mh h ‘ 

The body, which is often called a compound pendulum, accord- 
ingly moves like a simple pendulum of length I This is called the 
equivalent simple pendulum. It is to be noticed that in virtue of 
the constraint of rigidity, points at distances from the axis less 
than I move more slowly than they would if moving alone in the 
same paths, while those at greater distances move faster, and those 
at distance I move just as they would if free to move in the same 
circular paths. 

Let hg be the radius of gyration of the body about a parallel 
axis through the ceiiter of gravity. Then by § 70, 

1c^ 

4) k^==]cl + h\ + 


4) 


so that I is always greater than h. If we take a parallel axis O' at 
a distance I — h beyond the center of mass G, so that it, G, 
and the original axis are in the same plane, we have 


5) 






If now the axis 0' be made the axis of suspension, the equi- 
valent-simple pendulum has a length 

nr 


6 ) 


V 






The axis O' is called the axis of oscillation, and we have the 
theorem that the axes of suspension and oscillation are interchangeable 
and separated by the distance equal to the length of the equivalent 
simple pendulum- This is the principle of Eater’s reversible pen- 
dulum, used to determine the acceleration of gravity. The pendulum 
is furnished with two knife edges, so that it may be swung with 
either end down. Movable masses attached to the pendulum are so 
adjusted that the time of vibration is the same in both positions, 
and then the distance between the knife-edges gives the length I 

from which The present example also includes the metro- 

nome and the beam of the ordinary balance. The masses of the 
pans may be regarded as concentrated at the knife-edges. 

If the fixed axis is not horizontal, the modification in the result 
is very simple. Suppose the axis makes an angle a with the vertical. 
Let us take two sets of fixed axes, vertical, Z the axis of rota- 
tion, F' horizontal in the plane of Z and Z', Y in the same plane, 
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and X and X' coincident. Then we have for the transformation of 
coordinates 

— ^sin a + .e* cos a, 

and determining the position of the system by the angle ^ made by 
the perpendicular from the center of mass on the axis of rotation 
with the F-axis, 

y = r cos'i)’, 
r sin a cos -O’ + .e cos a 
The potential energy is as before 

W == MgV = — MgJiBm cc cos + const. 
thus the equation of energy is 

7 ) 4" ^ ( ^v) — ^ ^ const. 

Thus the equation is the same as before, except that the length of 
the equivalent simple pendulum is increased in the ratio of 1 ; sin cc. 
This example includes the case of a swinging gate and of the im- 
portant physical instrument, the horizontal pendulum of Zollner. 
The mode of action of the latter de])ends on the fact that the moment 
of the force required to produce a given deflection 

oW 

@ = — gQ. — Mffli sin a sin -S', 

may be made as small as we please by decreasing a, which is 
observed in practice by maldng the time of vibration long. 

81. Motion of a Rigid Body about a Fixed Point. 

mtiAwm. ' MnB- We shall now consider one of the most important 
and interesting cases of the motion of a rigid body, namely that of 
a body one of whose ppints is fixed, and which thus possesses three 
degrees of freedom. This case was dealt with very fully by Poinsot, 
in his celebrated memoir “Theorls mHvellc de la rotation des corps", 
in the Journal de Liouville, tom. XVI, 1851. On account of the 
instructive nature of his processes, which are entirely geometrical, 
we shall present his method first. The treatment of the properties 
of the moment of inertia, which is contained in the same paper, has 
already been given in §§ 70 — 72. 

If one point of the body remains fixed, the instantaneous axis 
must at all times pass through that point. The motion is completely 
described if we know at all times the position of the instantaneous 
axis in the body and in space, and the angular velocity about it. 
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Let 0, Fig. 71, be the fixed point, and let 01^ be the instau- 
taneous axis at a given instant. During the time z// suppose a 
line 0 /g moves to the position and 

during the next interval let the body 
turn about this line as instantaneous axis 
During this interval let another line 01^ move j -Ov 

to 01^ which then becomes the instantaneous 
axis, and so on. We have thus obtained two / 

pyramids, one Ol^OI^Ol^ . . . fixed in space, / .7 // 

the other OI^OI^ 01^ , . fixed in the body, / /' ''/ 

and we may evidently describe the motion / / 
by saying that one pyramid rolls upon the //' ^ 

other. As we pass to the limit, making zit 
infinitely small, the pyramids evidently become 0 
cones, and the generator of tangency is the 
instantaneous axis at any instant 

The rolling cone may be external or internal to the fixed one. 
In the former case, Fig 72a, the instantaneous axis moves around 
the fixed cone in the same direction 

in whith the body rotates, and the 

motion is said to be progressive, in \/ 

the second case, Fig. 72c it goes in \ 

the opposite direction, and the \ 

motion is said to be regressive or \ / / 

retrograde. It is to be noticed that \ ^4 \/ / 

it makes no difiFerence whether the \ ^ 

rolling cone is convex (Fig. 72a) or \ A/ 

concave (Fig. 72b') toward the fixed \y ' 

cone. (In the figures, in which 

merely for convenience the cones o 

are shown circular, denotes the 

fixed, Cg the rolling cone.) 

If one of the cones closes up to a line, upon which the other 
rolls, it always remains in contact with the same generator, that is, 
the instantaneous axis does not move. Accordingly if either cone 
degenerates to a line, the other does also, and the instantaneous axis 
remains fixed in space and in the body. This case has been already 
treated. 


If we lay a plane perpendicular to the instantaneous axis at a 
distance R from 0, Fig. 73, and if the radii of curvature of its inter- 
sections with the fixed and rolling cones be and pg (taken with 
the same sign if they lie on the same side of the common tangent), 
and the, angles made by consecutive tangents at the ends of correspond- 
ing arcs dSi and are dt^^ we have ds^^^ ds^^ 
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The angle turned by the body in rolling the arc ds^ on its equal 
ds^ is dTo — dti, and the angular velocity 



lig.72b. 


Now if t(; denote the angular velocity with which the instantaneous 
axis is turning about an axis through 0 perpendicular to the common 
tangent plane to the cones, we have 



Fig 73. 


= I-;, 


which inserted in 8) gives 

9) = 

^ w; \q, qJ 

Tf the cones have external contact, 
pg is negative, and if we consider the 
absolute values, we must take the 
sign plus. 

^') “ = I + TTt)’ 


lej/’ 

^ lil)' 


Consequently if we give the values at every instant of three of 
the quantities, the angular velocity about the instantaneous axis, 
the angular velocity of change of the instantaneous axis, and 
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and Q 29 radii of curvature of the sections of the fixed and rolling 
cones, the fourth, and consequently the whole motion, are determined. 
This corresponds to the fact that the body 
has three degrees of freedom. 

If 01 f Fig. 72, is the instantaneous 
axis, OCj and OC^ the lines of centers of 
curvature, the point I may be considered 
to be travelling around the cones with the 

velocity and about the lines OC^ and 

OC 2 as axes with the angular velocities v, (i, 
of which (D is the resultant. This was 
proved by Poinsot as follows. Let Pig. 74 
represent a section of Fig. 72 a in the plane 
of the axes OC^, 01 j If ^ 1 , are 

the perpendiculars from I on 0(7j, OOg, 
and V and u are the angles C^OI, C 2 OI, we have, considering absolute 
values only. 
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10 ) 


dt 

1 ds^ 
dt 

Inserting in 8') 

11 ) 

also since 

we have 

12 ) 


ds^ 


ds^ 


vr^ VQ^ cos V = 


= V cos V, 


(O 


1 ds^ 


==/iC0S«(. 


p2 


fl cos U + V COS 


== , aii(J — nr 

IV sin w ^ ^ ^ ^ 


lismu = V sin v. 


That is, since the three axes are in the same plane, and © is the 
sum of the components of [i and v in its direction, while their 
components in the perpendicular direction are equal and opposite, 
00 is the resultant of /r and v. Figs. 72a, 72b, 72c show the three 
cases, where the cones have external contact, where the fixed cone 
is internal, and the rolling cone is internal, respectively. The 
parallelogram construction is shown on the figures, and the direction 
of rotation is shown by the arrows representing the vector rotations. 
It will be noticed that in each case the arrow on the figure showing 
the direction in which I is travelling around the rolling cone is 
opposite to the direction of rotation g, about Cj* 

The rotation about OC^ is known as precession. If both fixed 
and rolling cones are cones of revolution, and /i, v, © constant, the 
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precession is called regtdar. If we call O' the angle between 

the axes of the cones, we have 


13) 


(I P 

sin V sin u 


(a 

sin -O' 


14) 0 }^ = /A® + 1 /* + 2fiv cos d'. 

An important case of a regular precession is furnished us in the 
motion of the earth, which, disregarding nutation (§ 93), describes 
a cone with — 23® 27' 32^' in the time 25,868 years, the motion 
being retrograde, Fig. 72 c. We thus have 


sm H == ' — 


2^6F><^6.256 


sin 0",0087, 


so that the pole of the earth describes a circular cone whose half 
angle is 0",0087, an angle too small to be perceived by astronomical 
means, the radius of the circle cut by this cone on the surface of 
the earth being only 27 centimeters. 


82. Dynamics. Motion under no Forces. We have already 
found, §§ 68, 69, following Poinsot, the expressions for the momentum 
and the centrifugal forces for the general motion of a rigid body. 
If the fixed point be the center of mass, both the linear momentum 
and the centrifugal resultant vanish, and we have to deal only with 
the angular momentum and the centrifugal couple. At the same 
time the resultant of the effect of gravity passes through the fixed 
point, and is neutralized by the reaction of the support. Let us 
then consider the motion of a body turning about its center of mass, 
or more generally, the motion of a body under the action of no 
forces. Such a motion will be called a Poinsot -motion. 

Let OZ he the instantaneous axis. Then we have from § 68, 53) 

B-X == JE(Oy 

15) D(d, 

H, == Cg). 

Let us call the resultant of Hx and Hy, Jtfg, Fig. 75. We have for 
the centrifugal couple 8ej from § 69, 59), 

Lc~ — Dg)^, 

16) Me - Eg>\ 

Nc^ 0. 

Since Nc is zero, the axis of the centrifugal couple is perpendicular 
to the instantaneous axis. But since 
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17 ) H,Lc + = 0 , 


it is also perpendicular to tlie i 
the axis of the centrifugal couple 
is perpendicular to the plane 
containing the instantaneous axis 
and the axis of angular momen- 
tum, and is drawn in such a 
direction that if Sc he turned 
through a right angle in the 
direction of the body’s motion it 
will coincide in direction with H^. 
Also since the components of Sq 
are equal in absolute value to the 
components of multiplied 

by ( 0 , we have 

18 ) 


ngular momentum. Consequently 



ffsin {Hm). 


Thus the centrifugal couple is equal to the yector product of 
the angular momentum by the angular velocity. In case the instan- 
taneous axis is a principal axis at O, the direction of H coincides 
with that of co and the centrifugal couple vanishes. The body will 
then remain permanently turning about the same axis. This property 
of a heavy body turning about its center of gravity about a principal 
axis of maintaining the direction of that axis fixed in space was 
utilized by Foucault in his gyroscope, the axis of which points in a 
fixed direction while the earth turns, and thus the motion of the 
earth is made observable. The same principle is utilized practically 
in the Obry steering gear contained in the Whitehead automobile 
torpedo, in which a rapidly rotating gyroscope is made to give the 
direction to the torpedo, and by acting on the steering gear to make 
it return to its course if it accidentally leaves it. 

Suppose on the other hand that the instantaneous axis is not a 
principal axis. The centrifugal couple then tends to generate an 
angular momentum whose axis is in its own direction, and this new 
momentum compounds with that which the body already possesses. 
Let us consider two successive positions of the body. Suppose that 
in the time dt the body turns about the instantaneous axis through 
an angle dq) ^ adt At the end of that time the vector (Fig. 75), 
would have turned through the angle dtp into the position H^y the 
length of the infinitesimal vector being H^dtp^H^mdt But 

during this time the centrifugal couple Sc has given rise to the 
angular momentum 

Scdt = H^mdt. 


Webster, Dynamics. 2. 


17 
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This vector, being parallel to So and thus perpendicular to 
gives, when compounded with H 2 a resultant exactly equal to 
The component of H parallel to co being unchanged by the motion, 
we find, geometrically, that the angular momentum remains constant 
throughout the motion, as we have found by a general theorem 
in § 33. 

As we now wish to follow the motion of the body from one 
instant to another, it will be convenient to free ourselves from the 
choice of axes which made the instantaneous axis the ^-axis. Let 
us take for axes the principal axes of the body at 0. Let the com* 
ponents of the angular velocity o on the axes be jp, r. Then the 
angular momentum, being the resultant of the three angular momenta 
due to the three angular velocities p, q, r, is by § 68, 53) or 
§ 79, 134), 

19) H,^Ap, 

If we draw any radius vector to the ellipsoid of inertia at the 
fixed center of mass 

F- Ax^ + By^ + 1 , 


the perpendicular d on the tangent plane at the point x, y, z has 
direction cosines proportional to Ax^ By, Cz. 

If we draw the radius vector p in the direction of the instan- 
taneous axis, so that 


20 ) 

equations 19) give 


X y 



==n, 


21) H^^nAx, Hy^nBy, H.^nCz, 


or the angular momentum vector bears to the angular velocity vector 
the relation, as to direction, of the perpendicular on the tangent 
plane to the radius vector. Otherwise, if the angular momentum is 
given, the instantaneous * axis is the diameter conjugate to the dia- 
metral plane of the ellipsoid perpendicular to the angular momentum. 

The centrifugal couple being per- 
pendicular to the plane of d and p, 
lies in the diametral plane conjugate 
to p. It produces in the time dt an 
angular momentum Scdt whose axis 
is in the same direction. To find 
the axis of the angular velocity 
corresponding thereto we must find 
the diameter conjugate to the plane 
perpendicular to Sc, that is the plane pd. But the diameter conjugate 
to a plane is conjugate to all diameters in it, hence the required 



Fig. 76 
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diameter is conjugate to p and lies in the plane conjugate to p, that 
is, parallel to the tangent plane at x, y, z. Consequently, if we 
compound with the velocity co about p the velocity corresponding to 
SqM parallel to the tangent plane, the resultant has the same com- 
ponent perpendicular to the tangent plane as to. In other words the 
component to cos (o, H) is constant throughout the motion. 

Now we have found that H is constant in magnitude and direc- 
tion, hence, multiplying by the constant to cos {(oH\ 

22) H<o cos (pH) = const. 

But H cos {H(o) is that component of the angular momentum which 
is parallel to the instantaneous axis, and is accordingly equal, by 
§ 68, 53) to the product of the angular velocity by the moment of 
inertia about the instantaneous axis. 

23) H COB (Hm) Kto, 

Accordingly 22) becomes 

24) K(d^ = const. 

But this is equal to twice the kinetic energy. Accordingly we obtain 
geometrically the integral of energy. Thus for a rigid body this 
principle follows from that of the conservation of angular momentum. 
In the ellipsoid of inertia we*have, § 71, 

jr ~ JL. 

Accordingly 

25) ^ 

and the equation of energy shows that n is constant during the 
motion, or during the whole motion the angular velocity is propor- 
tional to the radius vector to the ellipsoid of inertia in the direction 
of the instantaneous axis. But since co cos (Hg)) is constant, p cos (pd)=sd 
must be constant, and therefore the tangent plane is at a constant 
distance from the center during the motion. But since the direction 
of the line S is constant in space, and its length is also constant, 
the tangent plane must be a fixed plane in space. As the point 
where it is touched by the ellipsoid of inertia is on the instantaneous 
axis the ellipsoid must be turning about this radius vector, and hence 
rolling without sliding on the fixed tangent plane. The motion of 
the body is thus completely described, and we see that the problem 
of a Poinsot- motion is equivalent to the geometrical one of the 
rolling of an ellipsoid whose center is fixed on a fixed tangent 
plane, together with the kinematical statement that the angular 
velocity of rolling is proportional to the radius vector to the point 

17 * 
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of tangency. Before taking up the discussion of this result, as given 
by Poinsot, we will consider the analytical method of establishing 
the result. 


84. Euler’s Dynamical Equations. If HJ, HJ, EJ represent 
the angular momentum about the fixed X', Z'-axes, Ey M\ N\ 
the moment of the applied couple, the equations of § 67, 49) are 


26) 


dt 




dt 




dt ^ 


where (cf. § 76) 

HJ == ^iHx + ^iHy + ylH.y 

27) HJ = + ^^Hy Y^H^y 

HJ = a^H, + §,Hy + y^H,. 


Differentiating we have, after making use of § 77, 130), 
dHJ dH dH„ dH^ 

IF + if 

+ Zr* (/3i r I- Hy{Y^p- a^r) -\r H, (a, g- — ^^p). 


If we now choose for fixed axes the instantaneous positions of the 
moving axes, we have cCi = /Jg = ^3 = 1 , all other cosines zero, and 
the equations 28) become simply 


29) 


^ + qH.-rHy = L, 
dH„ 

+ rH^ -pH, = ilf, 

dH, 

-jf + pHy - qH, = N. 


We may obtain the same results by the use of the equations § 77, 
128). Let us take for the point Xy j/, z the end of the vector H. 
Its coordinates with respect to the moving axes being Hx, Hyy H^y 
substituting them in equations § 77, 128) we obtain for their velocities 
resolved along the X, Y, X-axes the expression on the left of 29). 

We must now put for Hxy Hyy H^ the expressions § 79, 134). 
If now the moving axes are taken at random, the moments and 
products of inertia of the body with respect to them will vary with 
the time, so that their time -derivatives enter into the dynamical 
equations, which are thus too complicated to be of any use. It is 
therefore immediately suggested that we choose for the moving axes 
a set of axes fixed in the body, and moving with it. The quantities 
Ay By Cy D, E, F are then constants. If in addition we take as axes 
the principal axes at the origin of the moving axes, D, E, F vanish, 
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and then since Hx *=• Ap, Hy — Bq^, H, = Cr, the eqaations become 
simply 

Af^ + {C-B)qr^L, 

30) B^ + {A-C)rp’= M, 

. C% + {B-A)pq^N. 

These are Euler^s dynamical equations for the rotation of a rigid body. 

In case the moments of the applied forces about the origin 
vanish, they become 

81) B‘f^-(0-A)rp, 

<^%-(A-B)pt, 

and we see that the quantities on the right, being the vector product 
of the angular velocity by the angular momentum, represent the 
centrifugal couple, which alone acts to produce the angular accel- 
eration, whose components appear on the left. We thus obtain the 
result obtained geometrically by Poinsot, the quantities on the left 
denoting the velocity of the end of H in the lady. 

The equations 29) may be simplified in another manner, if the 
ellipsoid of inertia is of revolution. If for one of the moving axes 
we take the axis of revolution, and for the others, any axes perpen- 
dicular to it, whether fixed in the body or not, the axes will be 
principal axes, and the moments of inertia constant, since the moment 
of inertia about all axes perpendicular to the axis of rotation in the 
same. Examples of this will be given in §§ 9G, 106. 

85. Foinsot’s DiscuBSiou of the Uotion. We may now 

integrate the equations 31) by making use of the fact that the 
centrifugal couple is perpendicular to the angular velocity and the 
angular momentum. Multiplying equations 31) respectively by p, q, r 
and adding 

32) Ap% + Bt^l+Cr%-0, 
which is at once integrated as 

33) Y + -^Bq^ -g Cr^ ~ const 
This is the equation of energy. 
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Multipljing now by Bq^, Cr, and adding, 
whicli is integrated as 

35) -f + (7®r^ =* const 

But thiS; since the left-hand member is equal to is the equation 
of conservation of angular momentum. The equation alone does not 
show the fixity of the direction of H in space. 

The point P in which the instantaneous axis intersects the 
ellipsoid of inertia at the fixed point 0 is called the pole of the 
instantaneous axis. Its coordinates are 


QP 

X = 


90 ^ 

^ CO 


8 = 


QT 


Now the length of the perpendicular S is, since it is the projection 
of Q on the direction of the normal,” 

36) d ^ X cos (nx) 4* y cos (ny) -f s cos {nz) 

A 4 + C'-* e 4 ^ 2® 4 Or^) 
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This is the equation of the cone passing through the polhode, with 
its vertex at the fixed point, that is the rolling or polhode cone. 

We find then that the rolling cone for a body moving under 
no forces is of the second order. If it is to be real, we must have 

41) 

that is the perpendicular must have a length intermediate between 
the greatest and least axes of the ellipsoid. If = -4 the cone is 

42) B{A - B)y^ + C{A - C)s^ = 0 

representing a pair of imaginary planes, intersecting in the real line 
y ==* ;g? = 0, the X-axis. Thus in this case the rolling cone reduces 

to a line, fixed both in the body and in space. If ~ = C, we have 
a similar result. If ^^2 = have 

43) A(A^B)x^-C(B-C)0^^ 0, 

representing two real planes intersecting in the X-axis, and making 
an angle with the XX- plane whose 
tangent is 

44) -^ = 4- 

These are the planes which separate the 
polhodes surrounding the end of the major 
axis from those about the minor axis. The 
polhodes are twisted curves of the fourth 
order, whose appearance is shown in 
perspective in Fig. 77. The separating 
polhodes are drawn black. 

Since the polhode is a closed curve, 
the radius vector of a point on it oscillates 
between a maximum and a minimum 
value. If 6 is the distance of a point 
on the herpolhode from the foot of the 
perpendicular d, since = — 0 oscillates between two constant 

values, and the herpolhode is tangent to two circles. Since the 
polhode is described periodically the various arcs of the herpolhode 
corresponding to repetitions of the polhode are all alike. The her- 
polhode is not in general a reentrant curve. The name herpolhode 
was given by Poinsot from the verb to creep (like a snake) 

from the supposedly undulating nature of the curve, it has however 
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been proved to have no points of inflexion, and is like Fig. 78, which 
has been calculated for ^ = 8, 5 = 5, 0=3, ^ =4-9. 


86. Stability of Axes. We have seen that the body if 
rotating about either of the principal axes of inertia will remain 
rotating about it. If the instantaneous axis be the axis of either 
greatest or least inertia, and be displaced a little,, as the polhodes 
encircle the ends of these axes the instantaneous axis will travel 

around on a small polhode, 
and the herpolhode will be 
small, neither ever leaving the 
original axis by a large amount. 
These axes are accordingly 
said to be axes of stable motion. 
If on the other hand the mean 
axis be the instantaneous axis, 
and there is a slight displace- 
ment, the axis immediately 
begins to go farther and farther 
from the original position, and 
nearly reaches a point diame- 
trically opposite before return- 
ing to the original position. 
The mean axis is thus said to 
be an axis of instability. It is 
however to be noticed that if either A — B or B — C is small with 
respect to the other, the separating polhode closes up about either 
the axis of greatest or least inertia respectively, and thus a small 
displacement may lead to a considerable departure from the original 
pole, the rotation is thus less stable. The rotation about either axis 
is most stable when the wedge of the separating polhode enclosing 
it is most open. 



87. Projeotious of the Polhode. From the equations of the 
polhode 37), 39), we may obtain its projections on the coordinate 
planes by eliminating either of the coordinates. Eliminating x, 

45) d^{B{A^B)y^ + C{A--G)z^] = Ad^ - 1, 

an ellipse of semi -axes, 

1 -1 / 1 

d V S V 

the ratio of which is 


-i/ a(A-c) 

Y BU-B)' 
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a constant, so that all the projections are similar. The motion about 
the axis A is most stable when the small polhode is a circle, that 
is when the above ratio is unity, or 5 = (7. 

Eliminating js: we obtain 

46) 3^{A(A-G)x^ + = l - CS\ 

an ellipse the ratio of whose axes is 

V A{A^Cy 

and for maximum stability this is unity, or A=^B. These projections 
are shown in Fig. 79. 



Fig. 79. Fig. 80. 


Eliminating we have 

47) 8^A{A-B)x^-G{B^C)z^]^l--B6\ 


an hyperbola the ratio of whose axes is 

V A{A-'B) 

All the hyperbolas have the separating polhode projections as 
asymptotes (Fig. 80). 


88. Invariable Line. The invariable line describes a cone in 
the body. Its equation may be simply found from consideration of 
the reciprocal ellipsoid 


48) 


A 



whose radius in the direction of d is ^ and therefore constant The 

cone of the invariable axis is accordingly the cone passing through 
the intersection of the ellipsoid 48) with the sphere 
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49) 

that is 

50) 


x^ + y^ + 




The axis of this, like that of the 
^ polhode cone, is the axis of greatest 

or least inertia. 

Let us find how fast the invariable 
line revolves around one of the principal 
axes. Since the invariable axis is fixed 
in space, its relative motion is equal 
and opposite to the actual motion of 
the part of the body in which it lies. 

If we call X the diedral angle between 

Pig. 81 , the plane of the invariable axis and 

the axis of X and the XF-plane, we 
may find ”-• Projecting H upon the Y,Z- plane (Fig. 81), the pro- 
jection makes with the X-axis the angle X, given by 

if. Cr 

51^ tan A == ^ 



51) 

from which 
Differentiating, 


sec^ X = 




C { dr 


dt ~ + 

Inserting from Euler’s equations 31), 

dq C—A dr 

It ~ ~B~ dt 


_ r ^ 

It dt)'q’‘’ 

( dr dq\ 


A-B 

C 


p{B{A-B)q^ + C{A-C)r^] 

^ i MBq^^-C r^) _ . \ 
■^1,8232 + CM 


24T_ ^ 

jSr* 1_ d^A-l 
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Similajrlj for the rotation around the Y and Z-axsa, 


dfi — 1 

dt ^siu*(if«) ” 


Looking at the signs of the numerators, we see that the invariable 
axis rotates around the axis of greatest moment of inertia in the 
direction of rotation, about the least axis in the direction opposite 
to that of rotation, and about the mean axis according to the 
value of d. 

If we mark off on the invariable axis a line of unit length, its 
end describes a sphero-conic, the intersection of the invariable cone 

50) (d® _ (d* - = 0 

with the sphere 

0:2 + y 2 + ^2 _ 

whose projections on planes perpendicular to the X and Z-axes are 
ellipses, and perpendicular to the Y-axis an hyperbola. The radius 
vector of the X- projection is == sin and since it turns with 

d/X 

the angular velocity it describes area at the rate 


55) 




=l>(d*^-l). 


The time of one revolution of the body turning with the velocity p 

2 n 

would be, if p were constant, ^== 

The equation of the ellipse is obtained by eliminating x from 
the equations of the sphero-conic as 


56 ) 

whose axes are 


(1 - 9 ^* 


1 

A 


1 / e ' 

V A B 




B ' 


and whose area 

57) 


V: 






A-C ' 


C 




BC 


(A^B)(A^C) 
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Now the area described in one revolution about the instantaneous 
axis would be, if p were constant [see 55)], 


and the number of turns the body makes for one revolution of the 
invariable axis about the X-axis is the area 57) divided by this, or 


This may be made as large as we please by making A approach B 
or C, If JB^ C or the ellipsoid of inertia is of revolution, about 
the X-axis, p is constant, and the invariable cone is circular, and 
described with uniform velocity, the number of revolutions of the 

body for one circuit of the invariable axis being 7 *“ — ^ - The motion 

{A. — H) 

is direct or inverse, 
according as the 
-X-axis is that of 
greatest or least 

jy These properties 

may all be iUustra- 
ted experimentally 
^ by means of Max- 

welFs Dynamical 
Top^), constructed 
Maxwell for the 
purpose of studying 
motion of the 
earth about its 

^ ■ X ‘(lllijli center of mass. An 

example of this top 
constructed in the 

^ I Clark Uni- 

ir ' ^ weights projecting 

from the bell allow 
the moments of in- 
ertia to be changed 

in a great variety of ways, while at the same time the center of 


1) Maxwell, Papers, Vol. I, p, 248, 
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mass is constantly kept at the point of support, a sharp steel point 
turning in a sapphire cup. MaxwelFs ingenious device for the 
observation of the motion of the invariable axis, is the disk, divided 
into four colored segments, attached to the axis of figure. The 
colors chosen, red, blue, yellow and green, combine into a neutral 
gray when the top is revolving rapidly about the axis of figure. If 
however the top revolves about a line passing through a point in 
the red sector, there will be in the center a circle of red, the 
diameter of which is greater as the axis is farther from the center 
of the disk and the boundaries of the red sector. Thus the center 
of the gray disk changes from one color to another as the pole 
moves about in the body, and by following the changes of color we 
can study the motion. By noticing the order of the succession of 
colors we can determine whether the axis of figure coincides most 
nearly with the axis of greatest or least inertia, and by changing 
the adjustments we may make it a principal axis, which is known 
by the disappearance of wabbling, or we may make it deviate by 
any desired amount from a principal axis. If the deviation is great, 
and the top spun about the axis of figure, and then left to itself, 
the top will wabble to a startling amount, but eventually the pole 
will reach its first position and the wabbling will cease, to be repeated 
periodically. The recovery of the top from its apparantly lawless 
gyrations is very striking. If the adjustment is such as to make the 
axis of figure lie near the mean axis of inertia, the top will 
not recover, but must be stopped in its motion before striking its 
support. 

The path of the invariable axis has been made visible by 
Mr. G. F. C. Searle, of the Cavendish Laboratory, Cambridge, by 
attaching to the axis of figure a card, upon which ink was projected 
from an electrified jet. Acting upon this suggestion, the author 
attached to the top a disk of smoked paper, upon which a steel 
stylus, playing easily in a vertical support (shown in Fig. 82 lying on the 
table) could write with very slight friction. One easily finds by looking 
at the disk in its gyrations a point which remains fixed, and by applying 
the stylus to this point, holding it on a proper support, the path of the 
invariable axis is drawn, and found to be an ellipse or hyperbola. If the 
stylus is not held exactly on the invariable axis, small loops are formed, 
which enable us to count the number of turns of the top in going 
around the polhode, and thus to verify the theory. The results of 
several spins are shown in Fig. 83, reproduced from actual traces. 

The loops are turned out if the principal axis at the center of 
the ellipse is that if greatest inertia, and in if it is the least, for the 
reason that in the former case the invariable axis and the herpolhode 
cone lie within the polhode (Fig. 83 a), while in the latter they lie 
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without (Fig. 83b) so that if we consider the relative motion, in the 
former case a point fixed to the herpolhode describes a sort of 







Fig. 88. 


hypocycloid (loops out) on tlie card attached to the polhode^ in the 
latter a sort of epicycloid (loops in). 




The recent astronomical discoTery of the motion of the earth’s 
pole is probably due to a sort of variable Poinsot motion, the moments 
of inertia of the earth being gradually varied. 
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Fig. 84. 


89. Symmetrical Top. Constrained Motion. While we 
have in the preceding section considered the very interesting and 
instructive question of the motion of the most 
general rigid body under the action of no forces, 
by far the most frequent case under the practical 
conditions of experiment is that in which the body 
is dynamically symmetrical about an axis, that is, 
the ellipsoid of inertia is of revolution. Such a 
body we shall call a symmetrical top. This will 
include not only all ordinary tops and gyroscopes, 
as well as flywheels, rolling hoops, billiard balls, 
but even the earth and planets. Suppose such a 
body to be spinning under the action of no forces, 
about its axis of symmetry. We have seen that it will remain so 
spinning, and the angular momentum will have the direction of the 
axis of symmetry. If now the axis 
of symmetry OF (Fig. 84) is tc 
move to some other position, OF\ 
which is then to coincide with th< 
new instantaneous axis, the angulai 
momentum must be communi- 
cated to the body, that is a couple 
whose axis is parallel to HIV musi 
act on the body. This may be made 
evident experimentally by placing s 
loop of string over the axis F o] 
a symmetrical top balanced on its 
center of mass (Fig. 85) and pulling 
on the string. The axis of the top 
instead of following the direction oj 
the pull F moves off a right angle^ 
thereto, although the string can onl^ 
impart a force in its own direction 
The pull of the string, together witl 
the reaction of the point of support 
constitute a couple, whose momeni 
is perpendicular to the plane of the 
string and of the point of support 
and it is in this direction that the 
end of the axis, or apex of the top, 
moves, as is required by the theory. 

This simple experiment and the theory which it illustrates will make 
clear most of the apparautly paradoxical phenomena of rotation. We 
may describe it by saying that the kinetic reaction of a symmetrical 
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rotating top is not in the direction of the motion of the apex, but 
nearly at right angles thereto. (Exactly at right angles to the motion 

of oh :) 

An ingenious application of this principle is found in thB Howell 
automobile torpedo, inrented by Admiral Howell of the United States 
navy. In this the energy necessary for driving the torpedo is stored 
up in a heavy steel flywheel, weighing one hundred and thirty- five 
pounds, and turning with a speed of ten thousand turns per minute 

The axis of the flywheel 



Fig. 86. 


lies horizontally perpen- 
dicular to the axis of 
the torpedo (Pig 86), thus 
steadying the torpedo in 
its course. If now any 
force acts tending to 
deflect the torpedo hori- 
zontally from its course, 


by means of a moment 


about a vertical axis, the end of the axis of the disk moves vertically, 


causing the torpedo to roll instead of yielding to the deflecting force. 
The rolling is utilized, by means of a vertically hanging pendulum. 



Fig. 87. 


to bring rudders into 
action, and to cause 
the torpedo to roll 
back to its original 
position, while main- 
taining its course. 

A striking example 
of the principle 
enunciated above is 
found in an inge- 
nious top (Pig. 87), 
spinning on its center 
of mass, with its axis 
rolling on various 
curves constructed of 
metal wire. No matter 


what the shape of the wire, the axis of the top clings to it as if 
held by magnetism, no matter how sharply the curve may bend. The 


passing around sharp corners at a high speed, in apparant defiance 
of centrifugal force, is extremely remarkable. The explanation of the 
action is immediate, on the lines just laid down. The instantaneous 
axis passes though the point of support 0 (Pig. 88) and the point of 
contact of the axis of the top with the wire. The wire, in fact. 
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1 


constitutes the directrix of the herpolhode cone. Since the ellipsoid 
of inertia is of rotation, the axis of figure OF, ^ 

the instantaneous axis 01, and the axis of 
angular momentum OH, lie in the same plane, 
which is perpendicular to the tangent plane to 
the herpolhode cone. During the rolling, all 
these axes move parallel to this tangent plane, 
so that the vector HH\ representing the change 
of angular momentum, is parallel to the tangent 
plane, and in the direction of advance of the 
axis of figure. The couple causing the motion 
accordingly due to the reaction between the 
wire herpolhode and the top, is always parallel 
to the tangent plane, and never vanishes, but 
always tends to press the top against the wire. 

Or in general, in constrained motion, the motion 
causes the polholde cone to press against the herpolholde cone. This 
seems to have been first explicitly stated by Klein and Sommerfeld, 
Theorie des Kreisels, p. 173. 

An application of the above 
principle on a large scale, and the 
only one known to the author^), is 
found in the Griffin grinding mill. A 
massive steel disk or roller (Fig. 89) 
hangs from a vertical shaft by a uni- 
versal or Hooke’s joint C, in the middle 
of a steel ring B forming the side of 
a pan. If now the shaft be set rotat- 
ing, the roller spins quietly about a 
fixed axis, with no tendency to move 
sidewise. If on the contrary it be 
brought into contact with the ring, 
it immediately rolls around with great 
velocity, pressing with great force 
against the steel ring or herpolhode, 
and grinding any material placed in 
the pan with great efficiency. It is 
interesting to note that a somewhat 
similar mill, in which the axis, instead 
of passing through a fixed point, hangs 
vertically from a revolving arm, and 
therefore is devoid of the action just 

1) Since this was written the Brennan monorail car has been invented. 

WBBSTJJR, Bynamici. jg 
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described, although both mills possess in common the centrifugal 
force due to the circular motion of the center of mass of the roller, 
is much less efficient. The first mill is an excellent example of the 
centrifugal force and centrifugal couple, while the second lacks the 
centrifugal couple, the instantaneous axis and tiie axis 
of angular momentum being parallel. 

Let us calculate the couple involved in the con- 
strained motion involved in a regular precession, as 
here applicable, in terms of the constants of § 81, If 
the angular momentum make with the axis of figure 
the angle a, its end is at the distance from the axis 
of the fixed cone £rsin(a + fi*), so that it moves with 
the velocity vJ?sin(a + ^). This must be equal to the 
applied couple, 

K = vHsin (a -f ^). 

Now resolving H parallel and perpendicular to the axis of figure, 
we have 



Afcosa = 6^ojcos«, jffsina ^ A(om\Uj 

^ = v CD sin u cos + C cos u sin <&•). 

§ 81 , 

(O _ ^ 

sin a* sin u 

(D^ =« ^2 ^2 _ 2nv cos O', 

CO sin V sin -fi', co cos k = ^ — v cos 

so that finally 

63) ^ == i/{ Ji/sin^cosfi + Cs'md'{fi ~ i/ cos'd*)} 

== psmd'{Gfi (A — (7)i/cos‘d’}‘ 

It is to be noticed that the body will perform a regular precession 
under no constraint or other applied couple, if putting JY = 0, 


61) 

so that 
62) 

But we have, 

13) 

14) 

from which 


64) 


cos -d* = ^ 

V 


C 


C - A 


90. Heavy Symmetrical Top. We will now take up one of 
the most interesting problems of the motion of a rigid body, namely 
the motion of a body dynamically symmetrical about an axis, on 
which its center of mass lies, and spinning about some other point 
of that axis. This is the problem of the common top or gyroscope. 
In order to determine the position of the top it will be convenient 
to introduce three coordinate parameters, namely the three angles 
of Euler. Let these be 'd* the angle between the Z-axis, which 
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we take as the axis of symmetry, and the fixed vertical Z'-axis 
(Fig. 91), We may call the X!F- plane the equator of the top. 
Let ON (Fig. 91) be the line of nodes, or the line in which the 
equator intersects the fixed 
plane. Let ^ be the 
longitude of the line of 
nodes, or the angle X^ON 
measured positively from X' 
to Y^. Let (p be the angle 
from the line of nodes to 
the X-axis, the positive 
direction of increase being 
from X to F. By means 
of the three angles -fi, q?, 
we may express the nine 
direction cosines, and the 
position of the body is 
completely determined. The 
meaning of the angles is 
easily seen on the gyroscope 
in gimbals (Fig. 92). It 
will not be necessary for us to express the cosines, as we need only 
the values of p, q, r in terms of Euler’s angles and their velocities, 

<20* dl'ip c2g> 
di^ di^ dt 

As these are the angular velocities about ON, OZ^ and OZ, respectively, 
we need only the cosines of the angles made by these lines with the 
X, Y, Z-axes, which are evidently as given in the following table. 

X Y Z 

COB'fi' 

0 
I 


1 

Z' 

sin# sin q) 

sin#cosq7 

N 

cos 9 

— sin^i 

Z 

0 

0 



Resolving now in the direction of the three axes, we obtain 


65) 


dib , ^ , dd' 

p =** Sin# sm (p -f- cos 

d'ib . ^ d^" . 


r 


gc 08 » + 


dq > 

dt' 


18 
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These are Euler’s kinematical equations. They illustrate the statement 
made in § 76, about g, r as not being time derivatives, for it is 

easily seen that q^dt^ rdt do not 

satisfy the conditions of being exact 
' differentials. 

The resultant of the weight of all 
A mf M parts of the body is Mg=s W applied at 

\ \ 1 4 center of mass. If this is at a 

/ ■ V f distance I from the fixed point the moment 

// //vf of the applied force is Wl sin % about 

li- «■-' the axis ON. 


so that Euler's dynamical equations are 


Multiplying respectively by p, g, r and 
adding, we obtain 


68) Ap~ + = Wl (jjsin^cosqp — qaind'amip) 

- Wl Bin 

Integrating we get the equation of energy, 

69) Ap^ + Bq^ + (7r* =» 2 (A — Wl cos fr). 

Since the moment of the applied forces has no vertical component, 
the vertical component of the angular momentum is constant, or the 
end of the vector H describes a plane curve in a horizontal plane. 
R/esolving Hx=^Apy Hy^Bq^ H,^Gr on the vertical OZ\ we obtain 

70) HJ = Ap sind sing? + Bq sin '9* cos g> + Cr cos-^ =» const. 

If the top is symmetrical about the Z-axis, we have A^ B. 
Then the third equation 67) is 

Cr — const. — H,. 


71) 
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The integral of energy 69) becomes 

9 , g 2/»-- Cr* — 2 TTIcobO- 

n* _L /Tr* * 


72) 


f+ r 


A 


— a — a cos 


if we introduce the constants 
73) 


A ' 


AC’ 


a ^ 


^Wl 

A 


The integral of vertical angular momentum 70) becomes 

H] -* H, cos O’ 


h: 


, II. 

b = 


74) sin ^ (jp sin ^ + g cos (p) 
putting 

75) 

Inserting the values of p, q from 65); 

© + 

b cos O’, 


P — b cos O; 


76) 




dip 


Eliminating between the first two gives 

77) 6cosO)^+ sin^O Bin*0(c( — acosO), 

which if we put for cos O the single letter ^ becomes simply 


78) 




From the second equation 76), 

’») . 5 

and from the third, 

dcp 
dt 


8--~bz 
l-z* ^ 


80 ) 


r — 


z(§ — bz) 
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The letter 0 represents the height above the origin of a point on 
the axis of symmetry, at unit distance from the fixed point. This 
point will be spoken of as the apex of the top. Equation 78) deter- 
mines the rise and fall of the apex, equation 79) its horizontal motion. 

91. Top Equations deduced by Lagrange’s Method. 

Before proceeding with the discussion, let us find the equations by 
means of Lagrange’s method. We have the kinetic energy 

81) T=^i{^(i)*+g*) + CV*} 

- I sin*^ • V'^*) + C{q>' + cos'B' • ^')*} 
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SO that it appears that tp and ^ are cyclic coordinates. The forces 
tending to change il>, (p are 


82 ) 


P9‘ 


A»' 


d djr _d^ A 

' dt dQ' d& dt' 

■ sin# COBS' — C'(?p’ + COS& sin#}, 


C(9>'+ coe»-l(-')co8#|, 

’l-'i 


If there is no force tending to change the spinning of the top, == 0, 


^^{C{(p'+ cos# • V>')} = 


83) G{(f^ + cos# • « comt. = i/,, 

which is the integral 71). Eliminating gp' by means of this equation, 
and forming the kinetic potential, 

H 

84) jj — cos # • 

85) ^ =.T - H.(p’^ Y^(#'“+sin*# ^'») +if,cos#.^(»'- ^ 


the second term containing in the first power. Such terms in 
the kinetic potential give rise to what have been called by Thomson 
and Tait gyroscopic forces ^ whose theory has been treated in § 50. 
Using this form to determine the forces, we have 

Tt idi) -fI It ^ ^ 

It (H) ~ dt + cos #). 


The influence of the cyclic motion may be very simply shown if the 
spinning body is mounted as a balanced gyroscope in gimbals, as in 
Fig. 92. Suppose the vertical ring be held fixed. Then ^ - const. ^ - 0, 


87) 







if^sin# 


di 


Spinning the inner ring about the horizontal axis requires the 
same force whether the cyclic motion exists or not, whereas a 
force is developed tending to make the vertical ring revolve about 
its axis, which must be balanced by the force of the constraint, P^, 

dQ> 

proportional to On the other hand let us hold the inner gimbal 
ring horizontal. Then # = -"> #'-- 0. 
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88 ) 


P TI 

P — 


and the same force is required for the rotation about the vertical as 
if there were no spinning, whereas a force is developed tending to 
turn about the horizontal axis, which must be balanced by the 

constraint, P^, proportional to Thus the effect of the concealed 

motion would be made evident, even if the disposition of the concealed 
rotating parts were unknown. The effect of the gyroscdpic term may 
be described by saying that if the apex of the top be moved in any 
direction, the spinning tends to move it at right angles to that 
direction, as shown in § 50. 

In our present problem, we have Pyj 0, 

^sin^# • + C{q)* + cos# • ^')cos# const. HJ , 

or by 83), 

89) ^sin*# • + if# cos# PI, 

which is the integral of 70). 

The differential equation for # is 

At A 

90) — J[^'*sin#cos# 4- if.sin# • TF/sin#, 

which, on replacing by the* value from 89), and using the constants 
of 73), 75) becomes 

<i*# (I? — ft cos #)* cos '9' , ft(/3— ftcoB#) a 

yi) _ __ _| _____ _ gin 4,. 

If we now multiply this by 2sin*# -^-; it becomes an exact derivative, 

and integrates into 77). Thus our three integrals are immediate 
integrals of Lagrange’s equations. 


82. Nature of the Motion. Equation 78) which states that 
the time -derivative of z, the cosine of the inclination of the axis to 
the vertical, is a polynomial of the third degree in 0 ^ shows that 0 
is an elliptic function of the time. As we do not here presuppose 
a knowledge of the elliptic functions, we will discuss the motion 
without explicitly finding the solution in terms of elliptic functions. 

We see at once that the solution depends on the four arbitrary 
constants a, a, of the dimensions [T-“*J, which enter equation 78) 
linearly, and /}, 6, of dimensions which enter homogeneously 

in the second degree, so that if we divide b, fi by the same number 
and a, a by its square, while we multiply t by" the same number, 
the two equations 78) 79) are unchanged, that is to any value of 0 
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corresponds the same value of or the path of the point of the top 
is the same, but described at a different rate. Thus the shape of 
the path depends on the three ratios of the constants, or there is a 
triple infinity of paths. As for the meanings of the constants, 
a depends simply on the nature of the top, irrespective of the motion, 
and by comparison with § 80 is seen to be inversely proportional to 
the square of the time in which the top would describe small oscilla- 
tions as a pendulum, if supported with its apex downwards, without 
spinning. If we change the top, we may obtain the same path by 
suitably changing a, ft, ^ as just described. These three constants 
depend on the circumstances of the motion, h being proportional to 
the angular momentum about the axis of figure, or to the velocity 
of spinning, fi to the angular momentum about the vertical, and 
a depending on both the velocity of spinning and the energy constant. 
Expressed in terms of the initial position and velocities they are 


a = 


2 Wl 
A 


92) 


sm 


’^o(' 


dt / ( 


+ bcos&^ 


oy 




With the convention that we have adopted, a is positive. As it is 
evident that any path may be described in either direction, we shall 
obtain all the paths if we spin the top always in the same direction. 
We shall thus suppose 6 to be positive, while may be positive or 

negative, according to the sign and magnitude of and cos-ff^- 

Since ^ is real, f(/) 78) must be positive throughout the 


motion, except when it vanishes. Since f(l) = — (/3 — by and 
(— 1) — (/3 -f by are both negative, f (oo) « oo and f(—- oo) « — oo, 

the course of the function 
f(^) is as shown in Pig. 93. 
Thus it is evident that f(js) 
has three real roots, two 
lying between 1 and 
— 1, while the third, % 
lies outside of that interval 
on the positive side. Thus the motion is confined to that part of 
the iSf-axis between z^, and the apex of the top rises and falls 
between the two values of whose cosines are z^ and z^. The 
triple infinity of paths may be characterized by giving the three 
roots all possible real values, instead of giving the constants b, /J, cu 
In practice it will be convenient to give the two roots indicating 
the highest and lowest points reached by the apex, and the value 
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of ^ the horizontal angular velocity at one of them, which three 

data completely characterize the motion. 

Since z is an elliptic function of the time, the rise and fall is 
periodic, and after a certain time, z will have attained the same 

value, and so will ~ and accordingly during successive periods 
the angles ^ and will increase by the same amounts. The 
horizontal projection of the axis of the top advances at the rate —• 
This vanishes and changes sign if ^ and then we have 

.../?* . . ^ . 

The second factor is positive if p< 1, which will be the case if 

94) j|sin*^,(g)^+co8#„) <1, 

that is if the top is spun fast enough or is small enough. We 

must then have 

a — a ^ > 0, 

that is, 



This will certainly be the case if is negative at the highest' 

point of the path, and if it be positive and greater than If the 
top be spinning so slowly that is greater than unity, ^ cannot 
attain this value, and will never vanish. It is evident that when 

d'li) 

= 0 the projection of the path on the horizontal plane has a 

radial tangent (unless 0 0). 

The axis of the top describes a 
cone limited by the two circular cones 
of angles d'l, d' 2 , where ^i==coS'd’i, 

02 *=* COS # 2 . It is in general tangent 
to the two cones, as may be shown as 
follows. The projection of the apex 
on the horizontal plane X' has the 
polar coordinates (Fig. 94) , 



(> = sin«' = y'l— 
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If e denote the angle made by the tangent with the radius Tector, 


96) 


tan s - 


9 


d'lj) 

dg 


d'lff j 1 
dt / Q 


d g 
dt 


p — hz / —z dz 

l-z^ dt zYf{z)' 


Accordingly for z^y roots of f\z)y tan* — cx>, and the axis cone is 
tangent to the limiting cones, unless at the same time the numerator 
vanishes. This can be the case for only one of the limiting values. 
In case the numerator vanishes, say for z Zy^, we have /3 =* hZy^y 


97) 


tan B 


h yz — z^ 

zYa {z — z^) {z — Zg) 


which vanishes for z z^y so that the cone has cuspidal edges. If 
the top is merely set spinning, and let go, so that ‘ ^ ^ 

evidently begins to fall vertically, so that the cusps are on the upper 
limiting circle, while the path is tangent to the lower. The reason 




Fig 95 a. 



Fig. 96 


that the top starts to fall vertically is, of course, that the gyroscopic 
action does not begin until the velocity of falling begins, as shown 

in 87). It is to be noticed that when z is positive, as in the ordinary 
top, the horizontal projection has the cusps turned inward, while 





when z is negative, as in the gyroscopic pendulum, the cusps are 
turned outward. The three types of motion are shown for the first 
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case in Figs. 95, 96, 97, witli the horizontal projections marked a, 
while the cusped type for the second case is shown in Fig. 98. 




93. Precession and Nutation. It will be convenient to express 
the motion in therms of one root and the constants 6, In order 
to eliminate a we have 


98) 


m 

i-z* 


- a — az — 


1 - 


Now since Zy is a root, f{z) 0 and 

99) 0 
Subtracting from 98), 

100) i(£L, + 

a[z^-z) + (t-«. »)(!-««) 

We thus find that ^ is a factor of the expression on the right, 
so that, multiplying by 1 — z^, we have f{z) exhibited in the form 


101) f{z) (^ — ^',)/i(«)» 

where fy{z) is the polynomial of order two, 

102) fy{z) ~-a(l 


, 26^(1 + 

^ ) H : — r-« > 


1-z, 


SO that the other two roots are found by solving the quadratic 
/iW "0- roots ^ 1 , z^ approach each other, the rise and fall 

decreases, and vanishes when f(z) has two equal roots. The condition 
for this is that f{z) and f {z) + {z—z^f\{z) have a common 

root Zyy that is that 

0, 

from which 

103) a(l - ;?!*)*= 26^(1 + z,') - 2z, {¥ + ^*) = 2 (/J - lz,){h - fiz^). 

If z, and one of the constants h, are giren, this is a quadratic to 
determine the other. We find 
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/J — 

Ti 

which is constant; so that the motion is a regular precession, without 
rise and fall. There are thus, for a given velocity of spinning, and 
a given angle of inclination with the vertical, two values of the 
velocity of precession. We may also find these by considering the 
equation 90), putting 'O’ constant in which gives, if sin -O’ is not zero, 

105) ““ cos O’ + & 


a quadratic for with the roots 



These values are real if 6* > 2a cos O. If the top be spun so fast 
that — is a small quantity whose square may be neglected, we 
find for one value of 

which is a large quantity of the order of fc, while the other root is 
108) « - 



which is a small quantity of the order of y* Of these it is the 
slow precession which is usually observed. 

It is to be observed that if we put v, 9 ?^= [i, the first of 
equations 82) gives for the same result as obtained for K in 63). 
When we make a vanish, so that the body is under the action of 
no impressed moment, the root ^2 becomes zero, so that the axis of 


figure stands still, while the root becomes — that is, the body 

COB V 

performs a Poinsot-motion around the vertical as the invariable axis. 
Thus the effect to the impressed forces may be looked upon as a 
small perturbation of the Poinsot-motion. 

We will now consider the motion when the condision 103) is 
not fulfilled. Prom equation 78), we have t given by the elliptic 
integral , 


109) 




dz 


ya(z - «,) (« - e\) (z -\) 


We may easily find two limits within which this value lies, by 
substituting for the factor Ys — Zg in the integrand its greatest and 
least values, as we did in the case of the spherical pendulum. 
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Since throughout the motion 

0 l>e> 0 i, «3— <«s — ^ <2g— 

we haye the inequalities, 

^ ya(z^-'z^ J y(zt-z)(z- z,) > ^ > ya{z ,- «,) J ~y{z^ -z)lz-z^) 

By means of a linear substitution we may simplify the integral. 
Let us put 

^1— 0 =-c(l — *), c = 

111 ) 

e-Zi = c(l + x), 


when the integral becomes 
dz 


112) 


yV(«i-*)(^-»j) “i/*] 


-z)(z~z^) 

so that we have for t, 


dx 
|/l — a;* 


= cos~^a; + const., 


113) --rrr-L=:r=: COS”” ^X> t + COHSt. > ^ ,=^r . COS ^ X. 

Va(z,^z,) l/a(«s-^2) 

If now the difference x is sufficiently small in comparison 

with je^s— and obtain an approximate result by 

putting under the radical the mean of the quantities which are too 
great and too small respectively, so that if + ^2 = 2zq we have 
the approximate result 

114) ^ + const, = cos“”^ X, 

^ . l/a^s-^o) 

from which we obtain 


^ = c - c =■ cosVa(4<3 - 0 ^) • L 


115) 2 ^ 00+ c-eoaya{zs- go)-t 00+ 

The arbitrary constant has been taken so that ^ 0 when the top 

is at its highest, and z + 

We thus see that when the roots z^, are nearly enough equal, 
the apex of the top rises and falls with a harmonic oscillation % of 

iz *“ z ^ 

the small amplitude c — ^ ‘ ^ * • In order to determine when the 

approximation is justified, we have to consider what will cause the 
third root z^ to he large. Since z^ and z^ are the roots of the 
quadratic function fi{z) 102), their sum is the negative of the coeffi- 
cient of 0 divided by that of 0 ^, that is 


116) 


“t+H 


h'+fi*- 2 b §Z^ 
«(!-«»•) 


6« (P-bz,y 
a a(l — «,*) 
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Thus we see that by making b large enough we may make as 
large as we please, when and are given, so that the approxi- 
mation is better the faster the top spins. 

Let us now consider the horizontal motion, or precession. We have 


117) 


(it 


^-bz 

l^z^ 


tl~b{z,+£) 


(l-«, 


=')(l 




We have already supposed ^ to be a small quantity, so that if we 

z ^ 

neglect the square we have, after developing the second 

factor of the denominator, 


118) 


di/> bS iz„{^-bz„) ^ 

dt “ 1 — * 0 * ®' 


Now inserting the value of g from 115) and integrating, 


119) il> 


I . 


'ifoi^-bzj I 




Thus we see that ^ varies with a harmonic oscillation about the value 
that it would have in the regular precession at the mean height zfg, 
of the same period as the vertical oscillation. If we project the 
motion of the apex on the tangent plane to the sphere on which it 
moves, calling | the horizontal coordinate, and r] the distance moved 
from the horizontal mean axis, we have. Pig. 99, 

120) H ■= i^>sin^ = - 

Thus we see that the second terms of 115) 
and 119) represent an elliptic harmonic motion 
of the apex of the top. This is termed nutation. 
We thus have a complete description of the 
motion of a top when differing by a small 
amount from a regular precession, as a regular 
precession combined with a nutation in an 
ellipse about the point which advances with 
the regular precession. 

We shall now make an additional supposi- 
tion with regard to the constants of the motion. 
We have seen from 108) that in the case of regular precession with 
rapid spinning, the precession was slow. Let us then suppose that 



121 ) 


1-^0* 




is a small quantity of the same order as c, so that their squares and 
product may be neglected. Since Zq is the cosine of the angle between 
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F 


the vectors whose magnitudes are h and this supposition is equi- 
valent to saying that the angular momentum makes a small angle 
with the axis of figure, as we see from 
Fig. 100, in which the distance — 

Making this supposition, the last term in 
116) is negligible, also that in 119). Thus 
we obtain from 116), 

^ 3 “ - 2 ^ 0 - ^ 0 , 

and since — is supposed to be large we may 
neglect — + Zq)j so that we have finally, 

« («s - ■2’n') = 


122 ) 

123) 

124) 



£ = c-cosi^, = ^ jsinfcif, 

1 




tA 


— - Sin 7 ] — PAR 

It is evident from Pig. 100 that /? — is positive, accordingly 
[cf 117)] the apex is always moving so that ^ is positive at the 

bottom of its path, and thus the average motion is in that sense. 
The motion at the top may be in either direction, according to the 
magnitude of c. We see that the motion of nutation is opposite to 
the motion of the clock -hands. Thus the motion of the apex, as 

Q 

given by 124), is that of a point at a distance 

center of a circle which rolls on a line above it with its center 

advancing at a velocity r;^ The radius of the rolling circle is 

fcVi-V 

Such a locus is called a cycloid. In the ordinary cycloid, the 
tracing point is on the circumference of the rolling circle, or 
p — bzQ -— hc. If the tracing point is an internal one, the cycloid 

is called prolate. It has no loops, nor vertical tangents, and ^ is 

never zero, but it has points of inflexion. If the point is external 
the cycloid is called curtate, and has loops, but no inflexions. It is 
evident that this curve will be described when the apex is given a 
push to the left at the top of its motion, while if it be given a 
push to the right it describes the prolate cycloid, and if it be simply 
let go, it describes the ordinary cyeloid with cusps. (The prolate 
and curtate cycloids are also called trochoids,) Since the height of 

a cycloid is to the length of its base as 1: tc, the base being the 
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distance traversed in one revolution, we see that when the top is 
spun rapidly, so that the precession is slow, the rise and fall is very 

rapid (for = “wi small- *1“® reason it is seldom 

noticed, and this accounts for the popular opinion, expressed in many 
text books, that the motion of a top is such that its axis describes 
a circular cone with a constant angular velocity, or a regular 
precession. Thus the reason of the vertical force of gravity producing 
a horizontal motion remains a paradox. We have seen that such a 
motion is the very particular exception, and not the rule, being only 
exhibited when the necessary horizontal velocity is imparted at the 
outset, so that the action of gravity is always balanced by the 
centrifugal couple generated by the precession. If the pecessary 
velocity is not imparted, the top immediately begins to fall in 



"Fig. lOla. 


Fig. 1011), 


obedience to gravity. The motion which we have just described is 
called by Klein and Sommerfeld a pseudo -regular precession, and may 

be called a small oscillation about 
a regular precession. In Fig. 101 
are shown curves of the actual 
path obtained by photographing 
a small incandescent lamp attached 
to the axis of a gyroscope, with 
O' nearly a right angle, 

94. Small Oscillations about the Vertical. In the discussion 
which has just been given, it has been supposed that 1 — isr* was 
not a small quantity. If however in the course of the motion the 
axis of the top becomes nearly vertical this will no longer be true, 
so that for this case a special investigation is necessary. Let 
us suppose that and are so small that in the kinetic potential 
all their powers above the second may be neglected. Let us use for 
coordinates the rectangular coordinates of the projection of the apex 
on the horizontal plane, 

X ^ roosil;^ y «= r sin r = sin 

Using then the expression of 85) for the kinetic potential, with 
potential energy COSTS', 



Fig. 101c. 
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125) ^ I ^ + sin^ + Hz cos'd* • — Wl cos &, 

we will convert it into terms of z, t/, a:', y\ neglecting all terms of 
order higher than the secoud. 

In the first term, since, to the order of approximation, 

f 

r' = cos'd#' = -d', 

we have the square of the velocity in polar coordinates 

which is in rectangular coordinates + y'^. Also we have 


tan ^ = ^-7 sec^^ *^'==^^ 

*r iv 


126) 

and since 


COB ■9' = { 1 — (x* + = 1 — » 


127) 
we have finally 

128) + + 

We have then in the term in Hz an example of the gyroscopic 
terms of § 50, in which x ^ q^, y ^ 229 

129) +y 2/ 

Porminjr the equations of motion, since 


ax, _ a^ ^ 




dy dx 

Ax'’ + + Wlx = 0, 

Af - H,x' + Wly = 0, 

or in terras of our constants, 


we have hnally 
130) 


131) 


+ fe/ + y 0? == 0, 

6^ + |t/ = 0. 


These equations are a particular case of a problem that is interesting 
enough to be considered in fulL If h were zero, they would be the 

WbBSTEB, Dynamics. 19 
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equations for the small vibrartions of a system of two degrees of 
freedom, the stiffness and inertia coefficients of which are the same 
for both freedoms. Let us consider the general system, for which 

132) T=l + By'^), W= (Cx^ + Dy^), 

into which a gyrostat, or ra})idly rotating symmetrical solid, is intro- 
duced, the direction of whose axis is determined as in the present 
case by the coordinates x and y, (It is to be noticed that x and y 
are principal coordinates.) The equations for the small oscillations 
of the system are then 

J33. + H.y^ + Cx=^0, 

By'^ - 4 = 0. 


These may be treated by the general method of § 45 for small 
oscillations. In order to simplify the notation, it will be convenient 
to put 


134) 



'\/AB 





JJ 

B 




when our equations become 


r' + In' + 

n^' + dn^o. 


Having solved these, we may pass to the case of our vertical top 
by putting c = d. 

In accordance with the method of § 45, let us put 

from which we obtain 

A^ {X^ c) A A^h I = 0, 

— A^hX A A^ (X^ A <i) — 0. 

The determinantal equation is 

137) X* + (c + rf + b*) A* + erf = 0, 

whose roots are 


138) A*= 2 {-{c + dAi^)±}/(cAdAby-4cd]- 

If the solution is to represent oscillations, all the values of X must 
be pure imaginary, thus both values of A* must be real and negative. 
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If we call them — we have for their sum and product the 

coefficients in 137), 

139) => c + d + = cd. 

In order that [i, v shall be real it is accordingly necessary that c, d 
shall be of the same sign, that is our system must be either stable 
for both freedoms, or unstable for both. Extracting the square root 
of the second equation 139), doubling, and adding to and subtracting 
from the first, 

140) + ?)> ± 2}/^=^ // + (i/c ± Vdf, 

— v)® = fl + d + 2>* + 2 ycd = fe* 4- (t/c + ■ 

Extracting the roots, adding and subtracting, 

^ + V = ± [b^ + iVc ±1/ dY] 

1 

tL-v=^±\h^^{-\/cTVdY]\ 

d-±\ {** + (Vc + y<o*} ' + + iVc - v~d)^]^ , 

141) P » 

The inner double sign is evidently unnecessary. Since iiv — ±:}/cd 
we have also, 

1 _ + {b^i Vc+VdY} ^ -{b^ + {yc- VdyY ^ 

fi' ■” 2ycd 

142) 1 i 

1 _ ^ { fe * + (j/j+ \/dy )^ +{^ + (Vc-v dY)^ 

»' 2ycd 

From the values of (i and v it is evident that both are real if c ' 
and d are positive. If they are negative it is necessary in order to 
have real values that 

b >y^ -yy — d. 

Thus we find that even if the system is unstable, sufficiently rapid 
spinning of the gyrostat makes it stable. This is the case of the 
top with its center of mass over the point of support. In order to 
complete the discussion we have to determine the coefficients A, 
for the various roots. ' If we call the roots 

^ Aj = illy Ajj == — illy Ag iv, A^ =* — ivy 

19 * 
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we have for the general solution, 


143) 


ri = + 4‘^c- 


where we have by the first of equations 136), 


144) 


4" 




A, 


( 2 ) 


a (») 


.6*-!/* A 




^( 1 ) - - 6 m ' bv 


. c — 

^ 6i/ 


Introducing the values of the in terms of the and writing 

145) 4^44"^== a, 4'^~4"^' + 

we have, replacing exponentials by trigonometric terms, 

^ = a cos (it + fi sin (it 4- cc^ cos vt + sin vt^ 

^ rj = (/5 GOB (it — a sin (it) + ^ (/5' cos — a' sin vt)y 

with the four arbitrary constants a, a', jS', or putting 

147) a = cos «!, /3 = A^ sin a' ~ A^ cos |8' = A^^ sin fjj, 
I = -4l cos ((it — ^i) + -^2 ^ 2 )^ 


148) 


‘"Ijr 8in(v< - * 2 ). 


V — h„ vr- - 1 / ’ 5^, 

Accordingly the motion may be described as the resultant of two 
elliptic harmonic motions of frequencies the directions of the 

axes of the ellipses being coincident, and given by the directions in 
which the system can make a principal oscillation when the gyrostat 
is not spinning. The absolute sizes of the two ellipses are arbitrary, 
but the ratios of the axes, and the phases, are determined by the 
nature of the system and the rapidity of the spinning. 

Calculating the coefficients in 148) from the values of /i, 


hu ~ 2b 


[i~y^)[i,^+{yc+v~(iy] 


hv 


± 2*6 




149 ) 
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y4j 


If now as in the case of the top, both these expressions 

become equal to plus or minus unity, so that both ellipses become 


circles. The motion of the top 
making small oscillations about 
the vertical is accordingly to be 
described by saying that its apex 
describes epicycloids (epitrochoids) 
or hypocycloids (hypotrochoids) 
upon the horizontal plane. It is 
to be noticed that according as 
we take the signs in 149) the 
relative sense of the rotations in 
the two circular motions will be 
alike or different. By considering 
which way the top tends to fall 
we may decide whether the cusps 
are turned inwards or outwards, 
and it will be found that if the 
center of mass is above the point 
of support the cusps or loops 
are turned inwards, and the curves 
are epicycloids, while if it is 
below the cusps or loops are 
turned outwards and the curves 



Fig. 102. 


are hypocycloids. 

An instrument to show these properties of the motion has been 
constructed by the author, and is shown in Fig. 102. A heavy 




symmetrical disc hangs by a universal joint (Hooke's or Cardan's 
suspension) from a shaft which is rotated by an electric motor. 
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A pointed steel wire slides easily in the end of the axis of the pen- 
dulum ^ and draws a curve upon a plate of smoked glass which is 



Fig. 10s;c. I’ig. 103 d. 

brought against it by a lifting table. By means of a lantern and a 



Fig. 103 e Fig. 103 £. 

right angled prism the curves are projected upon a wall in the act 



Fig. 103 g. Fig. 103 h. 


of being traced. Examples of the curves obtained are shown in 
Fig. 103. (Pigs, g^ h, i are hypocycloids drawn geometrically, for 



COMPARISON OF THEORY AND EXPERIMENT. 


U] 


295 


comparison.) In order to compare theory with experiment, let ns 
calculate how many revolutions in one circle 
go to one of the other. Let us call this 
ratio m. We have then from 141) 



150) 


m = 


l/6» + 4c + & 
y6*4-4c — h 



It is noticeable that this ratio depends only 
on the constants of the system and the 
velocity of spinning, but not on the circum- 
stances of projection. This is shown in the 
figures. In each group m is made an integer, 
by pro])erly adjusting the height of the disc, and the rate of spinning, 
which is main- 
tained constant by 
stroboscopic ob- 
servation. If the 
apex is merely 
drawn aside, and 
let go, the curves 
have cusps If 
pushed to one 
side, the curves 
have loops , and 
if to the other, 
there are no loops, 
but the curve is 
a sort of curvi- 
linear polygon, 
and if the spinning 
is rapid enough, 
there are in- 
flexions. The ratio 
m is the same for 
the three types of 
curve. The slight 
perturbations no- 
ticeable in the 
figures arise from 
the slight loose- 
ness in the tracing 
point, and permit 
of counting the 

number of revolutions of the top about its axis (thus determining r). 


Fig. 1031. 
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which is found to be the same for the same value of m, as may be 
verified on the figures. 

In order to illustrate the more general case above treated, the 
spinning top is included in a system of two pendulums (Fig. 104), 
whose frequencies may be made to have any ratio to each other, so 
that when the top is not spinning the point describes a Lissajous^s 
curve. The influence of the spinning on the curves is shown in Fig. 105. 



Jb’ig. 105 a yip. 105b. 


An interesting application of the heavy symmetrical top is the 
gyroscopic horizon invented by Admiral Fleuriais of the French navy. 
A small top is spun upon a pivot in vacuo, in a box which is 
attached to a sextant. The top executes a slow movement of precession 



Pig 106 c. Pig. 10.5 d. 


about the vertical, and by means of lines ruled on two lenses which 
it carries, the vertical is observed, so that observations may be made 
when the horizon is obscured by fog.^) 

Other recent applications of the gyroscope are the Schlick anti- 
rolling control for ships, and the Brennan mono-rail car. For the 
theory of the former see Foppl, Dynamik, Bd. VI. An excellent 
treatment is also given in Crabtree, ^^The Gyroscope^’. 

1) Scliwerer. L^horizon gyroscopique dam le vide de M. le Contre-Amiral 
Fleuriais. Annales Hydrograpbiques. 1896. 
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96. Top Eqnations'dednoed by Jacobi’s Method. We will 
conclude the treatment of the top by deducing the equations of 
motion by the method of Jacobi, § 41. Since we have for the kinetic 
energy, 

77) T —^^{A ('9''* + sin^9' • + C (cp' + cosd’ • ^')*) 

and for the momenta 


= AQ'', =• A sin*9' • + C cos S' (q>' -f cos d- • 

p,p = C(g)' + cosd--^'), 
we obtain at once 


151) 


= 

A > 


A sin* ^ 


COB ^ 


P<f cosa-(^,^-p^coB9') 
C ^ sin* -S’ 


Forming the sum of products of corresponding velocities and momenta, 
we obtain the energy, and also the Hamiltonian function, 


162) H_I. + W_|jf + F(cos»^ 


From this we form the Hamiltonian equation § 41, 99), 


153) 


"Bt 2 I A lae-/ C \dv) + A sib* «■ 
+ Wl cos ■9' = 0. 


da 


cos ■8' 


)■) 


We find, as in the problems of § 41, that this is satisfied by a linear 
function of plus a function 0 of O’, which we will determine. 

We shall obtain the result in the notation of § 90 if we put 

154) S == — lit “f" 


luserting in the differential equation 153), we obtain 

155) -A+ J-j^®'2 + .^^‘+-j^(/J-6cos»)*}+ WZcos^ = 0, 
from which 


156) 


Ah^ 

G 


2 Wl 


cosO 


— 6 cos -S’)* 

Bin* '9* 




Accordingly we have the solution, 

d O^. 

The integrals are obtained by differentiating by the arbitrary constants, 

h h P, 


157) ht + A(b(p + pti,+J |/JP(o) 
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d d’ 


^=-<4- r 
dh 'vvjm 

158) If = = 

^ 8/3 \ J Bm^»yF(») / * 

a( . f*{ I C0S'9’(j3 — frcoBi)’)! 

^ = ^(9+j j--o + 

f(z) Ji h 

Bearing in mind that ^.nd that = r, we see that 

the first equation is the integral of equation 78), the second of 79), 
and the third of 80). 


96. Rotation of the Earth. Precession and Nutation. 

Since the earth is not an exact sphere, it is not centrobaric, that is 
the direction of the resultant of the attraction of its various parts 
on a distant point does not pass through its center of mass. Or, in 
other words, the attraction of a distant mass -point, not passing 
through the center of mass of the earth, possesses a moment about 
it, which tends to tilt the earth's axis. The sun and moon are so 

nearly spherical that they may 



M 


Fig. 306 . 



be considered as concentrated 
at their respective centers of 
mass. One of them, placed 
at M (Fig. 106), attracting the 
nearer portions of the earth 
more strongly than the more distant ones, tends to tip the earth’s 
axis more nearly vertical in the figure, and it is seen that this is 
the same in whichever side of the earth the body lies. Thus the 
sun always tends to make the earth’s axis more nearly perpendicular 
to the ecliptic, except when the sun lies on the earth’s equator, that 
is at the equinoxes. Thfe deflecting moment thus always tends to 
cause a motion of precession in the same direction, the tendency 
being greatest at the solstices, and disappearing at the equinoxes. 
The moon, which moves nearly in the plane of the ecliptic, produces 
a similar effect. 

It will be shown, in § 148, that the potential of a body at a 
distant point, on, y, z is given very approximately by 


159) 


, 1 (J5 + 0-2ul)ic*+ (C^ + ^-2J5)2/*+ U + 


where and A, B, C, are the principal moments of 

inertia of the body. If the distant point is the center of the sun, 
whose mass is m, the force exerted by the earth on the sun is 


X 


dr 


dv 


f7 


160) 
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But this is equal and opposite to the action of the sun upon the 
earth, the moment of which about the earth^s center of mass is 
accordingly 

L^~{yZ-zY), 

161) M=^~{sX-xZ), 

N^- (xT-yX). 

Differentiating the expression 159), since x appears both explicitly, 
and implicitly in r, and > 


162) 


■ 

dF 

dz 

and inserting in 161), 
163) 


dV X {B + C~2A)x 

dx dr r ' ^ 

dV y {G + A^2B)y 
dr r ' r^ ’ 

dV z {A^B-2G)Z 
dr r'^ r^ "" ' 


Sym(C — B)yz 

I, = > 


M 


^ym{A —C)zx 


*6ym{B — A)xy 


We may now insert these in Euler^s equations, wso that, if Xj z, 
the coordinates of the sun, are given as functions of the time, the 
earth’s motion may be found. Considering the earth to be symme- 
trical about its axis of figure, we put A = By so that ** 0, and 
the third equation gives r ** const., as in the case of the top. It is 
however more convenient for our purpose to use, instead of Euler’s 
equations a set of equations proposed by Puiseux, Resal, and Slesser, 
in which we take for axes, as suggested in § 84, the axis of symmetry, 
and two axes perpendicular to it, that is, lying in the equator, and 
moving in the earth We have, since we are dealing with principal axes 

164) H.^Ap, Hy^Aq, H^^Cr, 

which are to be inserted in equations 29), § 84, where we are to 
put the velocities with which the moving axes turn about themselves, 
which we will call r^, so that our equations are 


dif, 

dt 




dH, 

dt 




dS, 

"gl I" Po^y So-®* “ ® 


165 ) 
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If we choose as X-axis the line of nodes, or intersection of the 
equator with the ecliptic, or plane of the sun^s orbit about the earth, 
we have, in 65), ^ = 0, so that Euler’s geometric equations become 
simply, 

dd' d'lb . 


166) 


COS it. 


We have also jp =Jt>o; ^ while r is not equal to Inserting 

in the third equation 165), we have 0, const ^ SI, where 

SI is the angular velocity of the earth’s daily rotation. 

We shall content ourselves with an approximate solution of the 
equations, which may be obtained by neglecting the squares and 

products of small quantities. Observations show that and are 

, so that we may neglect r^^qQ, 

Thus our equations 165) become 


small, =* 50", 37 per year) 


^3? + ~ 

- OSlp - M. 


If the sun, or other disturbing body, did not move with respect to 
the axes of X, F, Z, then M would be constant, and the equations 
would be satisfied by constant values of jp, q, 


168) 


M 

^ ^ CSl' 


L 

CSl’ 


In order to ascertain whether these approximations are sufficient 
when L and M vary, let us differentiate equations 167), substituting 
in either the value of the first derivative of or ^ from the other, 
obtaining 


+ -^{csip + M) == 



169) 


.d>p 
^dt^ 

^d^q CSl 


dL 


^dt* 




dM 

dt 


r 


We have now to find the values of L, M 
in terms of the motion of the sun. 

If I be the longitude of the sun, that 
is the angle its radius vector OS makes 
with the X-axis, we have, passing a plane 
through the sun perpendicular to the X-axis 
(Fig. 107), 


X ^ rcosly y ^ r sin I cos •B’, 
r sin i! sin 
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so that, inserting in 163), 


170) 


*6ym{C—A) • 27 * a. a. 

I giji ^ cos 'd’, 

3ym(A— C) . , ^ 

— Sin I cos I sin 


If we suppose the sun’s path relative to the earth to be a circle, 
described with angular velocity w, we have 


so t hat 
171) 


I = A' 

dL 3ym((7 — A) I • o7 • a. a. i *2/ 

~ I n • sm 21 sin d' cos %' + sm^ / cos 

dM 3ym(A-0( o 7 • a. . *7 7 

^ - |w • cos 2 6 sm '3' + sm I cos I cos ^ 


Now if A = Gy there would be no motion of the earth’s axis, so 
that C — ^ is a small quantity of the order of ^ • The angular 
velocity though much larger, is still 365^ times smaller than 
so that if we neglect its product and that of with C — A, we 

may neglect the right hand sides of 169). Thus the approximation 168) 

d^t> d^Q 

is justified, for differentiating, it will make ^7 negligible, so 

that equations 167) are satisfied. Inserting the values of p,qyL,M, 
in 168), we have 


172) 


d'lfj 3 ym {C ~ A) .. 

d^ 3yni (C — A) . ^ . 

sm 'O' sm 


cos 21), 


These are the equations for the precession and nutation. In order 
to integrate them approximately, we may neglect the small difference, 
on the right, between and its mean value, so that inserting the 
value of 21 ^ 2 nt + 21^, considering d- constant, and integrating, 

% 


173) 


cos %'{t — + const, 


3 y 771 G — A 

^ 2 ~ G 

_ 3y77i C — A, . cos2? , , 

^ o o ^ ~ n ~ Sin -ff h const, 

2i2r’ G 2n 


We thus find the motion to be a regular precession, of amount 


together with a nutation in an ellipse (compare § 93), whose period 
is one -half that of the revolution of the disturbing body. 
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By means of observations of the value of the precession, we 
may thus obtain the ratio of - We see' that the forces causing 

precession are proportional to On account of the nearness of the 

moon, therefore, and in spite of its small mass, the precession 
produced by the moon is somewhat greater than that due to the 
sun. Since the moon’s orbit departs but little from the plane of the 
ecliptic the precession due to the moon may be calculated approxi- 
mately by the above formulae, and compounded with that due to 
the sun. 

97. Top on smooth Table. Having treated in detail the 
motion of a body with one point fixed, and three degrees of freedom, 
it remains to consider the motion of bodies which, like the ordinary 
top, spin upon a table or other surface. We must now consider 
the reaction between the body and the surface, and we have to 
distinguish between the ideal case of perfectly smooth, or frictionless 
bodies, where the reaction is normal, and bodies between which there 
is friction, so that the reaction is not normal. We will consider the 
first case. Let us examine the motion of a symmetrical top, spinning 
on a sharp point resting on a smooth horizontal plane. The top has 
five degrees of freedom, its position being defined as before by the 
three angles #, (p, and in addition, by the coordinates x, y, of the 

center of mass, the ^-coordinate being given by 

^ = Z cos 

Since the only force which we have not already considered is 
the reaction, which has no horizontal component, the horizontal 
component of the acceleration of the center of mass vanishes, so that 
its motion is in a straight line with constant velocity. It therefore 
remains only to determine the motion of rotation. This being in- 
dependent of the horizontal motion just found, we may consider the 
latter to vanish, so that the center of mass will be supposed to move 
in a vertical line. The motion thus becomes one of three freedoms, 
and we shall treat it by Lagrange’s method as before. By the 
principle of § 32, 50), the kinetic energy is equal to that which the 
body would have if concentrated at its center of mass, 

plus that which it would have if it performed its motion of rotation 
about the center of mass supposed at rest. If then A and C denote 
the moments of inertia about the center of mass (in § 90 they were 
the moments about the fixed point), we have 

175) T = I + C{(p' + il/cos»y\. 
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The potential energy is as before Wlcobd'. Consequently the only 
difference in the problem from that treated in § 90 is in the extra 
term in in the kinetic energy. Carrying out the 

various steps of §§ 90, 91, we find instead of the first equation 76) 
the equation 

176) sin^'fi*^ + sin^'fi’ . = a ~ acos^S* 

and putting z cos '9', 

1 77^ == “ “ *^ 2 ) ii5«) 

1 + ^ (1 

where we denote the roots of the denominator by jsr^, . It is to be 
noticed that they lie outside the interval 1, — 1, for evidently the 
coefficient of in 176) cannot vanish for real values of O’. 
dz 

The square of ^ being now the quotient of two polynomials 

in ^ is a hyperelliptic function of t. We may however, without a 
knowledge of these functions, treat the problem just as we did the 
former one, and we shall find that the top in general rises and falls 
between two of the roots of the numerator, and that the motion 
resembles the motion already discussed. The path of the peg has 
loops, cusps, or inflexions, according to the initial conditions, as 
before, while the regular precession and the small oscillations may 
be investigated as before. Whereas accordingly the functional relations 
involved are considerably different, physically this motion, which is 
that of the common top, closely resembles that already studied. 

98. Effect of Friction. Rising of Top. We have now to 
take account of the effect of friction. Here we have in addition to 
the normal component of the reaction a tangential component called 
the force of friction, and the ordinary law assumed is that the 
tangential component is equal to the normal component multiplied 
by a constant depending on the nature of the two surfaces in contact, 
called the coefficient of friction. If the friction is less than a certain 
amount, the two surfaces will slide one upon the other, and the 
direction of the friction will be such as to oppose the sliding, being 
in the direction of the relative motion of the points instantaneously 
in contact. The bodies are then said to be ^‘imperfectly rough”. If 
the friction is greater than a definite amount, it will prevent the 
sliding, and there is then no relative motion of the points of contact, 
so that there is a constraint due to the friction, which is expressed 
by an equation stating that the velocities of the points of the two 
surfaces in contact are equal. If one of the surfaces is at rest, as 
is usually the case, the instantaneous axis then always passes through 
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the point of contact. If it is in the tangent plane, the motion is 
said to be pure rolling, and the bodies act as if ^^perfectly rough''. 
If the instantaneous angular velocity has a normal component, this 
is known as pivoting y and is also resisted by a frictional moment. 
The pivoting friction is however usually neglected where the surfaces 
are supposed to touch at a single point. The conception of perfect 
roughness, involving the absolute prevention of slipping under all 
circumstances is as far from the truth as that of perfect smoothness, 
nevertheless slipping may often cease in actual motions, so that 
motions of perfect rolling, whether or not accompanied by pivoting, 
are important in practice. For instance, a bicycle wheel under 
normal circumstances rolls and pivots, if it slips the consequences 
may be serious. 

In the following sections we shall consider the methods of treating 
various cases of friction. We may however, without calculation, 
consider the effect of imperfect friction on the motion 
of the top spinning on the table. Let P (Fig. 108) 
/ represent the peg, no longer considered as a sharp 

^ / point. Let OH represent the angular momentum at 

the center of mass 0. The friction is in the direc- 
tion P, opposite to the motion of the point of 
contact of the peg with the table. The moment of 
, this force with respect to the center of mass is 

/ / perpendicular to the plane OP, or K, Thus the end 

/ of OH moves in the direction of K, that is rises. 

Thus the effect of friction is to make the top rise 
toward a vertical position. When it has reached 
Fig. 108 . that, it ^^sleeps” and the friction has become merely 
pivoting friction, tending to stop the motion. We 
have before seen that under conservative forces, the top would never 
become vertical except instantaneously b^ oscillation. 

The effect of friction on the Maxwell top may be most easily 
seen from the fact that the friction tends to stop the spinning, 
accordingly it causes a moment which is represented by a vector 
opposite in direction to co, Figs. 83 a, b. Compounding this vector 
with H we see that the moment of momentum vector H tends to 
move away from the axis of the two cones in Fig. 83 b while it tends 
towards it in Fig 83 a, thus the trace of the invariable axis (as it 
would be but for friction), instead of being an ellipse, is a spiral 
winding outwards in the former case, and inwards in the latter, as 
is shown by the arrows in Fig. 83. 


99. Motion of a Billiard Ball. We will now treat the 
problem of the motion of a sphere on a horizontal plane, taking 
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account of friction. The friction of sliding is supposed to be a force 
of magnitude I « liB where JR is the reaction between the ball and 
the table, and (i the coefficient of friction. F has the direction 
opposite to that of the motion of the point of contact of the ball 
and table. 

If the axes of X, Y are taken horizontal, Z vertical, we have 
for the motion of the center of mass the equations 

M I’f = X = Fcos {Fx) = nB cos (Fx), 

178) =- r = i? cos (Fy) = (iB cos (Fy), 

M% = Z = B-Mg, 

and since z is constant, R = JMg. 

Euler’s dynamical equations are, since A == B = C, 

179) 


a being the radius of the sphere. To determine the direction of F 
we have 

IT V 

180) 

where v*, Vy are the velocities of the lowest point of the sphere, 

181) dt- ^9, «« = df + «!». 

Differentiating these equations, and making use of 179), 

d^x dq X a* y 

, dp Y 

dt ^ ^ dt M A 

Dividing one of thes(3 by the other, and using 180), 


from which 


WbBSTEB, DynamioB. 2. 
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Integrating we have 
184) 


— = const 


Thus we find that F makes a constant angle with the axes of 
coordinates, and since it has the constant magnitude fiMg the center 
of the sphere experiences a constant acceleration, and describes a 
parabola. 

If the center of the sphere starts to move with the velocities 
F*, Vy and with a “twist”, whose components are we have, 

integrating 179), since X, Y are constant, 

P =1^0+ "2 ^ 

3 = 2o- .4 


Integrating the equations for the center of mass 


186) = - 

Inserting in 181) we find for 


y,+ 1‘- 


Accordingly, 

188) 


• — ago + ^ 


y - VX‘+P- ^Mg, 


II Mg 


T^-gMg 


y»-ag« 

l^y + gfo _ 

i/(n^)’+(T;T«P67' 


Since »*, Vy are linearly decreasing functions of the time, whose 
ratio is constant, they vanish at the same time 

. VJjit - ^)’ + ( ^1, + “P»)* 


(■+T) 


186 ) 
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The sliding then ceases. Obviously it cannot change sign, so that the 
above solution ceases to hold. The ball now rolls without sliding, 
and we have always, at subsequent instants, the equations of constraint 


Vx^Vy^ 0 , 

dx 


dy 

■£~-ap, 


190) 


X d^x dq Y 


Y d^y dp a* yr 

M~ ~ ^ di ~A^’ 

From this we obtain 

SO that X ==* y = 0 , and the ball moves uniformly in a straight line. 

In reality there is always a certain friction of pivoting^ causing 
a moment about the normal, but this would only affect the rotation 
component r, which would not affect the motion of the center of 
the ball. 


lOO. Pure Rolling. The preceding problem has illustrated 
both sliding friction and pure rolling. The treatment of the latter 
is interesting on account of a peculiarity in the nature of rolling 
constraint which makes the ordinary treatment of Lagrange’s equations 
require modification. We shall accordingly first present the application 
of Euler’s equations to this subject, but before doing so, we will 
treat by means of results already obtained one of the most important 
practical problems, which illustrates the steering of the bicycle, namely 
the rolling of a hoop or of a coin upon a rough horizontal plane. 

As the hoop rolls, if its plane is not vertical, it tends to fall, 
and thus to change the direction of its axis of symmetry. The falling 
motion developes a gyroscopic action, which causes the hoop to pivot 
about the point of contact, so that the path described on the table 
is not straight but curved. The pivoting motion, like the precession 
of the top, tends to prevent the falling, and to this is added the 
effect of the centrifugal force due to the curvilinear motion of the 
center of mass. Thus the hoop automatically steers itself so as to 
prevent falling, and a bicycle left to itself does the same thing. 

Let the position of the hoop be defined by the coordinates of 
its center of mass, and by the angles ff, 9 of § 90, d* being the 
inclination to the vertical of the axis of symmetry, or normal to the 
plane of the hoop at its center. We will examine the conditions for 
a regular precession, in which being constant, the center of 

mass and the point of contact of the hoop with the table evidently 

20 * 



808 


VII. DYNAMICS OF ROTATING BODIES. 


describe circles. In this case we have for the moment about the 
center of mass of the forces tending to increase d'y by 82), 

191) = Bind' casd" + cos ‘9’)^' sin '9'. 


The forces which act to change d* are, the weight of the hoop, 
which has zero moment about the center of mass, and the reaction 
of the table. Let JK, Fig. 109, (an edge view of 
the hoop) represent the vertical reaction, JE the 
horizontal component due to friction, which is 
normal to the path of the point of contact, the 
tangential component disappearing on account of 
the assumed constancy of the velocity of rolling, 
as in the case of the rolling sphere We accord- 
ingly have, taking moments, 

192j = Fa sin d' — Ra cos 



the motion of the center of mass, which is uniform 
circular motion, and supposing all the forces there 
applied, since there is no vertical motion, the resultant vertical 
component vanishes, or R^Mg and the horizontal component balances 
the centrifugal force, so that 


193) 




where b is the radius of the circle described by "the center of mass. 

Beside the dynamical equation we have the equation of constraint 
describing the rolling. Since there is no slipping, the rate at which 
the center of mass advances in its path is 


194) 


ar == a{g)^ + cos ^). 


But this is also, from the circular motion, equal to — bil^'. From 
the equation of constraint, 

195) a(y ^ cos ^) ^ — 6^', 


we may express (p' in terms of Doing this, aud inserting in 
191), 192), we obtain, 


— sin'3'cos^ — ^ Bind' — MgcosO') 

or 

196) tjj' ^[Aa Bind- coB^ + b(G + Ma^) Bind'} *= cos'd* 

as the equation for the steady motion, connecting the inclination of 
the hoop, the radius of the path, and the velocity of its description. 
In order to make the hoop roll in this manner, the proper velocity 
of pivoting as well as that of rolling qp', must be initially imparted 
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to it. It is to be observed, either by considering this example, or 
from the results of § 90, that in order to prevent the hoop from 
falling, it must be steered, or given a pivoting movement, towards 
the side to which it tends to fall, and this is the practical manner 
of steering a bicycle. It is to be remarked that in steering the 
bicycle by the rider, the centrifugal force plays a greater part than 
the gyroscopic action of the wheel. For a treatment of this subject, 
the reader is referred to Appeil, Traite de Me'canique Eationelle, and 
Lcs Momements de Ttoulement en DynamiquCf and to papers by Bourlet, 
Carvallo, and Boussinesq. 

We will now consider the general treatment of the motion of a 
body bounded by a surface of revolution, and dynamically symme- 
trical about the axis of revolution, rolling 
without sliding on a rough horizontal plane. 

We shall follow the method and notation of 
Appeil. Let us take as axes, with origin at 
the center of mass of the body, as in § 90, a 
set of moving axes turning about themselves 
with angular velocities of which the 

Z-axis is the axis of revolution, the Y-axis 
the horizontal axis in the equator of the body 
(the line of nodes of § 90) and the X-axis 
directed toward the ground in the vertical 
plane containing the Z-axis (Fig. 110). We 
have accordingly to put in EuleFs geometrical 

equations, 65), y so that 

197) Pq =-- — sin Qq = -O’', == cos 

These are connected with the rotation of the body by the relation 

Po = Py r„=.y-9)' 

(g? not being constant for the body). 

For the motion of the center of mass, we have the components 
of the weight of the body 

198) X == Mg sin #, Y = 0, Z = — Mg cos '9', 

together with the unknown components of the reaction, which we 
will call Bxy By, Bt, The resultant is to be equated to the product 
of the mass by the acceleration of the center of mass, using the 
method of § 77 for moving axes. If t;*, Vy, v, are the components of 
the velocity of the center of mass along the instantaneous positions 
of the moving axes, we have accordingly, substituting v*, Vy, for 
X, y, g, in 128) § 77, 
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+ q„v, - roO =• -Rj: + Jf grain «•, 

199) - jPo»») = -Rir* 

^i'W Po^v— = jR. - cos a-. 

For the rotation we have, as in § 96, 166), since J) =Po? 

d? + 

200) ^ If ~ ~ H Hr — xR,, 

We have finally, as the conditions for rolling and pivoting, the 
equations stating that the velocity of the point of contact with the 
plane (whose coordinates are x, y, z) is at rest. 

Vx + = 0 , 

201 ) Vy + rx — = 0 , 

Vt — qx = 0 . 

The coordinates x, z of the point of contact are obtained as known 
functions of from the equation of the meridian of the body. We 
have accordingly the eighteen equations 197 — 201) between the 
eighteen quantities 

'«xy %, p, q, r, P^, go, ^0, Vr, q>, •R.r, Ry, R., 

or just enough to determine them. The differential equations are all 
of the first order. 

The reactions may be at once eliminated from the equations 
199), 200). By differentiating 201) we may eliminate the derivatives 
of Vxf Vy V, from 199). In doing this, however, we introduce the 
derivatives of x, Zy which are functions of -d*, so that in general the 
equations become complicated. We shall therefore confine ourselves 
to the case of a body rolling on a sharp edge, like a circular 
cylinder with a plane bottom, or a hoop or disk. We then have 
Xy z constants, 

X = tty Z ^ Cy 


where a is the radius of the circular edge, c the distance of the 
center of mass from its plane, which is zero in the case of the hoop. 
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The e([uations of the motion of the center of mass thns become 
c + o 3* + (»»■ — <^P)) = -Ba- + ^9 sin 

202) itf( - a|j - cr^q-apqj = 

■^ ( ® ^ — a r) + c 3 *^ = iJ, — Jf’jr cos ■0'. 

We may verify that these equations are satisfied by the steady motion 
in which q ^ 0, jp and r are constants. For the case of the hoop, 
in which c ^ 0, they thus become 

jJfaror = JSa: + Mgsind', 

203) 0=-Ey, 

— Mapr =R;i — Mg cos d', 
while the second of 200) becomes 

204) (Or — ArQ)p -- aR^. 

Eliminating R^ we have the equation for the steady motion 

205) {Cr — ArQ)p + aM{apr — g cos ^) == 0 

which, on inserting the values of p^ r, and from 197) is the same 
as equation 196). From the first equation 203) we may calculate Bg. 
from which the tendency to slip, R cosfi* is found. If this is greater 
than Mgp the hoop will slip. The slipping of the bicycle may be 
similarly dealt with. 

In order to treat the general motion, let us eliminate By from 
the first and third of equations 200) and then from the third of 200) 
and the second of 202), obtaining 

Aa^ + Oc^ + (Or-Ar,)q..O, 

- » n - («>■,+ »!•)?) - C 0. 

If in these equations we substitute from 197), 

we find that each term contains dt in the denominator, so that we. 
may change the variable from ^ to S' by multiplying by giving 

+ 06^ + Car 4- .^ajJctnS- = 0, 

Mac^ — (C + Ma^)^ — Ma^p + Macpotn9‘ = 0, 


207) 



312 


VII. DYNAMICS OF ROTATING BODIES. 


aei two equations to determine ^ and r as functions of When 
they are thus determined, the equation of energy 

208) M (vS ^vl + vX) + A{p^^q^) + Cr^^2[h--Mg{a^m^ — c cos %) }, 
or by 201), 

209) {A+ Jfc®)p*+ (A + Ma^-\- Mc^)( 2 ^+ (C + Ma^)r^ — 2Macpr 

=s= 2{h Mg (a sind^ — ^cos'3')}, 

suffices to determine q sls 8, function of fi*. Thus we see that when- 
ever ^ returns to a former value, the circumstances of the rolling 
are repeated, so that the motion is periodic. 

Eliminating ^ from 207), we obtain 
210) MAa^p = - {AC + M(A + 6V)}-J|; - MCacr, 


differentiating which, we may eliminate p, obtaining for r, 

211) ^ " 

a linear differential equation for r, with variable coefficients. In the 
case of the disk, where c == 0, by introducing the new variable 

X = cos^ fi-, 

we reduce the equation to the form 


dr 


31Ca' 


212) *(1 2*)da: A(a + Ma^) 

which is the differential equation of Gauss, 


=--0 


213) a; (1 - ^) S + [y - (« + ^ + 1) aj] - «/Jr = 0, 


if we put 


l> a+/l = |’ «/l = 


' dx 
MCa^ 


4.A(C-\-Ma^) 


This differential equation is satisfied by the hypergeometric series 
214) F{a, /3, y, x) 


ty 1.2-7(7 + 1) 


j. «(«+l)( « + 2)^(^ + l)(P + 2) .8 , . . . 

1 - 2 • 3 - 7(7 + J)(y + 2) 

and by the theory of linear differential equations we find that the 
general integral is 

r = CiF(a,p, y,x) 4 Cga:’-»'J?'(a — y 4 1, /3-y4l, 2-y, «), 
^ r c^Ffa, /S,^ » cos* 4 Cjcosff 4 y> /3 4 
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where Cj and o, Are arbitrary constants. From this we obtain 

_ C+Jfa» dr 
^ Ma* 

d “O’ d t 

and from equation 209) we obtain or as a function of <9', 

so that the time is given in terms of ^ by a quadrature The 
explicit completion of the solution is too complicated to be of use 
in investigating the motion. The equations 207) have been investigated 
by Carvallo by a development in series, from which the properties 
of the motion are investigated. 


101. Lagrange’s Equations applied to Bolling. Non- 
integrable Constraints. In the attempt to apply the method of 
Lagrange to the problem of rolling we are met with a peculiar 
difficulty, which has been the subject of researches by Vierkant and 
Hadamard.') We shall follow the treatment of the former of the 
rolling of a disk. Let us characterize the position of the disk by 
the angles 9*, qp, as before, and in addition by the coordinates y 
with respect to a set of fixed 
axes in the horizontal plane, of 
the point of contact of the disk 
and plane. These five coordinates 
completely characterize the posi- 
tion of the disk, but are not 
all independent, on account of 
the constraint of rolling. If we 
measure ^ as the angle made 
by the vertical plane through 
the normal to the disk with the 
X-axis, as indicated in Fig. Ill, 
we see that changes of and 9* 
do not affect the coordinates of the point of contact, but that a 
change Sq) of q? causes a shifting whose components Sx, 8y are given 
by the equations of rolling, 



Pig. 111. 


216) 


8x + aSq>Bmil/ == 0, 
dy — adycos^ = 0, 


which constitute the equations of constraint. These equations differ 
from any that we have heretofore met, in that they are not integrable^ 
that is, they are not, like the equations 8) Chapter III, derived from 
equations obtained by putting certain functions of our five variables 

1) Vierkant. tJber gleitende und rollende Betvepung. Monatshefte fur Math, 
u. Physik, 1892, p. 81. 
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equal to constants. We can not then^ as was assunoied in § 36 in 
deducing Lagrange’s equations, use the equations of constraint to 
express the position of the system in terms of a less number of 
coordinates equal to the number of degrees of freedom, three in 
this case. 

Moreover, we can not even use the equations connecting the 
velocities, 

« — aw^ Bmp, 

217) , , , 

y' ^ agp’cos^, 

to express the kinetic energy in terms of d'', q>\ p' alone, as was 
explicitly pointed out by Vierkant. On the other hand, we must 
keep all the coordinates and their velocities in the expression of the 
kinetic energy, as if there were no constraints, and form the equa- 
tion of d’Alembert’s Principle as in § 37, 56), and afterwards introduce 
the fact that the changes of the coordinates are not all independent, 
by means of undetermined multipliers, as in § 25. 

If I, ^ are the coordinates of the center of mass of the disk, 
we have for the kinetic energy, 

218 ) T=ijlf(|'*+V*+S'*)+ sin^^-V-'*) 

+ + ilf'cos»y, 

where 

^ ^ X + a cos d' cos pf 

219) rj == y + acos^* sin^, 

^ = a sin 

and differentiating, 

1'== a;' — a(sin^cos^-'^' + coB^Binp ^p^), 

220) ^ ^y^ a(sin'3’ Binp-d’^ — coBd’Cosp •p^)^ 

acos'3’-'i^'. 

(Squaring and adding, we obtain for the kinetic energy, 

221) r = ijf{a;'*+«/'2+a*(^'*+ cos*a-.^'*) 

+ 2a[— sin ■S' - ^'{x'coBi) + i/'sinV*) 

+ oos O' ■ il>' {— x' Bin rl/ + y' cos ^)]} 

+ i ^.(■0''®+ sin*-9'-(^»'*).+ |-C(g?' + cos -O')*. 

Forming now the equation of d’Alembert, adding equations 216 ) 
multiplied by X and (i respectively, and equating to zero the coeffi- 
cients of da:, Sy, Sd-, d^, dy, we obtain the equations of motion 
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222 a) + a{— sin ^ cos cos<^ sin^*-^')} + A = 0 , 

b) ® (~ ^ ^ + cos'd* cos ^ • ‘^^)} + (1 = 0^ 

c) — Ma sin d* (a;' cos ^ + y'sin^)} 

+ (ibfa^— --4)^'^sind cosd 

+ (7sind*^7^^+ ^^cosd) + il!/acosdd\a?'cos^ + ?/'sin^) 
+ -Ma sin d • a:' sin ^ cos ^) = — Jf^a cos d, 

d) ^^{(Ma^cos^d + -4sin^d) + Ceos d(g?' + cos d) 

+ Ma cos d (— x' sin tl^ + cos ^)} 

+ 3Ia sin d • d' (— ' sin ^ + y^ cos 

— ' Ma cos d • cos^ — y^ sin - 0, 

e) ^ cosd) + Aasin^ — fiacosip ^ 0 . 

We must observe that if we bad taken account of the equations 217) 
in the expression 221 ) for the kinetic energy, before differentiating, 
we should have obtained quite different equations. Having performed 
the differentiations, however, and introduced in the equations all the 
reactions belonging to the different coordinates, we may now take 
account of the equations of constraint, thus introducing, in effect, 
the statement of the equilibration of some of the reactions, and 
causing some of the terms to drop out. 

Now introducing the values of x\ y\ from 217) in 222), and 
eliminating A, y. from 222a b, e), we obtain 

223) jMa* I sin (sin ^ • 9 ?^ + sin d cos ^ • d^ + cos d sin ^ 

+ cos^^^(cos^ • 9 ?' — sindsin^-d^ + cosdeos^ • ^')| 

+ (7^(9)' + COBS' = 0, 

which, on performing the differentiations, and cancelling some of the 
terms, becomes 

224) (Jlfo* + C) ^^((p' + cos d'-ip') — Jfo^shi'S’ • 0. 

Making corresponding simplifications in 222 d) it becomes 

225) ^ |(Jfa*+ (7)coS'9'(9)'+cos'9'-^')+-4sin*^- V’'! 

+ -O'' (p' — 0 . 



316 


VII. DYNAMICS OF BOTATING BODIES. 


Since the last terms of both these equations contains it is suggested 
that we change the independent Tariable from ^ to which is done 
by dividing through by giving 

226a) (Ma? + 0) ^ (y ' + cos ^ • ^') - Ma^ sin ^ = 0, 

b) (7) COB ■0' (qp ' + cosd’-f') + 

+ Ma^ sin '9’ • 9 )' = 0 , 

as two simultaneous equations io determine and q)^ as functions 
of Now observing that qp'+ coS'^*i/;'= r, let us multiply the 
first equation by cosfi’ and subtract it from the second, obtaining, 
on performing the differentations and simplifying 

227) — Csind' r + (sin^fi- "i/;') = 0. 


Introducing the value of from 226a), performing the differentia- 
tions, we have finally, 


228) 


(Pr 


-f ctnff* 


dr 


MC a 


which is the same as the equation 210 ) obtained by Appell and 
Korteweg, by a totally different process. 

Having obtained r, we obtain from 227), we may then obtain 
ff' from the equation of energy, and obtain the time as before. 


102. Moving Axes. It is often convenient to refer the motion 
of a body to a set of axes which are themselves moving in space. 
Let us first suppose that they move parallel to themselves and that 
the moving origin has the coordinates S, & with respect to a system 
of parallel axes fixed in space. Let the coordinates of a point with 
respect to the fixed axes be ad, ?/, / and to the moving axes x, z, 
then 


J 

1 + a: 

) 


^n + 

y, 



dx* 


+ 

dx 

d^x' 


dn 

+ 

d*x 

dt 

= 

dt 


dt^ 


dt* 

dt*’ 

dy' 

dt 

II 

+ 

dy 

dt' 

dW 

dt^ 


d*n 

dt* 

+ 

d*y 

dt*’ 

dz* 


+ 

dz 

d^z* 


d*i: 

+ 

d*z 

dt 

dt 

dt ' 

dt^ 


di* 

dt*’ 


showing that the velocity and acceleration of a point with respect 
to the fixed axes are the resultants of the velocity and acceleration 
of the point with respect to the moving axes, and of those of a 
point rigidly connected to the moving axes. We may accordingly 
consider the moving axes at rest, provided that, in addition to the 
forces impressed upon the system, we impress forces capable of 
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producing accelerations equal and opposite to the actual accelerations 
of the origin of the moving axes. 

As an example, let us consider the problem of two bodies (§ 16), 
which is important in the practical case of the sun and a planet, 
neglecting the action of the other planets. We have seen in § 32 
that the center of mass of the two bodies remains at rest, while the 
sun moves about it, in practice however we are interested in the 
motion of the planets with respect to the sun. We will therefore, 
in order to consider the sun as at rest, apply to the whole system 
an acceleration equal and opposite to that possessed by the sun. Let 
us call the mass of the sun My its coordinates with respect to fixed 
axes I, 1 ^, g, the mass of the planet m, its coordinates with respect 
to the fixed axes x\ y\ with respect to parallel axes through the 
sun y, We then have by the equations of § 16, 



230) 

M = y Mm = - w , 

while by combining these with 229) we obtain for the relative motion, 

+ ») ?. ’ 

281) •» w - '« © - S) --)■>»(* + •») J ’ 

(d^z* d^t\ /■nr I \ ^ 

We accordingly find that the differential equations for the relative 
motion are the same as those for the absolute motion, except for 
the factor M + m on the right instead of M. Thus if the sun be 
considered to be at rest, the first two of Kepler’s laws are still valid, 
while the third needs the slight correction that the ratio of the 
cubes of the semi -axes to the squares of the times of revolution are 
not absolutely constant for all the planets, but proportional to the 
sums of masses of sun and planet. As even in the case of Jupiter, 
the largest, m is less than one -thousandth of Jkf, the correction 
is slight. 


103. Rotating Axes. Theorem of Coriolis. Suppose now 
that the origin is fixed, but that the moving axes revolve with an 
angular velocity whose projections upon their own instantaneous 
directions are p, q, r. Then we have found in § 77, 128) for the 
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actual Tclocities of a point projected on the instantaneous directions 
of the axes se, y, g, 

dx 

Vx == sq — yr + 

232) ---= xr — gp + 

dz 


The first two terms, respresenting the vector -product of the angular 
velocity of the moving axes by the position -vector of the point, 
represent the components of the velocity of a point fixed to the 
moving axes, the last terms represent the velocity relative to the 
moving axes. 

We might now, in order to find the components of the actual 
acceleration along the instantaneous positions of the moving axes, 
make use of equations 128), § 77, to obtain the velocity of the end 
of the velocity -Yecbor, that is put for x, y, the quantities Vx^ Vyy v» 
when on the left we should obtain axy ay, a,, as has been suggested 
for jy in § 84 (after 29) but we shall rather choose for the sake of 
variety, to proceed by means of Lagrange^s method to find the forces 
tending to increase the relative coordinates x, j/, z. Suppose a particle 
of mass m to have coordinates a?, y z in the moving system. Its 
kinetic energy is then 


T ^-m (v/ + Vy^ -f v/), 


that is 


T^-^m 


[0+ e)'+ ©■ 


+ ^ *1’) + Sito -»s)) 

+ — yry+ (ocr - zpy+ (yp — xqY^j. 

Then the force tending to increase the coordinate x is by Lagrange’s 
equations, 

“ •“[r.llf + ('9 - - ’■If + « * 

— r(xr — gp) + q(pp — ajg)"]. 

Accordingly, the acceleration due to X is 
oORN A d*a7 , dif ck dy , da dr 

235) ax^~^^-\-2q^,-2rl-^g-£-yj. 


dt ^ ^ dt 


x(q^ + + rpg + pqy. 
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This is the expres^sion for the component of the actual acceleration 

of the point resolved along the instantaneous direction of the axis 

d^x 

of X. We see that besides the relative acceleration it contains 

terms involving the relative velocities^; the angular velocities 

of the moving axes p, q, r and their derivatives; 

A point fixed to the moving system at x, y, z ivould have the 
accelerations 

a,0- - y% - r*) +i) {qy + rg), 

236) + P*) + ^ +PX'), 

a.o - — 4f(l)*+3*) + r(jpi + 22/). 


These may be called the components of acceleration of transportation 
{mtrainemmt) or the acceleration of the moving space. They represent 
the centripetal acceleration of the transported point. (If p, q^ r are 
constant, we have in the last two terms the ordinary expressions for 
centripetal acceleration, whose resultant is divided by the distance 
from the axis of rotation.) Beside these and the relative accelerations 
there are terms 

2 

237 ) 

These are termed the components of the compound centripetal accel- 
eration, We accordingly have for the total acceleration 

d^x Y 

<^x ™ -r "T 

238) ay ^ ^ + ayo + Jy, 

, , r 

Ofz - + dz, 


\ dz dy\ 
[^di-^TtV 


that is the actual acceleration of the point is the resultant of the 
relative acceleration, the acceleration of transportation, and of the 
compound centripetal acceleration. Accordingly we may consider the 
axes at rest if we add to the actual forces applied forces capable of 
producing an acceleration equal and opposite to the acceleration of 
transportation and the compound centripetal acceleration. This is 
known as Coriolis’s theorem. 
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The resultant often known as the acceleration of Coriolis, is 
evidently perpendicular to the relative velocity whose components 

are ^ and to the axis of jp, q, r and is equal to twice the 

vector -product of the angular velocity of the axes and the relative 
velocity of the particle. It is interesting to notice that the accel- 
eration of Coriolis arises from the presence of linear terms in the 

velocities, in the kinetic energy, the effect of which in 

introducing gyroscopic terms was explained in § oO Thus a particle 
may be arranged to represent by its motions relatively to a uniformly 
revolving body, such as the earth, the motions of a system containing 
a gyrostcft. This remark is due to Thomson and Tait. 

104. Motion relatively to the Earth. Let us suppose the 
axes chosen are taken fixed in the earth, the origin at the center, 
the ^-axis the axis of rotation. Let the earth rotate with the constant 
angular velocity Sly which expressed in seconds is 

^ - -- .0000729211 sec.-^ 

86,164.1 sec. 

and is very small. Then p q ~ 0, r - SI, The centripetal accel- 
eration of transportation is then 

— xSl^y 
ttyo- -ySi^ 

0 * ^ b 

Accordingly for a point at rest on the earth we may consider the 
earth at rest, provided we add to other applied forces a centrifugal 
force whose components are mSl^Xy mSl^y, This centrifugal force is 

239) mSl^ - mSl^E cos cpy 

where B is the radius of the earth and g? is the latitude. This is a 
subtractive part of g, the acceleration of gravity, which is consequently 
greatest at the poles, least at the equator. The vertical part of the 
centrifugal force is mSl^Bco^^tp. This acceleration is common to 
all bodies at rest on the earth, and hence is included with gravity 
in our ordinary experiments. It need not then be further noticed. 
There is however to be considered the apparent compound centrifugal 
force, — mJjo^ — mJy, — m J«, which acts on bodies in motion rela- 
tively to the earth. 

240) -mJy ^ 

— 0 . 
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The equations of motion of a body acted on by forces -X, F, Z are 
then 


dt^ ' dt 


241) 


m 


m 


d^y 
di^ 
d*z 
dt^ ' 


¥ ~ 2mSl 


Z, 


dx 

It' 


the terms in SI having the usual property of gyroscopic forces. For 
a falling body we have, if. the plane XZ is the vertical plane at the 
place of observation, 

X == — mg cos (p, Z ^ — mg sin 9), Y = 0. 

Then the equations are 

242) ^ - 

d^z 

dt- =-^sin <p. 

Let us now introduce a set of axes |, ly, g, with g vertical, 
S from north to south, ^ from west to east (Fig. 112). The direc- 
tion cosines of the new axes are given by 
the table 




sin (p 


V 

S 


0 

cos (f 


Y 

0 


0 


— cos 9? 


sin (p 



from which we have for the equations for 
the transformation of coordinates 

a; = S sin 9? + g cos 9? , | == sin 9? — 0 cos 9), 

243) y = ri , rj == y , 

s — — I cos 9> + £ sin y>, £ = a; cos y> + /g sin yi. 

Inserting in the differential equations 242), 

2ii8in 9? 


2 SI 


di^ 

d*r] 
dt- 

^ cos g> 

WBBSTBB, Dynamics a. 


244) 


(di . , df 


9>}> 


21 
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These are linear equations with constant coefficients, and may readily 
be integrated. As a simple example let us consider the effect of the 
earth*s rotation on a railway train moving with constant velocity. 
A railway train running with a velocity v is urged to the right 
with a force 

m ^ = 2mSlv sin 

The acceleration experienced by a train running 50 miles per hour 
in latitude 45® would be 


sin 45® ~ ^ ^ 0 2B05 

86,164.1 X 8600 sec * ^ ^ 


cm « n 0.2806 

j or a lorce oi 


sec* 980 

of its weight. 

Secondly consider a body falling freely. We shall assume that 
the body is dropped from a point in the ^-axis with no initial 
velocity. Then integrating the first of equations 244) we obtain 

= 2ilisin (p • f]. 

Integrating the third 

1 Cm 

di ^ - yt + 2 SI cos qp 12. 

Substituting this in the second 

— 2iJ{2iQsin^ g? i 2 — gt cos (p + 2Sl coB^^cp-rj]. 

Integrating this, making the assumption that may be neglected, 
we have 

~== SlcoBq)- gt\ 

Integrating again, 

12 SI GOB (p-gPy 
and inserting this value in 

= -gt+ g- Si' cos* 

Consequently we have finally 

? - £o = - Y 

^ ~ sin 9 cos tp gi^, 

l=»0, 

to this order of approximation. We have 


cos 9 1 /8 (fo- £■)• 

‘ Z y g ' 
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The particle falls to the east by an amount proportional to the square 
root of the cube of the height of fall and to the cosine of the 
latitude. This has been experimentally verified. 

105. Motion of a Spherical Pendulum. We have for the 
pendulum the equation of constraint 

(r + ij* + g* = O = 0, 

so that to the previous equations of motion are added terms 


ai’ 


x^f, xir, 

dri di 


giving 


245) 




dri 


dl^ = sin qp ^ 


d*ri 
dt^ 
d^ 
dt^ ' 


+ 


-2£l (sin <p 2 + cos ip Jl) + Xri, 
— .9 + 2 /i cos 9 ^ -f 


Multiplying by respectively and adding, then integrating, 

we get the equation of energy, 

the gyroscopic terms disappearing, as usual. For a second integral 
we get as in § 23, 


247) 


td*7j 

5 di* 


-2i2sin<p 


2iScos 9^ • I 


If we assume that the oscillations are infinitely small, 

1* + ^* 






is infinitely small, and the last term above is of the third order and 
may be neglected. Integrating we have 

248) I ^ - 1 ? sin 9 {I* + + 6. 

The equation of energy 246) becomes 

Inserting polar coordinates, 

5 = r cos CO, 


«= r sin CD, 


21 * 
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the integrals become 

f 

250) 


r* ^ — SI sin g)- r\ 

CO + SI Bin q) t rlf, 


^ dt 


If we put 

the first becomes 

251) 

and the second, 

252) (£) + »•* (S’) - 2^^* S + = « + y 

Introducing the aboTe value of ^*S’ putting a -{-2bSlain<p = c, and 
neglecting £1% 

253) 


I r\ 




This and 251) are the equations of the spherical pendulum, but we have 

0 ^ 1 /; — Si sin (p‘t, 

hence the axes of the ellipse described by the bob revolve around 
the vertical with the angular velocity Si sin (p in the direction east- 
south -west -north. This was verified by Foucault in his celebrated 
experiment made in the Pantheon at Paris in 1852. 


106. Foucault’s Gyroscope. Let us now consider the cele- 
brated experiments by which, by means of a gyroscope, Foucault 
demonstrated the rotation of the earth. Let us consider a symmetrical 
gyroscope, suspended by its center of mass. If it is free to move, 
and is started spinning about its axis of symmetry, it will evidently 
by the principle of conservation of angular momentum, keep the axis 
of angular momentum, which is here the axis of symmetry, pointing 
in the same direction in space, so that this axis, while pointing 
always at the same star, describes a circular cone with reference to 
the earth. Instead of treating the general motion, which would lead 
to too great complications, we shall treat two important cases, in 
which the axis of symmetry is constrained to move either in a 
vertical or horizontal plane. This we shall do by making use of 
equations 29), § 84, following the method of Hayward, who gave 
those equations, in a paper in the Transactions of the Cambridge 
Philosophical Society, Vol. 10, read in 1856. 

Suppose first the top constrained to move in a vertical plane, 
and take for axis of Z, the axis of figure, which makes an angle # 
with the earth^B axis, for axes of X and Y axes fixed in the meridian 
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and at right angles to it, like the axes S, S of Fig. 112 
have for the motion of the axes 

264) ^ sin g == r ^ SI cos 

while if £D be the velocity of rotation of the top about the Z-axis, 
we have for the moment of momentum, the axes being principal 
axes, though not fixed in the top, 

255) ASl sin Hy=^A H, = Ca. 

Inserting now in the equations 29), § 84, the constraint producing 
a couple Zr, 


256) 


i a. X /I 

A SI cos it -^2 + Cm , . ■ 
at at 


.Ai^icoBfi* = L, 


A “ — ASl'^ sin O' cos fi* + CSlm sin d' == 0, 

C — A SI sin # “ + ASl sin fi* ^ = 0. 


dt — - dt 
From the last of these equations, m is constant, while from the 
second, neglecting Sl^, we have 

257) + / iftwsin fi* = 0. 


oscillation will be, 




The first equation 256) determines the constraint L. Equation 257) 
is the equation for the motion of a plane pendulum, § 22, so that 
the gyroscope will perform oscillations about a line parallel to the 
earth’s axis, or will be in equi- 
librium when of = 0, thus afford- 
ing a means of determining the 
latitude. The time of a small 

A- 

CSib) 

which, on account of the small- 
ness of Slj will be very great 
unless CO be made very great. 

The experiment was performed 
with success by Foucault. 

In the second case let us 
suppose the gyroscope con- 
strained to move in a horizontal 
plane. Let us take for F-axis 
the vertical, corresponding to 

the 5 -axis of Fig. 112, for the Z-axis the axis of figure of the 
top, making the variable angle g? with the north, towards the 
east, and for the X-axis a perpendicular to these (Fig. 113). The 
rotation of the earth gives the components — SI Bin d'y SI cob d' in the 
direction of the £ axes respectively ('ff being the co- latitude and 
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not variable), which give by the use of the table of direction cosines, 



X 

Y 

z 

l 

— sin qp 

0 

— cosqp 

n 

— cosqp 

0 

sin (p 

% 

_i 

0 

_ J 

I 1 

1 

0 


the values of the rotations of the axes 

p = Sl8m&smq)y 

258) q = SiGoa&-^y 

r = SI sin ^ cos qp, 

and for the angular momenta, co being again the velocity of spinning, 

Hr = A SI sin d' sin qp, 

259) = ^1). 

H, = Cm. 

Inserting in equations 29, § 84, the constraint producing the couple 2>, 
^ sin # cos 9^ cos ^ 

SI cos # — SI sin # cos q) = L, 

260) — ^ ASl^ sin^ d' sin qp cos qp — CSlco sin d' sin qp == 0, 

+ A cos ^ *— SI sin sin qp 

-- ASl (^Sl cos ^ sin ^ sin qp == 0. 

The last equation again shows that o is constant, while from the 
second, neglecting Sl^ we have 

261) A ^ SI CO sin ^ ■ sin qp == 0. 

The lirst equation determines the constraint L. The gyroscope again 
performs oscillations about the meridian, with the period 

A _ 

Giioosini^ 

which is greater the greater the latitude, being infinite at the poles. The 
gyroscope in this mounting therefore constitutes a dynamical compass. 
This theory has been reduced to practice in a very ingenious manner 
in the gyroscopic compass of Anschiitz.^) 

It is to be noticed in both cases that the equilibrium is stable 
for '9' == 0 or qp = 0 if (0 is positive, and for = sr, qp = jje if co is 
negative, in other words the gyroscope tends to set its axis as nearly 
as possible parallel with the earth’s axis, so that its direction of 
rotation shall correspond with that of the earth. This was clearly 
stated by Foucault, although he employed no mathematics. 

1) Nature, July 1911. 





PART m 


THEORY OF THE POTENTIAL, 
DYNAMICS OF DEFORMABLE 


BODIES 




107 , 108 ] 


POINT. FUNCTION. LEVEL SURFACE. 


329 


CHAPTER VIII. 

NEWTONIAN POTENTIAL FUNCTION. 

107. Point -Function. If for every position of a point in a 
region of space t a quantity has one or more definite values assigned, 
it is said to be a function of the point, or point-function. This 
term was introduced by Lame. If at every point it has a single value, 
it is a uniform function. Functions of the two or three rectangular 
coordinates of the point are point-functions. A point-function is 
continuous at a point A if we can find corresponding to any posi- 
tive Bj however small, a value 8 such that when B is any point 
inside a sphere of radius < d, 

We may have vector as well as scalar point-functions, the length 
and direction of the vector being given for every point. A vector 
point-function is continuous if its components along the coordinate 
axes are continuous point- functions. 

108. Level Surface of Scalar Point -Function. If F is a 

uniform function of the point Jlf, continuous and without maximum 
or minimum in a portion of space r, through 
any point M in the region r we may construct 
a surface having the property that for every 
point on it F has the same value. 

For let the value of F at ifcf be c. Then 
since c is neither a maximum nor minimum, 
we can find in the neighbourhood of M two 
points A and B, such that at J., F is less, 
and at greater than c, and that in moving 

along a line AB through M, V continually increases. If the line 
AMB displaced to the position A!M^B\ so that 

I V{A) - V{A!) \<c- V{A) 

I V{B) - V{B’) \<V{B)-c, 

then V {A!) <c< F(JS'), therefore there is a point JIf' on the line 
A! B^ for which F =*= c. 



Fig. 114. 
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As -4JB moves continuously M describes a line, and this line in 
its motion describes a surface, for every point of which F = c. Such 
a surface is called a level surface of the function F. A level surface 
divides space into two parts, for one of which F is greater, and for 
the other less, than in the surface. 

As examples of point-functions we may take (1) the length of 
a line drawn from the point 31 parallel to a given line until it cuts 
a given plane. Its level surfaces are planes parallel to the given 
plane. (2) The distance of 31 from a fixed point 0. The level sur- 
faces are spheres with centers at 0. (3) The angle that the radius 

vector 031 makes with a fixed line OX The level surfaces are right 
circular cones with OX as axis. (4) The dihedral angle made by 
the plane 31 OX with a fixed plane through OX. The level surfaces 
are planes through OX. 

109. Coordinates. If a point is restricted to lie on a given 
surface Sy the intersections of that surface with the level surfaces of 
a function F are the level lines of the function on the surface S\ 
e. g. in examples (3) and (4) above, if S is a sphere with 0 as center, 
the level lines are parallels and meridians respectively. 

A function /"(Fi, Fj>, . . .) of several point- functions is itself a 
point-function. If it is a function of one V only, its level surfaces 
are the same as those of F, for when V is constant, f(V) is also 
constant. 

Let q^j q^f gg be three uniform point -functions. Each has a level 
surface passing through the point 3f. If these three level surfaces 
do not coincide or intersect in a common curve, they determine the 
point 3Iy and we may regard the point -functions g^, gg, gg as the 
coordinates of the point 31. The level surfaces of g^, gg, gg are the 
coordinate surfaces, and the intersections of pairs 
are the coordinate lines. The tangents to the coordinate lines at 3£ 
are called the coordinate axes at 31. If at every point 31 the co- 
ordinate axes are mutually perpendicular, the system is said to be 
an orthogonal system. 

110. Differential Parameter. The consideration of point- 
functions leads to the introduction of a particular sort of derivative. 
If F is a uniform point -function, continuous at a point Jf, and 
possessing there the value F, and at a point 31^ the value F', in virtue 
of continuity, when the distance 3131^ is infinitesimal, F'--F=»^F 
is also. The' ratio 

MM' 

is finite, and as 3131^ =: z/s approaches 0, the direction of 3131 
being given, the limit 
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jv dr 

lim 

is defined as the derivative of V in the direction s. We may lay off 
on a line through M in the direction of 5 a length MQ 

as we give s successively all possible directions, 
we may find the surface that is the locus of Q, 

Let MN (Fig. 115) be the direction of 
the normal to the level surface at M, and 
let JfP, drawn toward the side on which V 
is greater, represent in magnitude the derivative 
in that direction. Let Jf' and N be the inter- 
sections of the same neighboring level sur- 
face, for which V = V', with MQ and MP. 

Then 


and 


0 


3IN 

MM' ■" MJV MM'^ 

MM^ approaches zero, we have 



lim 




dJ 


MM' fs' 


,. ^3! dV 3£N 

MM' = <?• 


Hence 


dV dV T>Tvrr^ 


that is, the derivative in any direction at any point is equal to the 
projection on that direction of the derivative in the direction of the 
normal to the level surface at that point. Accordingly all points Q 
lie on a sphere whose diameter is JfP. 

The derivative in the direction of the normal to the level surface 
was called by Lame^) the first differential parameter of the function V, 
and since it has not only magnitude but direction, we shall call it 
the vector differential parameter, or where no ambiguity will result, 
simply the parameter, denoted by P or P^. The above theorem 
may then be stated by saying that the derivative in any direction is 
the projection of the vector parameter on that direction. The theorem 
shows that the parameter gives the direction of the fastest increase 
of the function F. 

If F is a function of a point -function q, F == /’(ff), its level 
surfaces are those of g, and 


and if 


dn dq dn ' dn 


1) G. Lam^. Lecons sur Us coordonnees curvilignes et Urns diverses appli*‘ 
cations. Paris, 1869, p. 6. 
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where the sign + is to be taken if V and q increase in the same, 
— if in opposite directions. 

Suppose now that F— • • •) 

dj __ dv dq, dV dq^ dv ^ 

ds dq^ ds dq^ ds ds ‘ 

and if Ag, . . . denote the parameters oi q^j q^, . . . the above 
theorem gives 

P cos (Ps') = Aj cos {\s) + + . . . 

Now Hh A, is the parameter of Vj considered as a function 
of g,, and we may call it the partial parameter P,, and since P< 

dv . . . dv 

and A* have the same sign if > 0, opposite signs if < 0, we 
have in either case 

hi cos QiiS) = P, cos (P/5), 

P cos (P^) = Pj cos (Pi 5 ) + P 2 cos (P 25 ) 4 - . . . 

This formula holds for any direction s and therefore shows that 
the parameter P is the geometrical sum, or resultant, of the partial 
parameters, 

^ P==»Pl + P2 + ... 

Thus we have the rule for finding the parameter of any function 
of several point' functions. If we know the parameters Aj, Ag, . .. of 

dv dv 

the functions q^, . . , and the partial derivatives ^ > ^7 • • we 

lay off the partial parameters 

* /i /y 


^q\ 


in the directions Aj, Ag, ... or their opposites, according as >0, 

or the opposite, and find the resultant of Pj, Pg, . . . 

If the functions q^^ q^y ... are three in number, and form an 
orthogonal system, the equation « 


P = Pi + Pg + Psj 

gives lor the absolute, or numerical value of the parameter 

P2 - Pl^ + Pg* + P3^ 

Examples. (1) in § 108. Let the distance of M in the given 

direction from the plane be u. dV /du ^ ; where a is the 

^ cos a 

angle between the given direction and the given plane. 

jj 1 

COB a cos a 



IIOJ 


DIFFERENTIAL PARAMETER INVARIANT. 


333 


If the given direction is perpendicular to the given plane P=l. 
Accordingly for — a?, q^^ j/, q^ = the rectangular coordinates of 
a pointy we have 1, and for any function f{x^ y, z) 



The projections of P on the coordinate axes are the partial parameters 

P, = Pcos(P^)= P, = Pcos(P.y) = |{, P 3 ==Pcos(P^) = |f. 

This agrees with the definition already given in § 31. 

Consequently, if cos {sx). cos {sy), cos {sz) are the direction cosines 
of a direction s, tbe derivative in that direction 

d V 

= Pj cos (sa;) + Pg cos (sy) + P^ cos (sx) 

= cos (sx) + cos (sy) + cos (sz), 

which is the same as equation 38a) of § 31. 

We have in this section defined the dijfferential parameter in a 

geometrical manner, not depending on the choice of axes of coordinates. 
If however we take as the definition of the arithmetical value of the 
parameter the equation 

and then transform to other coordinates x\ y\ z\ by equations 109), 
§76, we easily find by calculation that * 


V(P 


dcr:} + Kd}/) 




is equal to P, that is, the parameter is a differential invariant y as is 
at once evident from its geometrical nature. 

If f{Xy j/, z) is a homogeneous function of degree w, by Euler’s 
Theorem, 


df 


df 




dy 


dz 


or 

n/* = P { a? cos (Prr) + y cos {Py) + z cos {Pz ) } . 


Now the ± parenthesis is the distance of the tangent plane to 
the level surface at Xy y, z from the origin. Calling this d, 

nf 
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or the parameter of a homogeneous function is inversely proportional 
to the perpendicular from the origin to the tangent plane to the 
level surface. For example, if n == 1, 

F = uic + 

Pc08(Pa;) = a, Pcos(Py) = J, P cos (P«r) = c, P=l/a* + 6 *Tcl 

The level surfaces are parallel planes, and the parameter is. 
constant, 


V is proportional to the distance of the level surface from the origin. 
If w = 2, 

F 


2x 


r cos (Fx)=‘"> P cos (P«/) = - ^ , P cos {Fs) = - 


2;? 


For the surface, F = 1, 

d'= + 


L _ _ 

-1 A* . yA'A 

K o,* ^ a,‘ ^ o. 


d 


— p 


a familiar result of analytic geometry. 


111. Polar Coordinates. If we call the point functions of 
Examples 2, 3, and 4, of § 108, r, g>, we obtain the system of 
spherical, or polar coordinates ^ and cp may be 
called the co -latitude and longitude. The level 
surfaces of r being spheres, the normal coincides 
with r. Accordingly 

dr dr . . - 

dn~'dr~'^' /»r=*l. 

The level surface of 'd* is a circular cone of 
angular opening (Fig. 116), and 

^ ^ _ 1 

dn rd^ r 



dn «= rdd-j 


-• 


The level surfaces of fp are meridian planes through the axis of 
the above cones, (Fig. 117), and 
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an = r Bin »d<p, 1^- , 




r sin %' 


r sin 

For any function /’(r, g?), the partial parameters are 

P, = + 1^ = ± % 


Ps 


df, _ 1 df 


+ ^h ■ 


1 


a/* 


rsin-f)’ dcp 

The total parameter, the resultant of these, is given by 

p* = ^ (^\\ ^ 

\dr/ ' r* \d^/ ' r* sin' ^ \dq>/ 



Pig. 117. 


112. Cylindrical, or Semi -polar Coordinates. If we take 
the rectangular coordinate the perpendicular distance from the 
Z-axis, p, and o the longitude, or angle made by plane includ- 
ing the point M and the Z-axis, we have the system of semi-polar, 
cylindrical, or columnar coordinates, for which we have immediately, 

// ^ ==■ 1 , = 1 , h(a = • 

The parameter of a function f{zy p, o) is the resultant of the 
partial parameters 



113. Ellipsoidal Coordinates. Let us now find the value of 
the parameter in terms of the ellipsoidal coordinates described in § 73, 
which are defined for a point y, s as the three roots of the equation 


1 ) 


L 1—0 


The three coordinate -surfaces at any point have been proved to be 
mutually perpendicular at each point x, z. Since the equation 1) 
is an identity, we have, differentiating totally, that is changing Xy y, Zy 1, 


o\ of , ydy zdz ] 1 p 


Now if d;i is the perpendicular distance of the tangent plane from 
the origin, we have by the last formula of § 110, 
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(a* + ;t)* ^ + ^ + 

so that we may write for the directioD cosines of the normal, 

cos {mx) = 

y^x 

3) cos {nxy) = 

cos (nxg)= 

Now as we move along the normal, we have 
tlx = dn cos (nxoc) — 

y ^x 

dy = dn cos [nxy') = dn, 
zd\ 

dz = dn cos (n^^) = — 

C K 

Inserting these values in 2), 

- I ^ . 1 = 0 


SO that 

5 ) 




i/.. + .. ' 


In order to express this result in terms of the elliptic coordinates 
alone we may express j/, in terms of A, v. Observe that the 
function 

Fio') -- - + ^ 

has as roots A, ft, i/, and being reduced to the common denominator 
(g + a^) (q 4- &*) (g + c*) 

has a numerator of the third degree in g. As this vanishes for 
g = I, g = (i, g = v, 

-(g-V)(g- li) (g - v). 


it can only be 
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Accordingly we have the identity 

6) + 


— (g — 1) (g — ft) (q — V) 
(^ + a*)(Q + 6*) (^ + c *)‘ 


Multiplying this by p + and then putting p == — a* we get 


2 _ (a« + l) (a^ + p) 

(a* ~ 6*) (a* — c*) ^ 

and in like manner 

, _ (c* + 1) ( c* + ^)(c» + 

(c«~a*) (c*-6*) 

If A, (If V are contained in the intervals specified in § 73, these will 
all be positive, so that the point will be real. 

If we insert these values in 6xf we shall have hi expressed in 
terms of X, (i, v. 

This is more easily accomplished as follows. 

Differentiating the above identity 6) according to p, 

_-(g-^)(9-ft)(9-»)f _1 _ 1 1 1_ ± 1_\_ 

(«’+e){^’+9)(c’+9) I 9 — ^ 9+“*"' 9 — ft Q+b*~^ Q — v e + c*) 

If we put p — A, all the terms on the right except the first, being 
multiplied by p — >1, vanish, and we have 

q\ 4.^’ 4 £l_ (X-^)(X-v) 

The expression on the left is Therefore 




In a similar manner we find 


,, _ tjl /(“’ + ft) (b* + ft) (c’ + ft) 
j, gl/(«* + v)(b»+v)(e* + v) 
and the parameter of any function V (A, (i, v) is 


Webster, Dynamios. s. 
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114. lufinitesimal Arc; Area and Volnme. If we have any 
three point-functions q^, q^ forming an orthogonal system of co- 
ordinates, since their parameters are 





— 


dn^ 


> 


the normal distance between two 
consecutive level surfaces and 

+ d(li is dn^ = consequently 
if we take six surfaces 


*i\~^dq^^ ^ 2 ? 0.2"^ dq^^ q^, Qz’^dq^y 

the edges of the infinitesimal curvi- 
linear rectangular parallelepiped 
whose edges are the intersections 
of the surfaces are 


dn^ = 


dq, 

>7' 



and since the edges are mutually perpendicular, the diagonal, or 
element of arc is 


ds^ 


dq^* , dq>'‘ , «• 




+ 


the elements of area of the surfaces qi, q>!, ffs are respectively 


and the element of volume is 




dS^ 


dqi dq^ 

\ 


__ dq, dq^J^q, 


Examples. Rectangular coordinates x, y, 0 . 
dSjt^dydZy d8y^d0dx^ dS^^^dxdy, dt^dxdyd0 


Polar coordinates r, (pj 

1 , 


1 , _ 1 

r ^ r sin 


dSr^r^^ind^dd'dq)j element of area of sphere, 
12) dS^^r sin d dr dq), element of area of cone, 
d8(p ^ rdrdd^ , element of area of plane, 
d% « r^Bm^drd^dtp. 



h(t} — 

Q 


114, 116] INFINITESIMAL SPACE -ELEMENTS. 

Cylindrical coordinates, q, cd, 

Jlz — 1 f 

dSz = QdQdco, element of area of plane, 
dS^ = QdcsdZf element of area of cylinder, 
dSa)= dgdz , element of area of meridian plane, 
dr = Qdgdcodz. 

Elliptic coordinates, X, v. 


389 


13) 


14) 


dSx 


d Sju 


dSy 


d ^ d — v) — X) (v — X) (v — fi) 


4>/(a* + ii) + + (a* + (6* + ,;) (c* + 1;) 


dv d Il/(v — I) (v — /i-) ( X— ft) — v) 


dXd ftVC^ '*') — v) X) 



4l/(a*+l) (6*4-;i) (c» + I) (a» + fi)(6»+,i)(c* + ;0 
dX dpi dv (X — ii) (pb--v) {v^X) 


ellipsoid, 
hyperboloid , 
hyperboloid, 


8l/(a*4- A) (6*+^) (c^+X) (a^+iL) (6*+ft) (c*4fi) (a^+v) (b^+v) (c^+v) 

115. Connect ivity of Space, _ G-reen^a ThftnrAm, We 

supposed in § 30 thefTt was possible to change the path 1 from A 
to B into the path 2 by continuous deformation, without passing 
out of the space considered. A portion of space in which any path 
between two points may be thus changed 
into any other between the same two 
points is said to be singly -connected. 

For instance, in the case of a two- 
dimensional space, any area bounded by 
a single closed contour will have this 
property. If, however, we consider an 
area bounded externally by a closed 
contour C, and internally by one or more 
closed contours J, Fig. 119, such as the 
surface of a lake containing islands, it 

will be possible to go from any point A to any other point B by 
two routes which cannot be continuously changed into each other 
without passing out of the space considered, that is traversing the 
shaded part. 

The space in Fig. 119 between the contour C and the island 1 
is said to be doubly -connected. We may make it singly -connected 
by drawing a "ibarrier connecting the island with the contour C, 
represented by the dotted line. If no path is allowed which crosses 
the barrier the space is singly -connected. 



22 
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A three-dimensional space bounded externally by a single closed 
surface is not made doubly -connected by containing an inner closed 

boundary. For instance, the 
space lying between two con- 
centric spheres allows all paths 
between two given points to 
be deformed into each other, 
avoiding the inner sphere. But 
the space bounded by an 
endless tubular surface. Fig. 1 20, 
is doubly - connected, because 
we may go from A to B in 
either direction of the tube, and the two paths cannot be deformed 
into each other. We may make the space singly -connected by the 

insertion of a barrier in the shape of a diaphragm, closing the 

tube so that one of the paths is 

inadmissible. The connectivity of a 
portion of space is defined as one more 
than the least number of barriers or 

diaphragms necessary to make it singly 
connected. Thus the space in a closed 
vase with three hollow handles. Fig. 121, 
is quadruply- connected. We shall always 
suppose the spaces with which we deal in 
this book to he singly -connected^ or to be 
made so by the insertion of diaphragms, 
unless the contrary is expressly stated. 
Suppose that TT is a point-function which, together with its 
derivative in any direction, is uniform and continuous in a certain 
portion of space t bounded by a closed surface S, Then its 
d W 

derivative is finite in the whole region, and if we multiply it 

by the element of volume dt and integrate throughout the volume r, 
the integral is finite, being less than the maximum value attained 
dW 

by in the space t multiplied by the volume t. We have at once 

^ [/li ^4 

If, keeping y and & constant, we perform the integration with respect 
to X, the volume is divided into elementary prisms whose sides are 
parallel to the Z-axis, and whose bases are rectangles with sides dv. dz. 
The portion of the integral due to one such prism is 
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Now the integral is to be taken between the Talues of x where the 
edge of the elementary prism cuts into the surface S and where it 
cuts out from the 
surface. If it 
cuts in more than 
once, it will, 
since the surface 
is closed, cut out 
the same number 
of times. Let the 
values of x, at 
the successive 
points of cutting, 
be 



^1, X, 


ly *^27 




¥ig. 122 


then 


/ 


dw. 

ax 

ox 


,w,-w,+w,+w, 

Wic being the value of W for Xk, and 




= jj 'W, - W, + w^-w,. . . + - dyde. 

Now let dSi, • • dS^v denote the areas of the elements of 
the surface S cut out by the prism in question at Xi, x,^, • • • x^n, 
these all have the same projection on the Z.Z-plane, namely dyd0. 
If all these elements are considered positive, and if n be the normal 
always drawn inward from the surface 8 toward the space r, at each 
point of cutting into the surface S, n makes an acute angle with 
the positive direction of the axis of AT, and the projection of (Z/S is 


dydz = (ZjScos {nx), 

but where the edge cuts out n makes an obtuse angle, with negative 
cosine, and therefore 

dyd^^ - <ZiS cos (wa?). 


We may accordingly write 

dydsW^ cos(wia?)dfS'i, 

— dydzW^ =1^2 cos(w,a?)rfS2, 
dydzW^ “TTg cos(w8ir)(ZjS8, 


dy dz TFgn = W^n cos (n^noi) dS^„, 
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and in integrating with respect to y and z we cover the whole of 
the projection of the surface 8 on the FZ-plane. At the same time 
we cover the whole of the surface 8, so that the volume integral is 
transformed into a surface integral, 

= — y J* W cos {nx) dS, 
taken all over the surface 8. 

In like manner we may transform the two similar integrals 

Applying this lemma to the function 

d,v 

where both t/, F and their derivatives in any direction are uniform 
and continuous point-functions in the space r, we have 

SJSh ( f'as) 

Similarly putting for TF, 

W - 

oy 

and integrating with respect to y, 

.x/ja - -yjf'ij''’* (“S') ''«■ 


and for 




///■« “= ("S') 

Adding these three equations, and performing the differentiations, 
fj U (1^ cos (nx) 4- cos (ny) + cos (nn) ) dS, 
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or, transposing, and denoting the symmetrical integral by J, 

j^fffrivev svBv svBn,;, 

J J J L^a; dx oy dy * dz dzj 
= - jy* U } cos (nz) + ~ cos (ny) + ^ cos (««) ] 


20 ) 




This result is known as GreevCs Theorem}) 

By the definition of differentiation in any direction (p. 333) the 
parenthesis in the surface integral on the right is 

V == Pr cos (Prn), 
on ^ ' 


if P^^ is the parameter of V, In like manner the symmetrical func- 
tion of V and V on the left, the integrand in J, is the geometric 
product of the vector parameters of f/ and F. This symmetric 
function, which we will denote by A{Uy F), 


./(//, V)^ 


?wdv 

dx dx'^ 


dUdV dJldV 
dy dy dz dz 


PfyP^r cos (Pf^Pr) 


is often called the mixed differential parameter of U and F. From 
its geometrical properties, or by direct calculation, it is also a 
differential invariant for a transformation of coordinates. 

Since the integral on the left is symmetrical in U and F, we 
may interchange them on the right, so that 


^ = -ffo + w- + 1 ?!"’- 

Writing this equal to the former value, and transposing, we obtain 


22 ) 




W 

dx* dy* dz 


?) 


j.r/d*r , d*v . a*F\l , 

'^\dx*^'dy‘ dz*) 


which will be refered to as Green’s theorem in its second form. 

We shall, unless the contrary is stated, always mean by n the 
internal normal to a closed surface, but if necessary we shall 
distinguish the normals drawn internally and externally as ni and 
If we do not care to distinguish the inside from the outside we shall 
denote the normals toward opposite sides by and 


1) An Essay on the Application of Mathematical Analysis to the theories of 
Electricity and Magnetism, Nottingham, 1828, Geo. Qreen, Reprint of papers, p. 26. 
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116. Second Differential Parameter. 

we take a constant, say 1, 

dJI ^du 

dx by 

and we have simply 


If for the function U 


bz 


0 , 


23) - jy* Py cos = -JJ ~ dS 


The function 


=///( 




by' 




^ ^ 

' dy* 


dx^ 


which, following the usage of the majority of writers, we shall denote 
by was termed by Lame^) the second differential parameter of V. 
As is it a scalar quantity it will be sufficiently distinguished from 
the first parameter if we call it the scalar parameter. We have 
accordingly the theorem giving the relation between the two: — 

The volume integral of the scalar differential parameter of a 
uniform continuous point -function throughout any volume is equal 
to the surface integral of the vector parameter resolved along the 
outward normal to the surface S bounding the volume. 

We may obtain a geometrical notion of the significance of 
in a number of ways. In the neighborhood of a point 0, let us 
develop V by Taylor’s theorem, calling the coordinates of neighboring 
points with respect to 0, x, y, z, then 


24 ) 





where the suffix 0 denotes the value at 0. 

Integrating the value of F — Fq throughout the volume of a 
small sphere with center at 0, we have 



1) G. Lamd. Legons sm les Coordonnees curvilignes et leurs diverses Applica- 
tions, Paris, 1869, p. 6. 
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The integrals in yz^ zxj xy, being proportional to the co- 

ordinates of the center of gravity and products of inertia of a homogeneous 
sphere, all disappear from symmetry, while those in z^ are all 

equal and represent the moment of inertia of the sphere with respect 

to the diametral plane, which by § 75 is Accordingly if V 

denotes the mean value of V in the sphere of radius JR, the above 
integral equation becomes 


26) 


1 « J!» ( F- r.) - i , ii- ( (g) + Q + 

terms of higher orderj- 



Dividing by 2?*’ and taking the limit for It — 0, 


27) 


TJ* -i r 


ie-0 


Jf 


10 


(^n 


that is, the excess of the mean value of V throughout the volume 
of a small sphere over the value at the center is proportional to the 
value of at the center and is of the second order of small 
quantities. This interpretation is due to Stokes. 

Prom this point of view Maxwell calls — the concentration 
of F, since it is proportional to the excess of the value of F at a 
point over the values at neighboring points. It is evident from this 
interpretation of that if the concentration of a function vanishes 
throughout a certain region, then about any point in the region the 
values at neighboring points are partly greater and partly less than 
at the point itself, so that the function cannot have at any point in 
the region either a maximum or minimum with respect to surrounding 
points. A function that in a certain region is uniform, continuous, 
and has no concentration is said to be harmonic in that region. The 
study of such functions constitutes one of the most important parts, 
not only of the theory of functions, but also of mathematical physics. 

Another interpretation of may be obtained as follows: we 
have by the rule for the derivation of any function in any direction r, 
with direction cosines, cos {rx) = a, cos {ry) ~ /}, cos {rz) y, 

dr ^dx ^dy^^dz 
dV 

Applying this to the function we obtain 


28 ) 


a*F 


dr\dr) 


a- 


, d*V 

dx^ 




d*r 




dy^ ^ ^ Ti* 


I oa 1 O . O /» 
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If* we consider at a point x, ?/> ^ directions r and take the 
d*V 

mean of for these directions, inasmuch as the mean of any 

product of cosines is equal to zero, because for every cosine that 
appears the negative also appears, the terms with products disappear. 
Also from symmetry, denoting the mean value by the bar, 

== ^2 _ y2. 

Since always = 1, we have 


and 


Accordingly 

29) 


+ + 1. 

_ 1 

3 dy^ dz^) 


therefore is equal to three times the mean of the second derivative 
of F in a definite direction for all possible direction leading from 
the point in question. This interpretation is due to Boussinesq.^) 

By means of this result we may obtain a third interpretation 
connecting the value of z/F at a point with the mean excess of 
values on the surface of a small sphere, with center at the point, 
over the value at the center. 

If F» denote the value at the center, the value at a distance It 
in any direction is given by Taylor’s theorem, 




Integrating over the surface of a sphere of radius Ji, the deriva- 
tives of V varying with the direction, since dS == Ji^dco, dividing by 
the constant 

Now since 

(a^)o= 0„+ + ««« (tOo' 

the terms in the first integral depend upon the directions simply 
through the direction cosines of r, which on account of symmetry 
cause the integral to vanish. If F is the mean of F on the surface 
the equation then becomes 


2) Boussinesq, Application des Potentiels a Vetude de Vequilihre et du mouve- 
ment des solides 6la8tiques, p. 45. 
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31) 4«(F-Fo) = 2«JB»(|^)^, 

where the bar over the derivative denotes the mean for all directions 
at 0, but this mean has just been proved toe be equal to ^ z/F at 0. 

Consequently dividing by and taking the limit the terms of higher 
orders in H disappear and we have 

32) lim ZrZ« = I (^F)o. 

R^O It* ® 

The difference in the numerical coefficient in the two equations 27) 
and 32) is accounted for by the fact that in 32) we have a mean 
over a surface whereas in 27) we had a mean throughout a volume. 

Any of the interpretations of the second differential j)arameter 
shows that it is also a. differential invariant. Thus Green’s theorem 
involves three different sorts of differential invariants. 


117. Divergence. Solenoidal Vectors. If the components 
of the vector parameter are 



Pcos(Pa;) = Z = |i^ 

33) 

PC08(P^)= 

^ oy 

Pcos(P;?) = if = |^, 

we have 

34) 

II 

+ 

+ 


and the theorem 23) becomes 

35) -- f P cos (Pw) dS = — - j^[Xcos(nx) + ycos(wy) 

+ Zoos(n0)]dS=fff(l^ 


+ 


dY . dZ' 
dy 




If F is everywhere outward from the surface jS, the integral is 
positive, and 

/ax . ay . az\ 


mean 


dx dy dz 


)> 0 . 


Accordingly is called the divergence of the vector 

point- function whose components are X, Y, and will be denoted 
by div. JS. 

The theorem as given in equation 35) may be stated as follows, 
and will be referred to as the Diveegbncb theorem: The mean value. 
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of the normal component of any vector point' function outward from 
any closed surface S within which the function is uniform and con- 
tinuouSj multiplied hy the area of the surface, is equal to the mean 
value of the divergence of the vector in the space within S multiplied 
hy its volume. The theorem is here proved for a vector which is the 
parameter of a scalar point -function V, but it is evident that it may 
be proved directly whether this is the case or not by putting in 
equation 17) for W and x successively X, Y, Z and x, y, z respectively. 

Let us consider the geometrical nature of a vector point -function JR 
whose divergence vanishes in a certain region. In the neighborhood 
of any point, the vector will at some points be directed toward the 
point and at others away. We may then draw curves of such a 
nature that at every point of any curve the tangent is in the direc- 
tion of the vector point -function JR at that point. Such curves will 
be called lines of the vector function. Their differential equations are 

dx dy dz 

X ^ r 

Suppose that such lines be drawn through 
all points of a closed curve, they will 
generate a tubular surface, which will be 
called a tube of the vector function. Let us 
now construct any two surfaces S] and 
cutting across the vector tube and apply 
the divergence theorem to the portion of 
space inclosed by the tube and the two sur- 
faces or caps SjL and Sg- Since at every 
point on the surface of the tube, li is 
tangent to the tube, the normal component 
vanishes. The only parts contributing any- 
thing to the surface integral are accordingly the caps, and since the 
divergence everywhere vanishes in r, we have 

37) ® ^ (-^^^ 2 ) ^^^’2 = 

If we draw the normal to S 2 in the other direction, so that as 
we move the cap along the tube the direction of the normal is 
continuous, the above formula becomes 

38) J J E cos (Rnf) dS^ = JJ^E cos {Enf) dS^y 

Sf 

or the surface integral of the normal component of E over any cap 
cutting the same vector tube is constant. 


36) 
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Sacli a vector will be termed solenoidal, or tubular, and the 

condition S h ^ — h ^ 0 will be termed the solenoidal condition 

dx'dy dz 

(Maxwell). We may abbreviate it, div. I? =** 0. If a vector point- 
function JR is lamellar as well as solenoidal, the scalar function V 
of which it is the vector parameter is harmonic, for 


dx ' dy 


+ || = div.E = ^F = 0. 


A solenoidal vector may be represented by its tubes, its direction 
being given by the tangent to an infinitesimal tube, and its magnitude 
being inversely proportional to its cross-section. As an example of 
a solenoidal vector we may take the velocity of particles of a moving 
liquid, if the velocity is 2?, with components X, Y, Z, the amount 
of liquid flowing through an element of surface dS in unit time is 
that contained in a prism of slant height jR, and base dSj whose 
volume is 

B cos {Bn) dS. 


The total flux, or quantity flowing in unit time through a sur> 
face 8, is the surface integral 


j*J* Zi cos (Bn) dS = X cos (nx) + Y cos {ny) + Z cos {n 0 )] dS. 


Such a surface integral may accordingly be called the flux of 
the vector B through 8, 

A tube of the vector li is a tube through whose sides no fluid 
flows, such as a material rigid tube through which a liquid flows, 
and the divergence theorem shows that as much liquid flows in 
through one cross-section as out through another, if the solenoidal 
condition holds. If the liquid is incompressible, this must of course 
be true. 

As a second example of a solenoidal vector we have an y vector 
which is the curl of another vector, for 


dx\dy dz j ' dy dz dx}^ dz[dx ** 


identically. 

The equation 

39) 


a*F , d^v , a«F 


dz* 


0 


is called Laplace’s equation, and the operator 


+ h+ 


dx^ ~ dy 


a* 

a^*’ 


Laplace’s operator. 
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The parameter is often called the Laplacian of V, 
a 



div. 

Pig 124 a. 



div, P -JV - 0 
Fig 124 b. 

In Fig. 124 a, b, c, are graphically 
represented regions of divergent, solenoi- 
dal, and convergent vectors, with the 
level surfaces of the functions V of which 
they are the vector parameters. The 
arrows on the vector lines show the 
direction of increase of V, and it is 
evident that Fhas positive concentration 
(and a maximum value) where P is 
convergent, negative concentration (and 
a minimum value) where P is divergent, 
and no concentration (nor maximum) 
where P is solenoidal. 


y 118. Beoiprocal Distance. Oauss’s Theorem. Consider the 
scalar point- function, F==~; where r is the distance from a fixed 

point or pole 0. Then the level surfaces are spheres, and the para- 
meter is 

and since hr ^ 1, 
drawn toward O (§ 110). 

Consider the surface integral of the normal component of R 
directed into the volume bounded by a closed surface S not con- 
taining 0, or as we have called it, the flux of R into S, 

40) JJ It COB (2?w) dS JJ p 008 (rn) dS. 
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The latter geometrical integral was reduced by Gauss. If to each 
point in the boundary of an element dS we draw a radius and thus 
get an infinitesimal cone with 
vertex 0, and call the part 
of the surface of a sphere of 
radius r cut by this cone d2J, 
d2^ ia the projection of dS 
on the sphere, Fig. 125, and 
as the normal to the sphere 
is in the direction of r, we have 

d2J ± dS cos (rn), 

the upper sign, for r cutting 0 
in, the lower for r cutting 125 . 

out. If now we draw about 0 

a sphere of radius 1, whose area is 4:%, and call the portion of its 
area cut by the above -mentional cone do)^ we have from the similarity 
of the right sections of the cone 

(12 _ 
d(o t ^ 

dU =» r^do). 



The ratio do is called the solid angle subtended by the infinitesimal cone. 
Accordingly 

(IS coa (nr) , (12 , , 

41) ' = ± -i- ± 


Now for every element dco, where r cuts into S, there is another 
equal one, — do), where r cuts out, and the two annul each other. 
Hence for 0 outside S. 




^-Us = o. 


If on the contrary, 0 lies inside S, the integral J'J' da is to be 

taken over the whole of the unit sphere with the same sign, and 
consequently gives the area 43r. Hence for 0 within S, 


If cos (rw) 


These two results are known as Gauss’s theorem, and the integral 
will be called Gauss’s integral.^) 

1) Gauss, Theoria Attractionis Corporum Sphaeroidicorum ElUpticorum 
homogeneorum Methodo nova tractata. Werke, Bd. V, p. 9. 
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These results could have been obtained as direct results of the 
divergence theorem. For the tubes of the vector function H are 
cones with vertex 0. If 0 is outside S, JR is continuous in every 
point within 5; and since the area of any two spheres cut out by a 
cone are proportional to the squares of the radii of the spheres , we 
have the normal flux of 



equal for all spherical caps. Consequently H is solenoidal, and the 
flux through any closed surface is zero. If 0 is within 5, B is 
solenoidal in the space between S and any sphere with centre 0 
lying entirely within and the flux through S is the same as the 
flux through the sphere, which is evidently — 47C, 

The fact that JR is solenoidal and V harmonic may be directly 
shown by differentiation. If the coordinates of 0 are a, ft, c, 


44) 


^2 

=:(X- 

«)* + iy- *>)* 

+ { 0 - ef, 




dirj)_ 

fix 


== 2(a? 

-o); 

45) 


dr 

x — a 

dr 

y — h 

dr z^c. 


dx 

r 

dy 

; 

r 

dz r ’ 

46) 



d /V 

\ 1 

dr 

X'-a, 



dx \r> 

1 r* 

dx ” 

- y.- ’ 


ill 

fi'i 

1 

3(.r- 

a) dr 

8(a:-a)*-r* 

47) 

dx * ' 

Ir/ 


+ 

dx ” 

= ' > » 





a* /] 

CO 

1 

M 

1 

t. 



[r) 


r^ ’ 

dz'* \ ^ 

r) ~ ” r® 



/ i \ 


) ^‘(■ 

1) ^ 

‘( 7 ) 

48) 


(.-) 



cy* 

- -1- ' 

V + 

\Tj 

dz* 


8{(a; — a)’‘ + (y — — c)*} — Sr* 

r6 


and j is harmonic, except where r == 0. 

J 119. Definition and fundamental Properties of Potential. 

We have seen in § 28, 34) that if we have any number of material 
particles m repelling or attracting according to the Newtonian Law 
of the inverse square of the distance, the function 


TJ. 


m^m 

f , 


+ 


+ ••• + 


J 



118, 119, 120] 


POTENTIAL FUNCTION. 


353 


where rg, . . . are the distances from the repelling points^ is the 
force-function for all the forces acting upon the particle m,. If we 
put the mass equal to unity, at a point P whose coordinates are 
a'j I/, 0 the function 


49 ) 


+...4. 



m 

r 


is called the potential function at the point P of the field of force 
due to the actions of the particles m,, ? times 

its negative vector parameter, 


50) 


.V 


dv 

^ dx^ 


dv 




dV 


is the strength of the fields that is, the force experienced by unit 
mass concentrated at the point x, y, 0}) 

Since any term i)ossesses the same properties as the func- 
tion | , § 118, we have for every term, for points where r is not 
equal to zero, z/ == 0, and consequently 

51 ) /«, ^ + w, ^ (i) 4- • • •+ mn -- 0. 


^120. Potential of Continuous Distribution. Suppose now 
that the attracting masses, instead of being in discrete points, form 
a continuously extended body K, 

Let the limit of the ratio of the mass to the volume of any 

infinitely small part be p = lim^^? which is called the density. Let 

the coordinates of a point in the attracting body be a, 6, c. 


1) It is more usual among writers on attracting forces to write the force 
as the positive parameter of the potential. The convention above adopted in 49) 
amounts to defining the potential as the work necessary to remove the attracted 
particle of unit mass from the given point to infinity against the attracting 
forces, thus keeping the potential function positive, instead of negative as in 
§ 28 (end). It is the usual practice to adopt such units that y is equal to 
unity. In order to preserve consistency with the units previously employed d»nd 
at the same time not to be obliged to introduce y throughout all the equations 
of this chapter, we shall define potential as above 49) and introduce the factor y 
into those equations which involve the relationship of the force to the potential. 
If the force is attractive, y will be negative, and putting we get the 

usual formulae. Putting y ~ -f Ij notation agrees with that customary for 
electricity and magnetism, for example in the author’s Theory of Electricity and 
Magnetism, 

WeBSTBB, Pyuamlos. 2. 


28 
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The potential at any point P, x, y, 0, due to the mass dm 
at Qy a, 6 , c, is 

dV — , 





where r is the distance of 
the point x, y, 0 from the 
attracting point at a, b, c. The 
whole potential at x, y, 0 is 
the sum of that due to all 
parts of the attracting body, 
or the volume integral 

K 

Now we have 

dm = Qdr, 

or in rectangular coordinates 
rftr = dadbdCy 

dm = Qdadhdc. 


If the body is not homogeneous, q is different in different parts 
of the body K, and is a function of a, 6 , c, continous or discon- 
tinuous (e. g. a hole would cause a discontinuity). Since 


53) 


r =y(x — ay + (ij 


+ cf, 
Q da dh dc 


Viy + c)‘ 


For every point x, y, 0^ V has a single, definite value. It is 
accordingly a uniform function of the point P, a?, y, 0. 

It may be differentiated in any direction, we may find its level 
surfaces, its first differential parameter, whose negative multiplied 
by y is equal to the whole action oi K on a point of unit mass, 
and the lines of force ^ normal to the level, or equipotential surfaces. 

If for any point a;, y, 0 outside K, is the shortest distance to 
any point of JK, and is the greatest distance, we have for any 
point in K 

r^>r> 


dm dm d m 

U ^ r" 


sssyi<sssr<sjr-’- 
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Binde rj and are constant, 

K 

Now since Iff 

above is 
54) 


356 


K ' K 

dm ^ M, the whole mass of the body K, the 




Accordingly for an external point V is finite. 

If B is the distance of oc, f/, z from some point in or at a finite 
distance from K, 

55) 


^ ^ JlVKi • 


If now we move off ir, 0 to an infinite distance we have 


lim ^ = lim — =» 


and accordingly since BV lies between two quantities having the 
same limits 

56) liTn(2?F) = Jf. 

R^co 

We say that V vanishes to the first order as B becomes infinite. 
121. Derivatives. Consider the partial derivatives of V by 

Xy y, 0. 

The element dm at a, h, c produces the potential 

r 

at X, y, 0 . 

Differentiating by Xj (dm and a, b, c being constant), we have 


57) 




By §118, 45) 


58) 
Now 

59) 


3 / JTT-N dm x — a 

7* 


cos (rx)y 


where the direction of r is taken from a, 6, c to x, y, 0 , This being 
the derivative for that part of the potential due to dm^ we have to 

23* 
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take the sum of such expressions for all dm’B in K, that is, perform 
a volume integration. 

^-JJJg'^dadbdc^ -fffi eo9 (rx) da db dc. 

Let the direction cosines of It be cos A, cos B, cos C, and since 

r,>r> r„ 

r, * r* * 




i> 


— ^ COS (r ic) > ~ cos (rx)> — cos (rx). 

Multiplying and dividing the outside terms by cos A and integrating, 

>r.> 

Multiplying by and letting R increase without limit, since 

cos 'rx) 


62) 


lim ~ = lim — , == lim . — 

/2=aon* cosJ. 

limrE*|^l = - JlfcoBzl, 

lim rU*|Z 1 — M cos B, 

k=«L ^2/J ’ 

.dr 


1 , 


lim - ilf cos C. 

Jl=i oo 1- 


Therefore the first derivatives of F, and hence the parameter, 
vanish at infinity to the second order. 

In like manner for the second derivatives, 




— o)*— r* 


dxdy 


■Jrfr, 


Every element in all the integrals discussed is finite, unless 
r 0, hence all the integrals are finite. We might proceed in this 
manner, and should thus find that: 
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At points not in the attracting masses, V and all its derivatives 
are finite and (since their derivatives are finite) continuous, as well 
as uniform. 

Also since 


63) 



3 0r-a)*-r» 
r® 

— 6)* — r* 

TiT 


3 (z-cy-r* 


]dT, 

-J dt 

] 


we have by addition 
64) 


a*F ^ 
arc* + a^/* a^f* 


that is, V satisfies Laplace’s equation. 

This is also proved by applying Gauss’s theorem [§ 118, 42 j] to 

each element — 


122. Points the Attracting Mass. Let us now examine 
the potential and its derivatives at points in the substance of the 
attracting mass. 

If P is within the mass, the element ^ at which the point Q, 

where dm is placed, coincides with P, becomes infinite. It does not 
however, therefore follow that the integral 
becomes infinite. 

Let us separate from the mass £ a 
small sphere of radius s with the center 
at P. Call the part of the body within 
this sphere and the rest Call 

the part of the integral due to V\ 
and that due to V". Now since P 
is not in the mass K”, V” and its deri- 
vatives are finite at P, and we have only 
to examine F' and its derivatives. 

Let us insert polar coordinates 

8 ]t 23t 

gdr sin ^ dr dd' dtp 

K* 0 0 0 

so that, integrating first with respect to tp and since the absolute 
value of an integral is never greater than the integral of the absolute 
value of the integrand, and since | sin 6 | < 1 
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65 ) 


« 

V \<2«^Q„Jrdr=^‘2:c»Q„ 


if Qm is the greatest value of q in K*. 

As we make the radius s dimiuish indefinitely this vanishes, 
hence the limit 

lim(F' +F'') 

is finite. 

In like manner for the derivative 

£ - - -///><» 

Separate off from JT". The part of the integral from 
is finite. In the other AT' introduce polar coordinates, putting % *=* (rrr), 

e 7 t in 


66 ) 




0 0 


dV' 


n in 


dx 


< 


QmJ* J*J* i sin fi- coBfi- | rffi- dq>, 
0 0 0 




dV . 


which also vanishes with s. Therefore ^ is everywhere finite, and 


. dv dV 

in like manner a-- 

cy oz 


a*F 


If we attempt this process for the second derivatives • • • 

it fails on account of which gives a logarithm becoming infinite 
in the limit. 


dV 


We will give another proof of the finiteness of We have 


67) 


dV 

dx 


—A dadbdc 


which by Green’s theorem is equal to 

+JJJ r a« 


This is however only to be applied in case the function ^ is 

everywhere finite and continuous. This ceases to be the case when P 
is in the attracting mass, hence we must exclude P by drawing a 
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small sphere about it. Applying Green’s theorem to the rest of the 
space K", we have to add to the surface -integral the integral orer 
the surface of the small sphere. 

Since cos (fja;) < 1, this is not greater than 4iteQm, 

which Tanishes with £. Hence the infinite element of the integrand 
contributes nothing to the integral. 

dV 

In the same way that was proved finite, it may be proved 

dV 

continuous. Dividing it into two parts and ot which the 

dV 

second is continuous, we may make, as shown, as small as we 

please by making the sphere at P small enough. At a neighbor- 
ing point Pi draw a small sphere, and let the corresponding parts 

- ^ 

Then we can make as small as we please, 

dV _ 

a.r 


2 aF/ j aF/' 

-dt -da>- 

and hence also the difference 


dx 


"Hence by taking P and 


aF 


Pi near enough together, we can make the increment of ^ as small 

aF 

as we please, or is continuous, and accordingly the second derivatives 
are finite. 


123. Poisson’s Equation. By Gauss’s theorem [§ 118, 43)], 
we have 

^coB {nr) d 8 


If- 


47Cf 


when r is drawn from 0, a point within 8. Multiplying by m, a 


mass concentrated at 0, and calling F = — > 


68) COB {nr) d8 = —J^J'^dS = — 4:nm. 

The integral 

^ SS {P”)dS, 

where n is the internal normal, is the surface integral of the outward 
normal component of the parameter yP, or the inward component 
of the force. 

The surface integral of the normal component of force in the 
inward direction through 8 is called the flux of force into S, and 
we see that it is equal to — 4;ry times the element of mass within 8. 
Masses without contribute nothing to the integral. Every mass dm 
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situated within 8 contributes ~ to the potential at any point md 
— 4:% y dm to the flux through the surface 8. Therefore the whole 
mass^ when the potential is F = sm ’ contributes to tli^ flux 

K 

— 4nyM=^ -- 47cy j J j Qdr^ 

* K 

and 

8 K 

Now the surface integral is, by the divergence theorem, equal to 


The surface 8 may be drawn inside the attracting mass, provid- 
ing that we take for the potential only that due to matter in the 
space X within 8. 

Accordingly for r we may take any part whatever of the attract- 
ing mass, and 

t 

71) ^ ^ 

As the above theorem applies to any tield of integration what- 
ever, we must have everywhere 

72) dd V + 4 xq = 0. 

This is Poisson’s extension of Laplace’s equation, and says that 
at any point the second difierential parameter of V is equal to 
— 4jr times the density at that point. Outside the attracting bodies, 
where p = 0, this becomes Laplace’s equation. 

In our nomenclature, the concentration of the potential at any 
point is proportional to the density at that point. 

A more elementary proof of the same theorem may be given 
as follows. At a point y, z construct a small rectangular parallel- 
epiped whose faces have the coordinates 

» + I, y, y + S. 

and And the flux of force through its six faces. At the face normal 
to the a;- axis whose x coordinate is x let the mean value of the 

force be — — P,. 
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The area of the face is lyg, so that this face contributes to the 


integral — ^ (Pn) d8 the amount 


dV . 
dx 


dV . 


At the opposite face, since is continuous, we have for its value 

^ £ (£) + order in 

and therefore, the normal being directed the (»ther way, this side 
contributes to the integral the amount 

[hV . „ d idY\ 




and the two together 


^*F 

u% dx'* higher order. 

d*V 

Similarly the faces perpendicular to Y-axis contribute 
d*V 

and the others • 

Thus the surface integral is 

[dx* ^ dy 
and by Gauss’s theorem this is equal to 

— 4i%m == — 

where p is the mean density in the parallelepiped. Now making the 
parallelepiped infinitely small, and dividing by we get 


d*V dW\ 

dy"* dz* 


^V- 


4;rp. 


An important application of Poisson’s equation has been made 
to the attraction of the earth. The acceleration g is made up of the 
resultant of the attraction of the earth and of the centrifugal accel- 
eration. Since the latter has the components Sl^y along axes 

perpendicular to the axis of rotation (§ 104), it has the potential 

function — (a?* + j/*), so that if y denote the positive value of the 

gravitation constant, and n the inward normal to an equipotential 
surface, we have, putting 


u- + y], 


■im 


dt 


73) 

where 


bU 

9 = r-^> 
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is the potential of the earth’s attraction. But by Poisson’s equation, 


so that we have, 

74) dXJ ^ J + y^) ^ 

Now by the divergence theorem, 

SO that 

-ffrn + "-vffP’- 


Now if the volume of the earth be v, its mean density pm, the volume 
integrals are respectively equal to aiid v, so that, multiplying by 

this becomes 


76) 


ren 


27C^ 4 




dU 
y 7^^ 


2 % 


+ 



Thus if we know the value of g at every point on an equipotential 
surface, we obtain the value of the product ypm terms of the 
angular velocity, and the surface integral of g. Using a formula 
given by Helmert representing the results of geodetic determinations 
of g, Woodward^) finds for the value of ypm 

y 9m = 3.6797 X 10““^ sec*"^. 

Richarz and Krigar-Menzel^) obtain, in a similar manner, 

ypm == 3.680 X 10“^ sec“^. 

Combining this result with Boys’s value of y, p. 30, we obtain for 
the mean density of the earth the value 


j. 


5532 -?^,. 

cm® 


124/ Characteristics of Potential Function. We Rave 
now found the following properties of the potential function. 

1®^. It is everywhere holomorphic, that is, uniform, finite, con- 
tinuous. 


1) Woodward, The Gravitational Constant and the Mean Density of the 
Barth. Astronomical Journal, Jan. 1898. 

. 2) F. Richarz und 0. Krigar-Menzel, Oravitationsconstante und mittlere 
DichtigJceit der Brde, hestimmt durch Wdgungen. Ann. der Phjs. u. Chem. S6, 
p. 177, 1898. 
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Its first partial derivatives are everywhere holomorphic. 
3^*^. Its second derivatives are finite. 

4 th Y vanishes at infinity to the first order, 


lim (BV) = TIf; 

R~ 00 


dv ^ dv 

dx^ dy^ dz 


vanish to second order, 


lim {B^ — M cos A, 

ie=ooV 




V satisfies everywhere Poisson’s differential equation 


d^V a»F ^ 
dx^ dy^ dz^ 


4n:p, 


and outside of attracting matter, Laplace’s equation 

d^v 0 

dx^ dy^ dz^ ■“ 


Any function having all these properties is a Newtonian potential 
function. 

The field of force X, Z, Z is a solenoidal vector at all points 
outside of the attracting bodies, and hence if we construct tubes of 
force, the flux of force is constant through any cross-section of a 
given tube. A tube for which the flux is unity will be called a unit 
tube. The conception of lines of force and of the solenoidal property 
is due to Faraday. 

Since F" is a harmonic function outside of the attracting bodies, 
it has neither maximum nor minimum in free space, but its maximum 
and minimum must lie within the attracting bodies or at infinity. 

In the attracting bodies the equation — says that 

the concentration of the potential at any point, or the divergence of 
the force from it is proportional to the density at that point, except 
where q is discontinuous. 

y 126. Examples. Potential of a homogeneous Sphere. 

Let the radius of the sphere be 1?, h the distance of P from its 
center. 


Let us put 8 instead of r, using the latter symbol for the polar 
coordinate, 

V =■ ^ 
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Now 


^2 =s= fe* 4 . r* — 2hr cos 



Differentiating, keeping r 
constant, 

sds hr sin ^ dd', 

and introducing s as variable 
instead of 


If P is external we must integrate first with respect to s from 
h — r to h r, 

R h-\-r 


77) 


0 h — r 


4c‘KqM^ M 


Hence the attraction of a sphere upon an external point is the 
same as if the whole mass were concentrated at the center. 

A body having the property that the line of direction of its 
resultant attraction on a point passes always through a fixed point 
in the body is called centroharic. 

If instead of a whole sphere we consider a spherical shell of 
internal radius Pj and outer the limits for r being Pg, 

78) V - f r-dr _ W - «,*) - f . 

Ri 

We have 

dV ^ ^ 

dh 

2Jf 

dh^ 

If, on the other hand, P is in the spherical cavity, h < R^, the 
limits for $ are r — Ji, r + h 

+ h 

rdrds = 

Ri r — ft 

which is independent of h, that is, is constant in the whole cavity. 
dV 

Hence ^ — 0, and we get the theorem due to Newton that a homo- 
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geiieous spherical shell exercises no force on a body within. (On 
account of symmetry the force can be only radial.) 

If P is in the substance of the shell, we divide the shell into 
two by a concentric spherical surface passing through P, find the 
potential due to the part within P, and add it to that without, getting 

80) ^ - -Ri®) + 2*9 


F- 

inn 
Hh ' 

h^-i 

\ 


2*9 


dV 

4*9 1 

IJ<,“ 

dh 

:i 1 

; A* 

d^V 

47tg 1 


Tabulating these results, 



h<B, 

It, 

<h<R^ 

h>B^ 


2xq{B*-R*) 

2*9jjBj*- 

A*) 

3 1 8i^ 


00 

0 

Angi 

3“| 


-tp 

d^y 

dh^ 

0 

4*p( 
3 1 

1A’ + I| 

IIIW-B.*) 


Plotting the above results (Pig. 129) shows the continuity of V 
and its first derivative and the discontinuity of the second derivative 
at the surfaces of the attracting 

mass. 1 

We see that the attraction | | \ 

of a solid sphere at a point i j |\ 

within it is proportional to the i : 

distance from the center, for if p "t I 

dV j j 7i, ; ' 

dh’^~ V ’ I “I 


' _L 

(/*[' \ 
^///’ ' '' 


and is independent of the radius 

of the sphere. Hence experi- ^ * 

ments on the decrease of the . i 

force of gravity in mines at i 

known depths might give us ^29. 

the dimensions of the earth, if 

the earth were homogeneous Experiment shows, however, that this 
is not the case 
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126. Disc, Cylinder, Cone. 


Let us iiud the attraction of a 


circular disc of induitesimal thickness at a point on a line normal 
to the disc at its center. Let the radius be B, thickness e, distance 


of P from the center h. 


82) 


83) 


r r srdrdq) 

“ J J ^ l/FT r* 

0 0 

0 

^2ytSQ {yhT+W-h}, 

= 2%bq I — 1 )• 


R 

0 


Attraction of circular cylinder on 
point in its axis. Let the length be I 
and let the point be external, at a 
h' ^ distance h from the center. 

By the above, a disc of thickness 
dx at a distance x from the center 
. 130 . produces a potential at P 

dV ^ 2%Qdx { yW [Ji — xY — — a?) 1 . 

Hence the whole is 

8 

84) F - 2;tp J (i/P* + {h - xf - {h - x ) } dx 

__ I 
2 

I 

“ *<>( [(I -*)F«‘ +(, -*)’ 

+j!>iogj|-/.+Fji*+(i-*y)] 

Circular cone on point in aods. 
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Let jB be the radius of base, a the altitude, h the height of'^P 
above the vertex. 

A disc at distance x below vertex and radius r causes potential 
at P, 

dV « 27 tQdx\y(h + xy + — {h + x)]\ 

and 

r It E 

- = — > r = X, 

X a a ’ 


a 

=* 23tQ j' dxy\/(}i + xy+~0i?—l}i + x) 


If we have a conical mountain of uniform density on the earth, 
and determine the force of gravity at its summit and at the sea level, 
this gives us the ratio of the attraction 

of the sphere and cone to that of the ^ 

sphere alone, and from this we get " 

the ratio of the mass of the earth to ' ® 

the mass of the mountain. Such a — 

determination was carried out by / N 

Mendenhall, on Fujiyama, Japan, in / 

1880, giving 5.77 for the earth’s 
density. 

Circular disc on point not on axis. Let the coordinates of P 
with respect to the center be a, &, 0. Then 

== + (6 — 7* cos (p'f -f r* sin^ qp, 


K Tin 

-ffw- 


sr dr dq) 

■■ — -r - : . - > 

+ (ft — r cos qp)* + r* sin* qp 


an elliptic integral. 

j 

127. Surface Distributions. In the case of the circular disc 
of thickness £, is the amount of matter per unit of surface of 
the disc. It is often convenient to consider distributions of matter 
over surfaces, in such a manner that though s be considered infinite- 
simal Q increases so that the product remains finite. The product 
SQ ^ 6 is called the surface density, and the distribution is called a 
surface distribution. 

We have 

87) dm^adS, 
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In the case of the disc, we had 

88) 


dh " 

When h = 0 we have 


GI)*=o 


Vft* + Jb* 






The attraction of a disc upon a particle in contact with it at its 
center is independent of the radius of the disc, and is equal to 25r 
times the surface density. 

If the force on a particle in contact on the 
right be called positive if to the right, 
we have 

90) JPg =* + 

By symmetry, the force on a particle at 
Pig. isg the left in contact with the disc is 

JPj = — 2ny6, 

g — Ayn6. 

Now if X denote the direction of the normal to the right, 

(ev\ 


91) 


F, 




and we see that on passing through the surface there is a discon- 
tinuity in the value of ^ of the magnitude 4;ro. 

Consider a thin spherical shell. We have for an external point 

and mating ^ s, lim jRj « lim E^^ E, 


and on the out^ide for h 


dh^~ 

dV 
dh 


- 4*(y. 


Within we have everywhere 


V = const., — 0. 
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Thus there is in like manner a 
of the potential in the direction 
of the normal, on passing through 
the attracting surface, of the 
amount 4^6. 

Consider now any surface 
distribution of surface density 6. 
Apply Gausses theorem to a small 
tube of force bounded by portions 
of two equipotential surfaces 
and (^24 on opposite sides of and 
near to the element of the attrac- 
ting surface dS (Fig. 133). The 
flux out from the tubes is 

and this must be equal to 4^ 
tube, which is 6dS, Therefore 


discontinuity in the first derivative 



Fig. 133 


times the matter contained in the 


F^dU^ - F^di:^ = AnyedS. 

But if the length and diameter of the tube are infinitesimal dZl^ 
and dS^ projections of dS, 

dU^ = dS cos (F^ n), dH^ ==’ cos {F^ n) 

where n is the normal to the attracting surface. Accordingly 

i^gCos (jFg — i^iCos(j?i n)dS = Avcy^dS, 

and since 



The normal to S is here drawn toward the side 2. We find 
then that in general, on traversing a surface distribution, the normal 
force has a discontinuity equal to Ayne. 

This is Poisson’s equation for a surface distribution. If we draw 
the normal away from the surface on each side, we may write 


94) 

or 



ajr 

dn^ 


== — An6, 


JPl C08 {F^ Mj) + F, cos (JFj Mj) = Fi„^ + Fin^ 
WebSTEE, DynamicB a* 


43Cy<y. 

24 
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128 . Oreen’s Formulae. Let us apply Green's theorem to 
two functions, of which one, V, is the potential function due to 

any distribution of matter, and the other, TJ ^ where r is the 

distance from a fixed point P, lying in the space r over which we 

take the integral. Let the space x 
concerned be that bounded by a 
closed surface S, a small sphere U 
of radius s about P, and, if P is 
without a sphere of infinite radius 
with center P 

Now the theorem was stated in 
§ 115, 22) for the normal drawn in 
toward r, which means outward from S and and inward from 
the infinite sphere, as 

1 ) ff f, - 

and sine 

^ JU^O, 

r ^ 

in the whole space r, so that 1) becomes 

2 ) yy 




The surface integrals are to be taken over S, over the small sphere, 
and over the infinite sphere. For a sphere with center at P, 



dS =- r^dG)y 


the upper or lower sign being taken according as the sphere is the 
inner or outer boundary of r; 



and for 

r = cx> 


V vanishes, hence this integral vanishes. Also 

« y /l>' 

dV . 1 

Now at infinity, ^ is of order and being multiplied by r, still 
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128 ] 


TanislieB. Accordingly the infinite sphere contributes nothing, 
the small sphere the case is different. The first integral 



For 


becomes, as the radius s of the sphere diminishes, 

4) -VrJ jdco -AnVr. 

The second part 

however, since is finite on the sphere, vanishes with s. Hence 

there remain on the left side of the equation only — A jcVp and the 
integral over S: We obtain therefore 



— AtcVp 




ff\ 


SfJ-- 

Lfff^ 




F-/ -- riS 

cn r an 


dr (P outside 8), 


the normal being drawn outward from S. This formula is due to 
Green. 

Therefore we see that any function which is uniform and con- 
tinuous everywhere outside of a certain closed surface, which vanishes 
at infinity to the first order, and whose parameter vanishes at infinity 
to the second order, is determined at every point of space considered 
if we know at every point of that space the value of the second 
differential parameter, and in addition the values on the surface S of 
the function and its vector parameter resolved in the direction of 
the outer normal. 

In particular, if V is harmonic in all the space considered, we have 

and a harmonic function is determined everywhere by its values and 
those of its normal component of parameter at all points of the 
surface 8* 

Since 

ai 1 

r 1 or 

dn r* dn 

- - •^[cos(«a;)|^ + cos(»y)|^ + cos(n^!)|^ j - 


24 * 
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we may write 6) 

7 ) Vp- 




Consequently, we may produce at all points outside of a closed 
surface S the same field of force as is produced by any distribution 
of masses lying inside of S, whose potential is V, if we distribute 
over the surface S a surface distribution of surface -density, 


8 ) 


1 I Fcob 
inX r 




dn J 


In the general expression, 5) the surface integral represents the 
potential due to the masses within S, while the volume integral 


since everywhere 
is equal to 




r 


4 jr 




///^ 


r 

- — > 


that is, the potential due to all the masses in the region t, viz., 
outsi(k S. 

^129. Equipotential LayerB. As a still more particular case 
of 7), if the surface S is taken as one of the equipotential surfaces 
of the internal distribution, we have all over the surface F=Fis= const, 
and the constant may be taken out from the first integral, 


dS, 


9) 

Now by Gauss’s tbeoremy^y^ —-*^,’^^<75^ = 0; accordingly, 

w) y--L ff f f 7“^' 

so that Vp is represented as the potential of a surface distribution 
of surface -density 

^ 1 dr IF . - 1-1 

(J — — ^ == r -- cos (Fn) — =f 

4:yt on 4^7 ' 4^y 

The whole mass of the equivalent surface distribution is 


11) 


ffas.-yffps 
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which, being the flux of force outward from S, is by Gauss’s theorem, 
§ 128, 68), equal to Jf, the mass within 8. 

Accordingly we may enunciate the theorem, due to Chasles and 
Gauss : 

We may produce outside any equipotential surface of a distribu- 
tion M the same effect as the distribution itself produces, by dis- 
tributing over that surface a layer of surface -density equal to 

times the outward force at every point of the surface. The mass of 
the whole layer will be precisely that of the original internal dis- 
tribution. Such a layer is called an equipotential layer, (Definition 
— A superficial layer which coincides with one of its own equi- 
potential surfaces.) Reversing the sign of this density will give us 
a layer which will, outside^ neutralize the effect of the bodies within. 

The above theorem has an important application in determining 
the attraction of the earth at outside points. Equation 10) shows that 
the potential and therefore the attraction is determined at all outside 
points if F, which is connected with gr as in § 123, is known at all 
points of an equipotential surface. It will be shown later that the 
surface of the sea is an equipotential surface. Consequently if the 
value of g is known from pendulum observations at a sufficient 
number of stations distributed over the surface of the earth the 
attraction at all points outside the earth can be calculated. 

Let us now suppose the point P is within S. In this case, we 
apply Green’s theorem to the space within S, and we do not have 
the integrals over the infinite sphere. The normal in the above 
formulae is now drawn inward from 8, or if we still wish to use the 
outward normal, we change the sign of the surface integral in 5), 




(P inside 8)\ 


Note that both formulae 5) are 12) are identical if the normal 
is drawn into the space in which P lies. 

Hence within a closed surface a holomorphic function is deter- 
mined at every point solely by its values and those of its normally 
resolved parameter at all points of the surfacCy and by the values of 
its second parameter at all points in the space within the surface. 

A harmonic function may be represented by a potential function 
of a surface distribution. 


1) Chasles, Sur V attraction d^une conche ellipsoidale infiniment mince, Journ. 
fic. Polytec,, Cahier 25, p. 266, 1837; Gauss, AUgemeine Lehrsdtze, § 36, 
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Now if the surface 8 is equipoteutial, the function V cannot be 
harmonic everywhere within unless it is constant. For since two 
equipotential surfaces cannot cut each other, the potential being a 
one -valued function, successive equipotential surfaces must surround 
each other, and the innermost one, which is reduced to a point, will 
be a point of maximum or minimum. But we have seen (§ IK)) 
that this is impossible for a harmonic function. Accordingly a func- 
tion constant on a closed surface and harmonic within must be a 
constant. 

If however there be matter within and without S, the volume 
integral, as before, denotes the potential due to the matter in the 
space t (within S), and the surface integral that due to the matter 
without. If the surface is equipotential, the surface integral 


4 JT 


- f ^ / A 


rV 

dn^ 


dS. 


The first integral is now equal to 4jc, so that 

,3, K, = r. + Ljfi 


Vs being constant contributes nothing to the derivatives of F, so that 
the outside bodies may be replaced by a surface layer of density 

1 ar 

^ 2 jr dn^ 


14 ) 


— iTcy 


The mass of the surface distribution, 

16) ff 

rie being the outward normal, is the inward flux of force through /S, 
which is equal to minus the mass of the interior matter, and is not, 
a^n the former case, equal to the mass which it replaces. 

^ 'v 130. OauBs’s Mean Theorem. As an example of equation 6) 
Tqt us make the surface 8 a sphere with center at P. Then in the 
first term of the integral we have 

dn dr r* 

which is constant and may be taken outside the integral. In the 
second term ~ being similarly taken outside the integral, we have 
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fJ^dS = () 

since the function is harmonic in the sphere considered. Accordingly 
the foxmula reduces to the first term 

16 ) n-^l-,ffrds 

The surface integral represents the mean value of V on the surface 
of the sphere multiplied by the area of the surface, Thus we 

have the tlieorem due to Gauss. The value of the potential at any 
point not situated in attracting matter is equal to the mean value of 
the potential at points on any sphere with center at the given point 
and not containing attracting matter. It at once follows from this 
theorem that a harmonic function cannot have a point of maximum 
or minimum, for making the sphere about such a point small enough 
the theorem would be violated. 

131. Potential completely determined by its charac- 
teristic Properties. We have proved that the potential function 
due to any volume distribution has the following properties: 

1. It is, together with its first differential parameter, uniform, 
finite, and continuous. 

2. It vanishes to the first order at cx), and its parameter to the 
second order. 

3. It is harmonic outside the attracting bodies, and in them 
satisfies 

JV == -- 43rp. 

The preceding investiga- 
tion shows that a function 
having these properties is a 
potential function, and is 
completely determined. 

For we may apply the 
above formula 5) to all space, 
and then the only surface 
integral being that due to 
the infinite sphere, which 
vanishes, we have 

”) -///'*• 

00 00 

If however, the above conditions are fulfilled by a function V, 
except idiat a certain surfaces 8 its first parameter is discontinuous, 
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Fig. 135. 
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let us draw on each side of the surface 8 surfaces at uisiai^eH 
equal to s from S', and exclude that portion of space lying between 
these, which we will call and S^. 

If the normals are drawn mto t we have 

rJf( 

The surface integrals are to be taken over both surfa/5es 8^ and 
Sg and the volume integrals over all space except the thin layer 
between 8^ aild Sg, This is the only region where there is discon- 
tinuity, hence in t the theorem applies, and 

.8) 4«7 -jjv (;-) (i) ,IS, 

Si S^ QO 

Now let us make s infinitesimal, then the surfaces S^, /Sg approach 
each other and 8. V is continuous at 8, that is, is the same on 

both sides, hence, since- 5 ^(-) = — iJi limit the first 
^ ’ dn^ \rj d% \r / 

two terms destroy each other. This is not so for the next two, 

dv . dv 

for is not equal to because of the discontinuity. 

In the limit, then 

QO 

The volume integral, as before, denotes the 'potential 
due to the volume distribution, while the [surface integral denotes 
the potential of a surface distribution] 

20) ( 


adS 

r 


where 


4?c l dn^ 


Hence we get a new proof of Poisson’s surface condition, 

§ 127 , 94 ) 


132. Kelvin and Dirichlet’s Principle. We shall now 
consider a question known on the continent of Europe as Dirichlefs 
Problem. 

Given the values of a function at all points of a closed surface 
S' — is it possible to find a function which, assuming these values 
on the surface is, with its parameters, uniform, finite, continuous, 
and is itself ha/rmonic at all points within 8? 
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This is the internal problem — the external may be stated in 
like manner, specifying the conditions as to vanishing at infinity. 
Consider the integral 

20 •'«•)-///(©■+ (!-:)>.. 

of a function u throughout the space r within S, 

J must be positive, for every element is a sum of squares. It 

cannot vanish, unless everywhere ^ 0, that is = const 

But since u is continuous, unless it is constant on 5, this will not 
be the case. 

Accordingly > 0. 

Now of the infinite variety of functions u there must be, 
according to Dirichlet, at least one which makes J less than for 
any of the others. Call this function v, and call the difference 
between this and any other hSy so that 


u V + hs, 


h being constant. 

The condition for a minimum is that 


for all values of h. 
Now 


^ t/ -j- 


du 

dx 


dv -.ds , 

— \- etc. 

dx ox 






4 . ZJL - 4 .II ^ 1 - 


dv ds 
dx dx 


\dy dy 

Integrating, 

23) J(u) = J(v) + h^J{s) + 2hJ^ fj" '■ 

Now in order that J{v) may be a minimum, we must have 

24) »V(.) + |1 + g I; + 0, 


f dv ^ 4. ^ 

dx dx'^ dy dy dz dz, 


'^dx. 


for all values A, positive or negative. But as s is as yet un- 
limited, we may take h so small that the absolute value of the term 
in h is greater than that of the term in and if we choose the 
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sign of h opposite to that of the integral, making the product 
negative, the whole will be negative. 

The only way to leave the sum always positive is to have the 
integral vanish. (It will be observed that the above is exactly the 
process of the calculus of variations. We might put 8v instead of hs.) 

The cond.tion for a minimum is then 


r/M 


ds dv dv ds 

~dx ^ dy dy~^ 


J J J \ dx dx^ dy dy^ dz dz 

But by Green’s theorem, this is equal to 

~j .f 


dr = 0. 


Now at the surface the function is given, hence and v must 
have the same values, and s = 0. 

Consequently the surface integral vanishes, and 


26 ) 



^vdt = 0 . 


But since s is arbitrary, the integral can vanish only if everywhere 
in r, = 0, v is therefore the function which solves the problem. 

The proof of the so-called Existence-theorem , namely, that there 
is such a function, depends on the assumption that there is a function 
which makes the integral J a minimum. This assumption has been 
declared by Weierstrass, Kronecker, and others, to be faulty. The 
principle of Lord Kelvin and Dirichlet, which declares that there is 
a function Vj has been rigidly proved for a number of special cases, 
but the above general proof is longer admitted. It is given here 
on account of its historical interest.^) 

We can however prove that if there is a function r, satisfying 
the conditions, it is unique. For, if there is another, v\ put 

y z= v — t;'. 


27) 


^dudt. 


1) Thomson, Theorems with reference to the solution of certain Partial 
Differential Equations, Cambridge and Dublin Math. Journ , Jan. 1848; Reprint 
of Papers in Electi'ostatics and 3Iagnetism, Xlll. The name Dirichlets's Prinzip 
was given by Riemann {Werhe^ p. 90). For a historical and critical discussion 
of this matter the student may consult Burkhardt, Potentialtheorie in the 
Encyklopadie der Mathematik, Bacharach, Abriss der Geschichte der Potential- 
theorie, as well as Harkness and Morley, Theory of Functions^ Chap. IX, Picard, 
Trait6 d^ Analyse, Tom. II, p. 38. It has been quite recently shown by Hilbert 
that Riemann’s proof given above can be so modified as to be made rigid The 
modem subject of integral equations promises to be a powerful method for the 
establishment of such existence -theorems, but the matter is one in regard to 
which the physicist need have little concern. 
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On the surface, since v^v\ w = 0. In r, since and 
are zero, z/w = 0. Accordingly = 0. But, as we have shown, 
this can only be if w = const. But on S, w = 0, hence, throughout 
r, w = 0 and n = 


^ 133. Green’s Theorem in Orthogonal Curvilinear Co- 
ordinates. We shall now consider Green’s theorem in terms of 
any orthogonal coordinates, beginning with the special case forming 
the divergence theorem, § 117, 35). 


28) 



-f Y cos {n%j) + Z cos (n 0 y]dS 



dX dY 
dx ' dy 



dt. 


Instead of the components X, Y, Z, let us consider the projec- 
tions Pj, Pg, Pg of a vector P along the directions of the tangents 
to the coordinate lines ^i, point. Then projecting along 

the normal n to S, we have the integrand in the surface integral 

29) P^co8(nni) + P^ooB^nn,^) + P^ooB{nn^ 


If we divide the volume T 
up into elementary curved 
prisms bounded by level sur- 
faces of 22 33 ? 

case of rectangular coordinates 
(Fig. 136), we have, at each 
case of cutting into or out 
of S respectively, 

± dS cos {nn^ = rfS'i, 

where dS^ is the area of the 
part out by the prism from 
the level surface 2i* 

Now by § 114, 



dg 

1 \ h, 

accordingly 

30) - //-• cos(nWi)riS' = — /A 


Pig. ISfl 


Aj 



dq^dq^dq^, 


the change from the double to the triple integral involving the same 
considerations as in the proof given for rectangular coordinates in 
§ 115. 
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Transforming the other two integrals in like manner, 

31) — y^PjCOs(»«i) + PjCOS(mWj) + P3COs(«Wj))d/S 

~fjf i i (vi) + 4 (xV) + 4 (“A) I ■*«' ''«■ 

But this is equal to 

fffiiyPd,. 


But since 


dQi ^ 

\ \ K 


multiplying and dividing the last integrand in 31) by Wh^ we find 
that since the volume integrals are equal for any volume, the integrands 
must he equal, or 

32) divP== 

If the vector is lamellar, its projections are the partial parameters 
according to q^ of its potential V (§ 110), 


Equation 32) then becomes 

83) ^K=/,A^|4-(4-g) +4 ;(m; + SI- 

This result for the value of z/F was given by Lame, by means 
of a laborious direct transformation. The method here used is a 
modification of one given by Jacobi and Somoff.^) 

In order to prove Green's theorem in its general form, we remark 
that from the nature of the mixed parameter of the two functions Z7 
and F as a geometric product we have 

34) c/, F) = Pf + P3^P3^ 

dq,-^^^dq, d q. 

Forming the volume integral, and integrating the first term partially 
according to q^ we obtain 


1) Lanod, Journal de VEcole Polytechnique, Cahier 23, p. 215, 1888; Legons 
sur les Coordonnis curvilignes, II. Jacobi, Uber eine partikuldre L6mng der 
partiellen Differentialgleichung JV^O, Crelle’s Journal, Bd. 36, p. 118. Somolf, 
Theoretische Mechanik, II. §§ 61, 62. 



188, 184] STOKES'S THBOEEM IN CUEVILINEAE COOEDINATES. 881 

which as above is equal to 

[7/*, II cos (n,n)dS -fff l^)dq, dq, dq,. 

Integrating the other terms in like manner we obtain the general 
formula, 

36) f f fh\f- f- + «f f 4 

= ~J*J ^ ^ I (”l **) + ^*4^ (**2 «) ^. 1 cos (mj m) I S 


■7XA(4r(Af) + -4.(p;© 


in which each integrand is found to correspond to one of those in 
§115, 20). 

^^^34. Stokes’s Theorems in Orthogonal Curvilinear Co- 
ordinates. The proof of Stokeses theorem given in § 30 can be 
easily adapted to curvilinear coordinates.^) Let P^, P^, Pg be the 
projections of a vector P on the varying directions of the tangents 
to the coordinate lines at any point. Then, the projections of the 
arc ds being ds^ ds^y we consider the line - integral 

B B 


37) 


1 ==y^ Pcos (P, ds) ds + A 

A A 

B 

f (p I p I p ^^fi\ 

J ^ ^ ~ h / 

A 


3 ) 


where 


(PiC?gi + B^dq^ + B^dq^y 


1) Webster. Note on Stokes’s theorem in Curvilinear Coordinates. Bull, 
Am, Math, 8oc,^ 2 mi Ser., Vol. lY., p. 438, 1898. 
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Let us now make an infinitesimal transformation of the curve 
as in § 30. Then the change in the integral is 

B 

A 


The last three terms can be integrated by parts, giving 

B B 

39) ^ U^dSg^ = B^Sqgj — J Sq^dBs. 2, Z,), 

A A 

and, since the integrated terms vanish at the limits, 

40) 81 =^J* [8B^dq^^8B^dq^ + 8B^dq^ — d Sq^~dB 28 q 2 —dB ^8 

Performing the operations denoted by 8 and d, as on p. 85, six of 
the eighteen terms cancel, and there remain the terms. 


41) 


+ 

+ 


Now the changes 8q^^ dq^, dgs, dq^^ in the coordinates correspond 
to distances. 



dBA 

i Sq, 

<^2s \ 


dBA 


dq, 1 

dB, 

aj?. n 


hJs 








dq^ 

K ' k ' K' h ' 

measured along the coordinate lines, and the determinant of these 
distances, 




is equal to the area of the projection on the surface q^ of the 
infinitesimal parallelogram swept over by the arc d$ during the trans- 
formation. Calling this area dS, and its normal w, we have 

~^{8q^dq^ — 8q^ dq^) = cos {nn^)d S. 

If we now continually repeat the transformation, until the curve 1 
joining AB is transformed into the curve 2, the total change in I 
is equal to the surface integral over the intervening surface, 

42) 281=^1^1, 
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Accordingly the components of a> = carl P along the coordinate 
directions are, inserting the values of P,, P 3 . 


43) 


i = hk { 4, {t) ~ Tf, © 1 ’ 
'2 = i>A {-^ (^') - I ’ 
'3 = hK { (i‘) - a^ © } • 


If these vanish, the vector P is lamellar, and the above equa- 
tions give the conditions that 


BO that 


A 

/i. 


IK 


dV 


h 

P. = h. 


as in the previous section. 


cV 


A 

K 


dv 


135. Iiaplace’s Equation in Spherical and Cylindrical 
Coordinates. Applying equation 33) to spherical coordinates 


Jir — Ij ^^9" — y — 

l l / , ■ „ . a 


r sin O’ 


1 


r“sinO [dr 
d*V . 2 dV 


dr^ r dr r 


dr, 

1 d^V 


a*F 


* X ^ _ 


We may apply this equation to determine the attraction of a 
sphere. For external points ^F=0, and since by symmetry F is 
independent of ^ and (p, 


45) 


iKK j_ 1 ^K — 

dr* ' r dr 




dV _ c 
dr r* ^ 



But since 

lim(rF) = Jf, 

r = GO 

lim [— c + c' r\ 

r — Qo 

we must have c' = 0, -- c = M, 
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Apply the above transformation to cylindrical coordinates 


ht — 1/ — 1; ^eo — ^ ^ 



d^V 1 d^V 1 d*y 

dz^ * Q dQ e* 


If we apply this to calculate the potential due to a cylindrical 
homogeneous body with generators parallel to the axis of z and of 
infinite length, the potential is independent of z and satisfies at 
external points, 

^ dx^ cy* 

1 , 1 ^21. 

OQ^ Q Bq d on ^ 


If the cylinder is circular, V is independent of co, and we have 
the ordinary differential equation 


1 dV 

dg^ g dg 


= 0 


dV 
^ dg 


a 



dV 

dg g 


48) 


F=(71ogp + C\ 



The force in the direction of p 
is inversely proportional to the first 
power of p. 

We may verify this by direct 
calculation. Let us consider the 
cylinder as infinitely thin, with cross- 
section ©. We will find the com- 
ponent of force in the direction of p. 

The action of dm at ^ on P at 
distance p (Fig. 137) is * 

dm dm\ 

The component parallel to p is 


dm / 
cos {qSj 


gdm 


Now since, calling the density 8, dm = dade, we have for the 
total force in direction q 


Jf = 5( / 

J y 


49 ) 
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Put 

0 Q tan 
d0 =» Qsec^d'dd'. 

n 

KA\ 77 a X r Q*Bec*»d» 2adr . -I* 

50) I^2d>sj ^ [sm 

0 

2&'d C , A 

= = - , as before. 

Q Q 


If we had attempted to verify the value 48) of V by direct 
calculation^ we should have found a difficulty in the appearance of 
a logarithm which would have become infinite when the length of 
the cylinder became infinite. Nevertheless the attraction is finite, as. 
just shown. It is to be noted that all the properties hitherto proved 
to hold have been for potentials of bodies of finite extent. 


^136. Iiogarithmic Potential. We may state the above result 
in terms of the following two-dimensional problem. Suppose that 
on a plane there be distributed a layer of mass in such a way that 
a point of mass m repels a point of unit mass in the plane with a 

force ^ where r is their distance apart. The potential due to m is 
F m log r and it satisfies the differential equation 


dJV 

dx^ dy* 


0 . 


Similarly, in the case of any mass distributed in the plane, with 
surface -density fi, an element dm = fidS produces the potential 
— dmlogr, and the whole potential 


51) J^J*dmlogr = — J*J* ftlogrd5, 


where r is the distance from the repelled point x, y to the repelling 
dm 2Lt ay b, so that 

— ay + (y — by. 


We may verify by direct differentiation that, at external points, 
this F satisfies 

dx* dy* ’ 


dV 

dx 


~ ^fS ^ -JJ ti ^(logr) da db 

" -ff 


WkBSTBB, Dynamlos. ^ 


26 
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d‘r 

f)x* 

d*V 

dy^ 




Z + Z = -SMi - = 0. 


This potential is called the logarithmic potential and is of great 
importance in the theory of functions of a complex variable. 

/ 

137. Oreen’s Theorem for a Plane. In exactly the same 
manner that we proved Green’s Theorem for three dimensions, we 
may prove it when the integral is the double integral in a plane 


52) 


I 



dU^\ 
dx '(jx dy dy \ 


dxdyy 


over an area A bounded by any closed contour C. Since we have 
for a continuous function W 


53) ff^-^dxdy==f\W,-W, 

= — J' W(ios(nx)ds, 


+ * . * + i] dy 


where n is the inward normal, ds the element of arc of the contour. 

fjy 

Applying this to W = ^ obtain 

Treating the other term in like manner, we obtain 


55) 




Interchanging U and F we obtain the second form 
56) f {V^^-vf^ds=^fJ{V^U- U^V)dxdy, 
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138. Application to Iiogarithmio Potential. If in 56) 

we put U = 1, we obtain 


57) 




which is the divergence theorem in two 
dimensions. If the function Fis harmonic 
everywhere within the contour, we have 



c 


Applying this to the harmonic func- 
tion logr, where P, the fixed pole from 
which r is measured, is outside the contour, 



58) 


J on J r On J r 


If the pole P is within the contour, we draw a circle K of any 
radius about the pole, and apply the theorem to the area outside of 
this circle and within the contour, obtaining the sum of the integrals 
around C and K equal to zero, or 

2 ^ 

59) = - 2^. 

C K 0 


These two results are Gauss’s theorem for two dimensions. They 
may of course be deduced geometrically in the same way as for three 
dimensions, § 118. We may now deduce Poisson’s equation for the 
logarithmic potential as in § 123 for the Newtonian Potential. The 
logarithmic potential due to a mass dm being — dmlogr gives rise 
to the flux of force 2^dm outward through any closed contour 
surrounding it, and a total mass m causes the flux 


2%m == 2^ j*J* yudxdy. 


Put in terms of the potential this is 


60) ^ ^ J dVdxdy == 2% J ^ iidxdy. 


and since this is true for any area of the plane, we must have 

61) *■ — 27CII, 

This is Poisson’s equation for the logarithmic potential. 

25 ♦ 
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139. G-reen’s Formula for Logarithmic Potential. Apply- 
ing Green’s Theorem 56) to the functions logr and any harmonic 
function V, supposing the pole of P to be within the contour, and 
extending the integral to the area within the contour and without a 
circle K of radius s about the pole, 





The third term is 



JT 


(since V is harmonic in £) and the fourth, 

ds = = -fvd», 

K K K 

which, when we make « decrease indefinitely, becomes 


— 23tFi>. 


Accordingly we obtain the equation 



which is the analogue of equation 6), § 128. In a similar way we 
may find for nearly every theorem on the Newtonian Potential a 
corresponding theorem for the Logarithmic Potential. A comparison 
of the corresponding theorems will be found in C, Neumann’s work, 
Untersuchungm iiber das logariihmische und das Newtonsche PotentiaV) 
The Kelvin -Dirichlet Problem and Principle may be stated and 
demonstrated for the logarithmic potential precisely as in § 132. 


140. Birlchlet’s Problem for a Circle. Trigonometric 
Series. We shall call a homogeneous harmonic function of order n 
of the coordinates x, y of a point in a plane a Circular Harmonic, 
since it is equal to multiplied by a homogeneous function of 
cos CD and sincD, and consequently on the circumference of a circle 
about the origin is simply a trigonometric function of the angular 
coordinate cd. Any homogeneous function Vn of degree n satisfies 
the differential equation 


64) 


X 


dx 






1) See also Earuaok, Die Grundlagen der Theorie des logarithmischen Poten- 
Hales; Picard, Traite d* Analyse, tom. II; Poincare, Theorie du Potentiel Newtonien. 
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so that a circular harmonic is a solution of this and Laplace’s Equa- 
tion simultaneously. The homogeneous function of degree n 

a„x”^ + + . . . + a • 

contains w + 1 terms, the sum of its second derivatives is a homo- 
geneous function of degree n — 2 containing n — 1 terms, and if this 
is to vanish identically each of its ^ — 1 coefficients must vanish, 
consequently there are n — 1 relations between the n + 1 coefficients 
of F„, or only two are arbitrary. Accordingly all harmonics of 
degree n can be expressed in terms of two independent ones. The 
theory of functions of a complex variable^) tells us that the real 
functions u{xy y), vQc, y) in the complex variable u + iv, which is a 
function of the complex variable x + are harmonic functions of 
Xy y, and making use of Euler’s fundamental formula, 

65) X + iy ^ Q { cos o + sin co } = 
and raising to the power, we have 

66) {x + iyY = =: p«(coswcD -|- i sin no). 

Accordingly we have the two typical harmonic functions 

67) n =» p^cosno, i;=»p”sinno. 

It may be at once shown that these functions are harmonic by 
substitution in Laplace’s equation in polar coordinates, equation 47). 
Accordingly the general harmonic of degree n is 

68) V„ = { An cos no + sin no } = p^ . 

We may call the trigonometric factor Tn, which is the value of the 
harmonic on the circumference of a circle of radius unity, the 
peripheral harmonic of degree n. 

If a function which is harmonic in a circular area can be 
developed in an infinite trigonometric series 

71 = 00 OO 

69) V (x, y) cos woj + sin wro } ^ T„ 

71 — 0 0 

on the circumference of the circle of radius JB, the solution of 
Dirichlet’s Problem for the interior of the circle is given by the series 

70) r^T, + ^T, + ^,T, + .... 

For every term is harmonic, and therefore the series, if convergent, 
is harmonic. At the circumference p = 22, and the series takes the 
given values of V. The absolute value of every term is less than 
the absolute value of the corresponding term in the series 69), in 


1) See § 197. 
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virtue of the factor 


91 


therefore if the series 69) converges, the 


series 70) does as well. Since the series fulfils all conditions, by 
Dirichlet’s principle it is the only function satisfying them. 

We may fulfil the outer problem by means of harmonics of 
negative degree. Taking n negative, the series 


71) 






is convergent, takes the required values on the circumference, and 
vanishes at infinity. For a ring-shaped area between two concentric 
circles, we may satisfy the conditions by a series in both positive 
and negative harmonics, 


oo 



0 




cos w CD + iBr/ sin n CD j. 


140 a. Development in Circular Harmonics. We may use 

the formula 63), § 139, to obtain the development of a function in 
a trigonometric series on the circumference of 

a circle. Let the polar coordinates of a point 

on the circumference of the circle be B, co and 
\ of a point P within the circumference p, q>, 
\ Then we have for the distance between the 
two points 

T =* \B^ + — 2 Bq cos (co — g?)] ^ . 

Removing the factor B^, inserting for cos (co — p) 
m 1S9. its value in exponentials, and separating into 

factors we obtain 

73) r = 2J[H- ® 

1 

Taking the logarithm we may develop 


log (l 

and 

log^l — 
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74) logr = logi? - ^ (e”i("’-'P) + ^-”'<‘"-‘1’') 

00 

= log J? ®o® » (o> - 9’)- 

1 

This series is convergent if q < R, and also if q^JR, unless 
0) = g?. 

Inserting this value of logy in 63), differentiation with respeci 
to the normal being according to — 72, we have 


d (log r 


dn 


75) 






+ V 


I ^ JJ,» + J 
0 


cos n (ca — g>) Jirf CD. 


Expanding the cosines, we may take out from each term of the 
integral, except the first, a factor p”cosngp or Q^&inncp, so that Ip 
is developed as a function of its coordinates p, q?, in an infinite series 
of circular harmonics, the coefficients of which are definite integrals 
around the circumference, involving the peripheral values of T 
dV 

and This does not establish the convergence of the series on 

the circumference. Admitting the possibility of the development, we 
may proceed to find it in a more convenient form. In order to do 
this let us apply the last equation to a function which is a 
circular harmonic of degree m. Then at the circumference we have 

and 

76) F„(P) - T„d^' 

0 

it =s= 00 ^ ^ 

+ ¥^2 + i)/t„ cos n («, - g,) da >. 

n = l 

The expression on the right is an infinite series in powers of g, 
while Fm(P) is simply Q”'Tm- As this equality must hold for all 
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values of q less than R, the coefficient of every power of q except 
the must vanish, and we have the important equations 


77) 


78) 


COS w (q) — 9) d£D = 0 , (m 4* n), 

0 

2 tt 

“ ij * cos m (ra —<p)dta, 


for all Talues of and for all values of m except 0. Since is 

2?t 


^ constant, we evidently have 

79) T. - r,d„. 


These two important results can be very simply deduced by direct 
integration, inserting the value of but we have preferred to 

deduce them as a consequence af Green’s formula 63), § 139, in order 
to show the analogy with Spherical Harmonics. Let us now suppose 
that the function V(o) can be developed in the convergent infinite 
trigonometric series 


80) 


V(w) ^ (A„ cos nco + Bn sin nm) T„((o). 


Multiply both sides by cosm(c 3 — q))d(D and integrate from 0 to 23r. 


2ft 


2ft 


81) J" F(m)cosm(a3 — 9?)dci) ==^j^^T„(o))cosm(a>----9))do?. 

0 00 

Every term on the right vanishes except the which is equal to 
Accordingly we find for the circular harmonic Tm the 
definite integral s n 

82) Tm{^) = F(£o) cos m (co — 9 ) d(D. 

0 

For m = 0, we must divide by 2. 

Writing for T^isp) its value 

-4,;, cos m 9 ? + JBjwSinmy, 

expanding the cosine in the intregral, and writing the two terms 
separately, we obtain the coefficients 


2ft 


2 ft 


83) = ^^Vi(o)d(a, ^J'v{(o) cob me) dm, 

2ft 
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140a, 141] 


This form for the coefficients was given by Fourier^), who assuming 
that the development was possible, was able to determine the coefficients. 
The question of proving that the development thus found actually 
represents the function, and the determination of the conditions that 
the development shall be possible, formed one of the most important 
mathematical questions of the last century, which was first satisfactorily 
treated by Dirichlet.^) For the full and rigid treatment of this 
important subject, the student should consult Kronecker, Theorie der 
einfachen und der vielfachen Integrale; Picard, Traite Analyse^ Tom. I, 
Chap. IX; Riemann -Weber, Partielle Differentialgleichungen; Poincare, 
Theorie du Poimiid Uewtonien?) 


141 . Spherical Harmonics. A Spherical Harmonic of degree n 
is defined as a homogeneous harmonic function of the coordinates 
^ of a point in space, that is as a solution of the simultaneous 
equations 

The general homogeneous function of degree « 

a„o«" + 1- Oo,o2/’' 

+ z + an-t,\X”-^yz 1 - 

+ z^ 1 - ao,ty"~*z^ 


contains l + 2 + 3'’- + w+ l = terms. The sum of its 

second derivatives is a homogeneous function of degree « — 2 and 
accordingly contains 2 ^ ~ terms. If the function is to vanish 
identically, these coefficients must all vanish, so that there 

are ** relations among the coefficients of a harmonic 

of the w** degree, leaving 2» + 1 arbitrary coefficients. The general 
harmonic of degree n can accordingly be expressed as a linear func- 
tion of 2w 1 independent harmonics. 

1) Fourier, TMorie analytigue de la Chaleur, Chap. IX, 1822. 

2) Dirichlet, “Sur la Convergence des Series Trigonom^triques”, Crellds 
Journal, Bd. 4, 1829. 

3) A resum^ of the literature is given by Sachse, Bulletin des Sciences 
Mathematiques, 1880. 
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Examples, Differentiating the arbitrary homogeneous function 
and determining the coefficients, we find for ^ = 0, 1 , 2 , 3, the 
following independent harmonics: 

n = 0 a constant, 
n^l Xy y, 

w=»2 x^-y% — ocy, y^, 

Zx^y-y^, '6y^x—x^, Syh—z^f SA—x^, 3^*?/— y®, xyz. 

If we insert spherical coordinates r, -fi, 9 , 


X == r sin O’ cos (p, 
y = r sin 0 ^ sing?, 
z r cos O’ 

the harmonic F« becomes 

F, = r” Y„ (O, g?), 

where is a homogeneous function of the trigonometric functions 
cos O, sin O cos g?, and sin O sin g?. F, being the value of F,, on the 
surface of a sphere of unit radius, is called a surface harmonic. 
The equation Yn = 0 represents a cone of order n, whose inter- 
section with the sphere gives a geometrical representation of tlie 
harmonic F,*. 

If u and V be any two continuous functions of x, «/, z, 


d^(uv) 






+ 2 


du dv 
?xd X 


+ V 




86 ) z/ (uv) u/lv + + 

Put u = and since 


fdudv ?u?v , a w a ?A 
Va a: a a; y (^y ' dz) 


a(r"*) « 1 9 

— i = ?r- = mr^~^x, 

dx ax ^ 

”a^^^ ^ + m(m — 2 ) 


we get 

87) 

If F, is 

88 ) 


+ m (m — 2) {x^ + y^ + 

^ m{m + 1.) r^—^, 
a harmonic of degree n, 
z/ (r^"F„) =- r'M F„ + m {m+ \)r^ ^ V„ 


+ 2mr”‘-^(z~ +1J 


dv„ 

a.r 




) 


==[m{m V) + 2inn\r”'~^T„, 
by virtue of equations 84) and 85). 
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Consequently if m == — (2w + 1), the product is a harmonic. 
Since is of degree n, and r is of degree unity in the coordinates, 

+ is of degree — + 1). Accordingly to any spherical 

harmonic V,^f==r^T„ of degree n there corresponds another, 

JT I » Y?i 

of degree — (n + 1). Compare this with the corresponding property 
of circular harmonics, where the degrees of the two corresponding 
harmonics are equal and opposite. 

142. Dirichlet’s Problem for Sphere. By means of these 
harmonics we may solve Dirichlet’s problem for the sphere. If a 
function harmonic within a sphere of radius 7? can be developed at 
the surface in an infinite series of surface harmonics, 

89) F- To + Y, + IV • , 
the internal problem is solved by the series 

90) F=ro + ir,-4 + . 

For each term is harmonic, and therefore the series 90), if con- 
vergent, is harmonic. At the surface the series takes the given 
values of F. Every term of the series 90) is less than the corre- 
sponding term of the series 89) in virtue of the factor therefore 

if the series 89) converges, the series 90) does as well. Since the 
series fulfils all the conditions it is the only solution. 

We may in like manner fulfil the outer problem by the series 
of harmonics of negative degree, which vanish at infinity. 

91) F=^ro + 5V, + f;r, + .... 

For the space bounded by two concentric spheres, we must use 
the series in harmonics of positive and negative degrees. 


143. Forms of Spherical Harmonics. Before considering 
the question of development in spherical harmonics, we will briefly 
consider some convenient forms. Since if 
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and any derivative of a harmonic is itself a harmonic, so that 


dx^ dy^ ^ ^ 


is a harmonic of degree m — (cc + jS + Since to Vq =* & corre- 


sponds the harmonic F_.i= we have 


92) 


CZ^ \r) + « + 


dx^ dy^ cz‘ 


If \ he any constant direction whose direction cosines are 


cos Qi^x) == cos (h^y) ==• cos {h^z) == 

a , a , a , a 

d\ “ ^ Yy + Tz^ 

and is a harmonic of degree — 2 , and to it corresponds the 

harmonic, 

which is of the first degree. Since = 1, the harmonic 

contains two arbitrary constants, and multiplying by a tird, A, we 
have the general harmonic of degree 1 , in the form 


94) 




If in like manner /^g; ^ 3 ; ••• ^hty denote vectors with direction 
cosines Zg? Wj, , . . w„. 

d\ d\ 

4 

is a spherical harmonic of degree — • (w + 1 ) and to it corresponds 


■^0) 


95) 


F„ 


' ^ :,ir ^ 
a\ 


, A 

dh^ 


0)' 


a harmonic of degree n, and since every h introduces two arbitrary 
constants, multiplying by another, A, gives us 2 >^ + 1 , and we have 
the general harmonic of degree n in the form. 


96) 


Vn--A 


A 't 

d\ o\ 




The directions ^ 1 ,^ 2 ,... hn are called the axes of the harmonic. 
To illustrate the method of deriving the harmonics we shall find the 
first two. 
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A ( 7 ) (~ 7» “ 7^ “ rO ^ ^ + »iy + nz), 


V =^r5— - 


G) 


(*> «i + ”•■ ^ + ”i f.) (*■ S + "^ 8V + “» 1} © 
_ _ .ir' (!4 + «, A + „. I) (L.i+Sf+-V) 

(h 3?,a!* 8 m,a: 2 / 3w,x«\ 

- ~ ; 

, /»»* 3 m, 2 /== 3 ?, X y 3 «, y 2 \ 

' I |.S ^.0 |.6 ' ^6 / 

j- *, 

■^”nr* »•“ r" r® /| 

Fg = JL{— + WiWj + w^Wj) (x® + 2/® + «*) 

+ 3 + WjWj^*) + (ZjWtj + limy)xy 

+ (miWj + + («i?2 + ihl^zx)]. 

The coefficients are of course subject to the relations 
Ij* + »Ji® + Ml* - 1 , V + »* 2 * + Mg* - 1 . 


144. Zonal Harmonics. If all the axes of the harmonic 
coincide, we may conveniently take the axis for one of the coordinate 
axes, and write 

97) F„^.lr*«+‘^(i). 

It is evident that this will contain only powers of e and r, so 
that the surface harmonic will he simply a polynomial in 

~ - cos {rz)* 

The equation F^{cos(r^)} — 0 may be shown to have n real roots 
lying between 1 and — 1, and hence represents n circular cones of 
angles whose cosines are these roots, intersecting the surface of a 
sphere in n parallels of latitude which divide the surface into zones. 
The harmonics are therefore called Zonal Harmonics. The polynomial 
in cos(rjef) which constitutes the zonal surface harmonic, when the 
value of the constant A is determined in the manner to be given 
in 106), is called a Legendre's Polynomial, and denoted by 
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145. HarmonicB in Spherical Coordinates. We Lave trans- 
formed Laplace’s Operator into spLerical coordinates in § 135, and 
z/F = 0 becomes 


98) ' 


If we put in this V„ r’‘Y„ we obtain 

}< i . 2y„] 

99) sin # • 14 (w + 1) Y„ + | sin It | + 


1 f 2 i 
()(p 


n 

2 


as the differential equation satisfied by a surface harmonic Yn (ff, q)). 
This is the form of Laplace’s equation originally given by Laplace 
If Yn is the zonal harmonic which is independent of g?, we have 


100) « (14 -f 1) A { sin ) = 0, 

or putting 

cosff == /i, 


101 ) 


d 

dyL 





+ n{n -1- l)Pn -- 0. 


This is known as Legendre’s Differential Equation. We shall 
now, without considering more in detail the general surface harmonic, 
find the general expression for the zonal harmonic It may be at 
once shown, by inserting for Pn{p) a power- series in [i and deter- 
mining the coefficients, that for integral values of n the differential 
equation is satisfied by a polynomial in fi. The form of these 
polynomials we shall find from one of their important properties. 


146. Development of Reciprocal Distance. We know 
that the reciprocal of the distance of the point z from any 

fixed point P, is a harmonic function of the coordinates x, y, and 
although it is not a homogeneous function except when the fixed 
point is the origin, it may always be developed in a series of homo- 
geneous functions, that is, in a series of spherical harmonics. We 
shall now use the letter d for the distance from any fixed point, 
reserving r for the distance from the origin. Let us for convenience 
take the axis of z as passing through the fixed point P, which lies 
at a distance r' from the origin, and put cos (rz) = /i. Then we have 

102) I' = [r**-)- r'2 — 2 »tV]""'^ == [a:* + y‘‘ + (s - ® • 

1) Laplace, ‘‘Th^orie des attractions des spheroides et de la figure des 
planetes.” Mem. de VAcad. de Paris. Ann^e 1782 (publ. 1786). 
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Considering this as a function of z let us develop by Taylor’s 
Theorem, 

lOS) ■_/■(,-,■)-/•(.) 4 - 




and since for r' =» 0, 4 = - 

^ d ^ ^ 

Now multiplying and dividing each term by r”+^, we find 

106 ) ^_;jp. + + + + 

where 

106) 


P =l, = + (^y 


This is the determindition of the constant adopted by Legendre, 
for the reason that, since by the binomial theorem, for dr, and 


1 

d 




1+ .+12+--- + 


it makes for every n, 

107) 


p«(i) = i. 


The term is a spherical harmonic of degree — (n+1); and 
the series 105) is convergent for / < r. In like manner if / > r we find 

a 7 « } • 

In order to find P„ as a polynomial in ^ we may write J as 


r 

d 


and develop by the binomial theorem. 

13 6 /I , \ 

2 ■ 2 ' 2 ‘ ' \2 V 


109 ) 






Developing the last factor, 
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110) 


(- 1)*2(‘ 


1 . ® 1 (1 

,2 ‘ 2 ' 2 \2 


t\(s-t)l \r) ^ • 


Picking out all the terms for which s t — n we get- for th( 
coefficient of 


111) P„ 


_1 „n 


l-2(2n-l)' 

-8) J 


-l)(w-^2)(w- ?) „ _4 1 . 

■t" 2. 4 (2m -1) (,2m- 8) ^ ""J 

The first polynomials have the values 

PM = 1, 

Pi(/t) = /*, 

PM-lCM-'P), 

P8(i^) = -8-(5/*’-3;*), 

PM = 8 - 30/8* + 3), 

PM = -8 ( 63 / 8 = - 70 / 8 * + 15 / 8 ). 

147. Development in Spherical Harmonics. We may us 

the formula 6), § 128, for an internal point, to obtain the developmen 
of a function of y, on the surface of a sphere in the same manne 
as in § 140 a for the case of a circle. Since the polynomials in th 
development of the reciprocal distance involve only the cosine of th 
angle between the radii to the fixed and variable points, we hav 
if r' < r. 


^ _ 1 
d r 




^=s cos (rV), 


and differentiating this with respect to — r, the internal normal, 

Hi) - 

0 

Inserting these values in 6), § 128, namely 


V(P\ = 


-y/i 


dn d dn 
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and applying it to the case that F is a spherical harmonic 


dn 

dS = r^aind’dd’dq>j 


we obtain, since 
118) F„(P) = + 1)^:1, P.iii) 


7t Sn 


0 0 


+ mr”'~^ Ym ^ (\yP> (/*) |r*sin'9-d'8'dqp. 

0 

If the coordinates of P be r\ (p\ we have, 

F,„(P) = r'-r.,(^', cp'), 

while on the right we have an infinite series in powers of r\ with 
definite integrals as coefficients. Since the equality must hold for 
all values of r' less than r, we must have, collecting in terms in 


Jt 27 t 


119) 


Ymip'j (p) P«(^) sin d' d%' = 0 , s^m. 


0 0 


n '£71 

Fn(0', 9>') = ’^ 4 “ fS ^ 

0 0 




so that we have for the values of the integral 


7t iTt 

120) JJ <p) P„(/t) sin ^dd'dtp^ j q>'). 

0 0 

In performing the integration, we must put for [i the value 
obtained by spherical trigonometry, 

121 ) /It «— cos (r/) cos '9' cos + sin d" sin cos {q> — 9 '). 

By means of the above integral expressions, 119) and 120) we 
may find the development of a function of q>, assuming that the 
development is possible. Suppose we are to find the development 

122) n+ r, + r, + .... 

Multiply both sides by P„(/x)sin d'dd'dg), and integrate over the 
surface of the sphere and since every term vanishes except the 
we obtain 


rt 2it 

123) J'J' ^( 0 -, <p) P„{ii) sin »d»d(p=’ F.C'fr', tp'), 

n tn 


124) r„(^', ip’) 




ip) Pn{p)^ux^dQ‘dip. 


WSBSTSB, DTnamiot. >. 


26 
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Accordingly to find the value of any term Yn at any point; P, 
qp') we find the zonal surface harmonic whose axis passes through 
the point P, multiply its value at every point of the sphere by the 

value of f for that point, by the element of area, and by and 

integrate the product over the surface. It remains to show that the 
development is possible, that is that the sum of the series 


L 


2 ( 2 « + 


0 


71 an 


1) /‘(O', qp) F„(fi) sin d'dd'd% 

0 0 


actually represents the function /*(#', qp'). This theorem was demon- 
strated by Laplace, but without sufficient rigor, afterwards by Poisson, 
and finally in a rigorous manner by Dirichlet. A proof due to Darboux 
is given by Jordan, Traite d^ Analyse, Tom. II, p. 249 (2“® ed.). 


148. Development of the Potential in Spherical Har- 
monics. In investigating the action of an attracting body at a 
distant point, and for many other purposes connected with geodesy 
and astronomy, it is convenient to develop the potential function in 
a series of spherical harmonics. If Xy y, z denote the coordinates of 
the attracted point P, r its distance from the origin, a, h, c the co- 
ordinates of the attracting point Q, / its distance from the origin, 
d the distance between them, dt' the element of volume at Q, we have 


and using the value of ^ from 105), when r> r\ 




dt^ + . . . 


which, on removing the powers of r from under the integral signs, 
is the required development in spherical harmonics, 

126 ) + + 


where the surface harmonics Y„ are the volume integrals 


127) 


9^”Pn(li)dr' 


taken over the space occupied by the attracting body. Since y enters 
into the integrand, and, according to 121), it contains the angular 
coordinates qp of P, the surface harmonics Yn are functions of d' 
and qp. 
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If the body is homogeneous, and is symmetrical about an axis 
of revolution, since V is independent of ■9', q>, it is evident that all 
the harmonics are zonal, and we have 


128) 


I ^1 _j. r!:ls ^ 


4- 


where every P„ is the zonal harmonic in cos S'. 

If we know the value of F for every point on the axis of 

revolution, so that we can develop it in powers of ~ as 


129) 


= F(r) 


: 4- :?? 4- 

^ • 


then putting cos^=»l in 128) and comparing with 129), we find 
An = J5n SO that V is completely determined as 


130) 



+ 






4- .... 


If in addition the body has an equatorial plane of symmetry, so 
that F(coS'9') = F(— cos'fi’), evidently the development will contain 
only harmonics of even order. As a case of this we shall develop 
the potential of a homogeneous ellipsoid of revolution in § 161. 

Whether the body is homogeneous or not, we may easily obtain 
the physical significance of the first few terms in 126). For making 

use of the values in 111) since ^ “tff. ^e have 

' ^ rr 


131) 

132) 


r' (^) = / 2 1 { 3(aa; + 62 / 

V=^J*J'J*Qdadbdc+^ j*Q{ax + by + C0)dadb dc 
+ ^ + 6* + c^)] dadb do. 


There occur in the first three terms the volume integrals 

Qdadbdc ^ M, SSS 

Qbdadbdc = Mb, j*J* Qedadbdc Me, 
Qa^dadbdc = ^^^~^,J^J*J qVdadbdc 

QC^dadbdc 

Iff Qbcdadbdc = D, Iff Qcadadbdc == E, 

Q<^idadbdc = F, 


C + A-^B 
2 ^ 

A + B^-^C 
2 ' 
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where M is the mass, a, c the coordinates of the center of mass, 
-4, jB, (7, Z), E, Fy the moments and products of inertia of the body 
at the origin. If we choose for origin the center of mass, and for 
axes the principal axes of inertia at that point, we have 

a 6 = c = D == 0, 


so that the second term of the development dissappears, and the third 
simplifies, so that we have 


] 33) +— -iM) x^ + (C+A^ 2B)y^+{A + B^^C)s^ 

' r ' 2 


+ .... 


In all these developments, it is to be borne in mind that r is 
greater* than the greatest value of r' for any point Q in the body. 

If the body is a homogeneous sphere, all terms dissappear except 
the first. If the attracted point is at a considerable distance compared 
with the dimensions of the attracting body, or if the body differs 
but slightly from a sphere, the terms decrease very rapidly in 
magnitude, so that the first is by far the most important. Thus 
under these circumstances bodies attract as if they were concentrated 
at their centers of mass, or were centrobaric (§ 125). The correction 
is in any case in which we are dealing with the actions of the planets, 
given with sufficient accuracy by the second term in 133), from 
which the moments causing precession were calculated in § 96. In 
§ 161 we shall see how the terms depend upon the ellipticity of aii 
ellipsoid of revolution. 


149. Applications to Geodesy. Clairaut’s Theorem. 

Although, as has been stated, the development 125) is not in general 
convergent inside of a sphere with center at the origin which just 
encloses the attracting body, on account of the divergence of the 
series 105) when r' > r, still it may occur that the performance of 
the integrations in 125) causes the latter series to converge even 
within this sphere. At any rate for a body having the properties of 
the earth, it has been shown by Clairaut^), Stokes^), and Helmert*), 
that the series 125) converges at all points on the surface of the 
body, and also that for the earth the two terms in 133) represent 
the attraction with quite sufficient approximation for applications to 
the figure of the earth. In order to exhibit the surface harmonics 

1) Clairsbut, Jheorie de la Figure de la Terre, tiree des Frincipes de 
V Hydrostatique. Paris, 1748. 

2) Stokes, ‘‘On the Variation of Gravity at the Surface of the Earth**. 
Trans, Cambridge Phil, Soc,, Vol. VIII, 1849. 

3) Helmert, Geodasie. 1884. 
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in terms of angular coordinates^ let us introduce the geocentric 


latitude tp 


d' and longitude % in terms of which 


X = rcoBfcosq), y = rcos^siny, ^ = rsin^. 

The second term of 133) thus becomes 

— [(S + 0 — 2^)cos^^cos^ 9 + (O' + -4 — 25) cos^^sin^9? 

+ (A + 5—20) sin^ 

„ , cos^^ = 1 — sin^^, 

A 


which, on putting 
cos^ 9? 


o 1 4 - COB 2 flp *9 1 — cos 2 ® 

i2/in= -L 


reduces to 

134) -^^^)(l-3sinV)+ |(-B-^)cosVcos29]==-’^*-^^’-^. 

In order to deal with the apparent gravity we have to add 
to V, the potential of the attraction, that of the centrifugal force, as 
in § 123, 73), putting 

135) y Fc =» 2 <0^ {x^ + 'if) == 2~ 

It is to be noticed that by writing 

sin* «-=l-^^-=|[l-P, (,*)], 

136) y Fc =- i < 0 * r* - J a)*r*P, (^) , 


Fc is itself exhibited as ^ o^r* plus a spherical harmonic. 


If we now write 


A-^-B 


K 


M 


we have the approximate expression for the potential of terrestrial 
gravity 

137) Z7 = y ( 1 + ^ (1 - 3sm*^) + oos*^cob2<p + f^cos*^ j . 

with 

138) g 


If the surface of the earth is an ellipsoid whose radius vector 
differs at every point from that of a sphere 'by a small quantity of 
the first order, the angle between the normal and the radius vector 
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will be small, its cosine will differ from unity by a small quantity 
of the second order, neglecting which we may put 


139) p = -y|-? = ’'^jl+-^.(l-3sin»V') 

4 ®°®* ^ 1 • 

Determinations with the pendulum show that g varies very slightly 
with the longitude, we may therefore put B = A, so that 


140) 

r 

141) 

yM 




1 + 27® ( ^ ^ ~ -'- if ®®®*^ 


■/M 


On a level surface, such as the surface of the ocean will be shown 
in § 179 to be, 

U = const == Uq. 


M 

For such a surface, equation 1 40) gives, putting a = ,, and in the 
parenthesis substituting a for r, the equation of the surface, 


142) r=>o(l+^2(l-3 sinV) + = a (1 + i?). 

The substitution of a for r is permitted in the higher powers because 
of the assumption that — differs from unity only by a small quantity % 

whose square is neglected, and thus r”* =* a”‘(l +m7f). Inserting the 
value of r from 142) in 141) and approximating in like manner, 


143) g- 




• 3sin®^)- 


(o^a* 

yjf 


cos 


>){i +15(1 


2o2' 


or 


144) g 


iKl 

' a2 I 


1 + — — 
^ ^ 2a2 


2<a2 a* 

yjiF 


+( 


2 (»2a® 
y ~ m ~ 


BK\ 


3 sin* 
-7if ®o®*^) 

tl>\y 


146) 

146) 


9 =^=^o(l + «sinV), 

— 2 (o^» _ 3^ 
”'~yM ^7 


The equation 142) is easily seen to be that of an ellipsoid of revo- 
lution, and putting ^ = 0, ^ ^ its semi-axes are found to be 


147) 


r, = a[ 


1 J. ^ 4 . “*«*l 
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Accordingly the ellipticity, or flattening (aplatissement, Abplattung), 
defined as the ratio of the difference of axes to the greater, is 


148] 


f.— 


e 


2a* 




6 c)*a* 
2 yM 




c — n. 


The quantity c ~ is equal to the ratio of the centrifugal accel- 
eration (u^a at the equator to the acceleration of gravity ~ at the 

same place, while n is equal to the ratio of the excess of polar over 
equatorial gravity to the latter. Thus equation 148) gives us Clairaut’s 
celebrated theorem, 

149) e + n 


5 

2 "* 


muptidty of Sea-level + e^M gramty 

Equatorial gravity 

_ 5 Centrifugal acceleration at equator 
2 Gravity at equator 

The values of the constants in 145) adopted by Helmert as best 
representing the large number of pendulum observations that had 
been made up to 1884 are given by 

150) g -= 978.00(1 + 0.005310 sin», 

agreeing closely with the formula given on p. 33. The value of the 
centrifugal acceleration is known from the length of the sidereal day, 
the time of the earth’s rotation, giving 

2n 

^ “ 86,164.09 sec/ 

and the earth’s equatorial radius, given by Bessel as 6,377,397 meters. 
From this is found 

0 = 0.0034672 = 

giving by 149) 

e = I X 0.0034672 - 0.005310 = 0.0033580 =-29^- 

By a still closer approximation Helmert finds e = 299 26 * ^ 

remarkable chance this coincides almost exactly with the value given 

by Bessel as the result of measurement of arcs of meridian. A third 

way of deducing the ellipticity is by means of the precession of the 

equinoxes, which, as has been shown in § 96, enables us to calculate 

the ratio c^A 1 

-- 

from which, though involving an assumption as to the distribution 
of density in the earth, the ellipticity may be derived « Finally, as 
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the moon affects the motion of the earthy the earth disturbs the 
orbital motion of the moon^ which gives a fourth method of obtaining 
the ellipticity, from which Helmert gives the value obtained from 

the moon's motion as 29 ^ 8 * 


150. Potential of Tide -generating Forces. In order to 
study the theory of the tides, it is necessary to obtain the expression 
for the potential of the attraction of a distant body, such as the sun 
or moon, considered centrobaric, as a function of the geographical 
coordinates of a point on the surface of the earth. It is convenient 
to consider the earth’s center of mass reduced to rest by the principle 
of § 102, according to which we impress upon every point of the 
earth an acceleration a, Uy, ccz) equal and opposite to that im- 
pressed upon the earth by the distant body. But this acceleration 
which is the same for all points of the earth, is accordingly derivable 
from a potential 

151) UjcX + Uyy -f arcos(ar). 

But if m is the mass of the distant body, D its distance from the 
earth’s center we have, § 102, 



Accordingly, if d is the distance of 
the distant body from the point P 
on the earth’s surface (Fig. 140), 
Z the angle between the radii, |or 
the zenith distance of the distant 
body at P, we have for the whole 
potential at P, 

152) F = — — cos Z. 

Now developing ^ by 105) and 

neglecting all but the first three 
terms, 


153) 


+ -^eo,Z 


The first term is the same for all points on the earth, and therefore 
may be neglected, so that the tide -generating potential is^simply 

X mr^ (Scos^Z—l) 

154) ^P,(cosZ)==-pi- ^ 2 -• 
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On account of the third power in the denominator, the effect of 
the moon is much larger than that of the sun, in spite of its corn- 
paratiyely microscopic mass. 

^151. Ellipsoidal Homoeoids. Newton’s Theorem. If we 

transform Laplace’s equation to elliptic coordinates and attempt to 
apply the methods of § 135 to the problem of finding the potential 
of a homogeneous ellipsoid, we are at once confronted with a difficulty. 
It is not evident, nor is it trm^ that the potential is independent of 
two of the coordinates, and 
that the equipotential surfaces 
are ellipsoids. 

The following theorem 
was proved geometrically by 
Newton. A shell of homo- 
geneous matter bounded by 
two similar and similarly 
placed ellipsoids exerts no 
force on a point placed any- 
where within the cavity. Such 
a shell will be called an 
ellipsoidal homoeoid. 

Let P, Fig. 141, be the 
attracted point inside. Since 
the attraction of a cone of solid 
at its vertex is 



angle d(o on s, point of unit mass 


/ dm / r* 

^~J 


dondr 


= rdo, 


we have for an element of the homoeoid the attraction 


d(o{BP--DP), 

in one direction, and 

d(D (AP - CP) 

in the other, or in the direction PP, 

d(o{BD-ACr). 

Draw a plane through ABO, and let ON be’ the chord of the elliptical 
section conjugate to AB. Since the ellipsoids are similar and similarly 
placed, the same diameter is conjugate to the chord CD in both. 
But CJD and AB being bisected in the same point, 

AG^BD, 

and the attraction of every part is counterbalanced by that of the 
opposite part. 
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*^162. Condition for Infinite Family of Eqnlpotentiale. 

Although the equipotentials of an ellipsoid are not in general ellipsoids, 
we may inquire whether there is any distribution of mass that will" 
have ellipsoids as equipotential surfaces. 

Let us examine, in general, whether any singly infinite system 
of surfaces depending upon a parameter g, 

F{x, y, s,q) = 0 

can be equipotential surfaces. If so, for any particular value of the 
parameter q, V must be constant, in other words F is a function 
of q alone, say F«=/(g). If Xy y, z are given, q is found from 

F(Xy y, 2 ) = 0 and from that F from the preceding equation. 

Now in free space, F satisfies the equation ^F=*0. But, since 
F is a function of q only, 

dV ^ dVH 

dx dqdx* 

^ dx^ dqbx^ dxdx\dq) 

dq dx^ ’ \dx) dq^ 

In like manner 

asF_ dVd^q /dq^d^V 

dy^ dq dy^ ^ \^/ dq^^ 

dz^ dq dz^ ^ \dz) dq'^^ 


2 ) 


^F== 


dV 

dq 


^*+ 1 ( 1 - 1 )’+ ( 11 )’+©“ 


Accordingly 


3) 


Jp 

hi 


dV . , J „ 


d^V 



dq 


d^ V 
dq^ 


Now since F is a function of q only, the expression on the 
right must be a function of q only, say 9>(g). Consequently, that 

Fix, y, 0 ,q) = O 

may represent a set of equipotential surfaces, the parameter q must 
be such that the ratio of its second to the square of its first differ- 
ential parameter is a function only of g, 

h(i 

This condition is due to Lame. 



X 62 , 168 ] CONDITION FOR EQUIPOTENTIAL FAMILY. 
If this is satisfied, we hare 

4) = 


5) 


iog|^ = -J" V ia) H + G, 

dV _ —/V’C'/) 
dq ^ 

V=-aJ e-f + B. 
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There must be one value q such that the level surface is a sphere 
of infinite radius, and for this V must vanish. 

These conditions are satisfied by the polar coordinate r, for by 
§ 141, 87) 

2 

z/r = “ > 


1 , 9ir), 




dr + B 




= - + .B. 

r 

For r « oo , we must have F = 0, accordingly we must put jB = 0. 
We may get a convenient expression for ^ by transforming z/g 

hq 

into terms of three orthogonal coordinates, of which it is itself one. 
Put g = Si , and since it is independent of gj and jj. 


6 ) 

7) 










k ^ 1 k k 

1 dht 

fe,ag, 


1 d\ 


1^. 


1S3. Applioatioit to EUlptie Coordinates. Applying this 
to elliptic coordinates giyes 
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a\ — = A I * l/_ («*+^)(fcH^)( c‘+^)0*- «')( ft-^)(r-^)(y - ^) i 
hi air”8 2 V (I_^)(I_r)(o‘+(tk6*+(*)(c*+/i)(a*+'«')(6H’')(c*+4 

2 { a*-p P+1 P> 1 } 

which is independent of ^ and v, and therefore the system of 
ellipsoids X can represent a family of equipotential surfaces. We have 


9 ) 


10 ) 


^^^{X)dk - 2^y^|aS+i + 

— log l/(a* +^) (&* + i) (c^ + A), 

-/•pWdX ^ \ 

V/‘(a* + I)(&« + I) (cs + l) 




dX 


+ J?. 


J? must be such a constant that when X = cx>, which gives the infinite 
sphere^ F == 0. This is obtained by taking the definite integral 
between X and cx), 


oo 

r _d^ ^ 

11) l/(a2 + s)>-H)YcH-«)’ 


X being taken for the lower limit; so that A may be positive; making 
F decrease as X increases. F is an elliptic integral in terms of X, 
or X is an elliptic function of F. For 


12 ) 


IT 

^dx 


A 




a differential equation which is satisfied by an elliptic function. 
We may determine the constant A by the property that 


lim (rF) = Jf, 


or that 
We have 


lim = — if cos (rx). 

dx dl dx 


A 2 a;d! _ 

y(o» + l)(6» + I)(c8 + l) (a»+A)’ 
2Aa!^|r* 

^ (a* + 1) yla* A*) («>* + X) (c» + A) ’ 


[by § 73, 86)] 
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From the geometrical definition of X, 

r = oo '' ' 

Now consider, for simplicity, a point on the X-axis, where 

= = The denominator becomes infinite in that is, r^, and 

so does the numerator. Hence 


so that 
14) 


lim Jf, 

y_m r_ ds] 

^ J + S) (c*"+ s) 


154, Chasles’s Theorem. We have now found the potential 
due to a mass M of such nature that its equipotential surfaces are 
confocal ellipsoids, but it remains to determine the nature of the 
mass. This may be varied in an infinite number of ways; we will 
attempt to find an equipotential surface layer. By Green’s theorem, 
§ 129, 11), this will have the same mass as that of a body within 
it which would have the same potential outside. 

If we find the required layer on an equipotential surface S, since 
the potential is constant on S, it must be constant at all points 
within, or the layer does not affect internal bodies. 

The surface density must be given by 10), § 129, 

1 dV 

— , where nx is the outward normal to X, 

and 8F dV dt , dV 

8n;^ di dn^ ^ di' 

Now since 

hi ^ 2 Si, 

dV 

Since F is a function of X alone, the same is true of which for 

a constant value of X is constant. Hence 6 varies on the ellipsoid 8 
as Sx. Therefore if we distribute on the given ellipsoid 8 a surface 
layer with surface density proportional at every point to the perpen- 
dicular from the origin on the tangent plane at the point, this layer 
is equipotential, and all its equipotential surfaces are ellipsoids confocal 
with it. Consequently if we distribute on any one of a set of 
confocal ellipsoids a layer of given mass whose surface density is 
proportional to S the attraction of such various layers at given 
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external points is the same, or if the masses differ, is proportional 
simply to the masses of the layers. For it depends only on A, which 
depends only on the position of the point where we calculate the 
potential. 

Since by the definition of a homoeoid, the normal thickness of 
an infinitely thin homoeoid is proportional at any point to the 
perpendicular on the tangent plane, we may replace the words surface 
layer^ etc., above by the words homogeneous infinitely thin homwoid. 
The theorem was given in this form by Chasles.^) 

156. Maclaurin’s Theorem. Consider two confocal ellipsoids, 1, 
Fig. 142, with semi-axes and 2, with semi -axes /Sg, /g- 

The condition of confocality is 

16) ag* - = y/ - = s, say . 

If we now construct two ellipsoids 3 
and 4 similar respectively to 1 and 2, 
and whose axes are in the same 
ratio O' to those of 1 and 2, these 
two ellipsoids 3 and 4 are confocal 
(with each other, though not with 1 
and 2). For the semi -axes of 3 are 
and of 4 are d'y^, 

and hence the co ndition of confocality, 

17) _ ^2^, ^2 _ ^2^, ^2 _ ^2^ 

is satisfied. Now if on 3 we distribute one infinitely thin homoeoidal 
layer between 3 and another ellipsoid for which is increased by dd', 
and on 4 a homoeoidal layer given by the same values of d- and r?#, 
and furthermore choose the densities such that these two homoeoidal 
layers have the same mass, then (since these hommoids are confocal) 
their attractions at external points will be identical. 

4 

Now the volume of an ellipsoid with axes a, h, c, is ^ Tcahcy 
that of the inner ellipsoid of the shell 3 is accordingly 

and that of the shell is the increment of this on increasing by dd'y or 
(vol. 3) = 4:itd'^d^cc^Piyy 

Similarly 

(vol. 4) 4n:d'^dd'a2fi2yr 


1) Chasles, “Nouvelle solution du problme de I’attraction d’un ellipsoide 
h^terog^ne sur un point ext^rieur. Journal de Liouville^ t. V. 1840. 
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Consequently, if ime suppose the ellipsoids 1 and 2 filled with matter 
of uniform density and the condition of equal masses of the 
thin layers 3 and 4, 

is simply 

18) 

that is, equality of masses of the two ellipsoids. And since for any 
two corresponding homoeqids such as 3 and 4 (fi* and fi* + dfi*) the 
attraction on outside points is the same, the attraction of the entire 
ellipsoids on external points is the same. 

This is Maclaurin’s celebrated theorem: Confocal homogeneous 
solid ellipsoids of equal masses attract external points identically, or 
the attractions of confocal homogeneous ellipsoids at external points 
are proportional to their masses.^) 


156. Potential of Ellipsoid. The potential due to any 

homoeoidal layer of semi-axes a, /I, y is found to be from our preced- 
ing expression for F, 14), 


14) 


V= 


M f 

2 J V (a« + 4. S) ' (y * + s) ' 


where A is the greatest root of 


19) 


+ 


y 


cc^ + X ' p^+X 


+ 




1 . 


Now if the semi- axes of the solid ellipsoid are a, i, c, those of 
the shell a = d'a, = d'b, y = fi’C, we have M == if the 

density is unity, and 

00 

r ds 

\ 

where A is defined by 


21) 


+ 


y* 




+ 


= 1 . 


To get the potential of the whole ellipsoid, we must integrate 
for all the shells, and 

1 00 

22) F= 2xahcJ^Q'^ d ^ (c»¥* +7) ' 

0 i 


1) Maclaurin, A Treatise on Fluxions, 1742. 
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For every value of there is one value of X, given by the 
cubic 21). 

Let us now change the variable s to t, where, &• being constant, 
s = ds = and put I — 

Then 

1 

23) F= 2nabc ' - ' 

0 

where « is defined by 


1 OD 

cj 




24) 


4. -J'*- 4. -i! 9.2 

a* -f t4 -^u 


Since is thus given as a uniform function of u, we will now 
change the variable from -d* to u. 

Differentiating 24) by 


25) 




X 

(aHw) 


* . _L \du 

- M )* ^ (68 + m )8 ^ + W )2 


When Oy w = oo, and when d' ^ 1, u has a value which we 
will call 6, defined by 


26) 


I ^ ^ 






a2+<y ^ 62 + <? ^ c^ + 6 

Accordingly, changing the variable, 

0 » 00 

27) F= }tahcj^\ I d uj^~- 


dt 


F(oH0(6*+0(c®+t) 

Cf u 

The three doi,uble integrals above are of the form 


28) 

where 


io%f 

<J u 

m = 


F(a* + 0(6* + 0(c* + 0 

This may be integrated by parts. 

GaU 

OD 

U 

00 00 

j ^<p(u)du rv(**) 1 *| i^'{i*)du 

(C“+i)»~ IC+^ja'^J C + U 
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Ob 

(p{<x>) f{t) dt = 0, [since f{po) = 0], 

CO 

00 

fp{(f) =J ^{i)dt, 


Inserting these yalues in 29), 


30) 




f(u)du 


or the variable of integration being indifferent, we may put u for t 
in the first integral. 

Applying this to our integral 27), by putting C successively 
equal to a* multiplying by j/-, 5 ?®, and adding. 


31) 




-\-6 ' a*-\‘U c*+ 

Now the first three terms of the integrand are, by definition, 
equal to 1, so that 


QC 

32) 


du 


y (a * -j- 74) (Z> * -f 74) (c* -f w) 


This form was given by Dirichlet.^) 

If the point x, y, s lies on the surface of the ellipsoid. 


then' <y = 0 and 


a* ft* ”^6'*“ ' 


33) 


du 


^ c *+74 J y(a* + 74 ) ( 6 * + w) (c*+ w) 


We find for the derivatives of F, 


dx 


= - 27cahcx 


00 

J (aM 


du 


.*+ u) F{a* + 74) ( 5 * + w) (c® + 74) 

a 

— h — -_£! vl- 1 _ 

^ dx\^ a*+«“M+ff c*+ « ) yW+ «)(&*+ It) (? 


+ «) 


1) Dirichlet, “Cher eine neue Methode zur BeBtimmung vielfacher Infegrale’'. 
Abh, der Berliner Akad.^ 1839, Translated in Journ. de Liouville, t. iv., 1889 

WBBSTBE, Dynamics, s. 27 
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By definition of 6, the parenthesis in the last term vanishes, and 

oo 

dV n , f du 

= _ 27caocx / — 




34) 


dv 

dy 


dv 

dz 


00 

— — 2x ahcyj ^ ^ 

a 

CO 

= — 2 %a'bcz / — 

J (c* 


du 


(6*-ft4)y(a*+w) (6*+w)(c*+w) 


du 


+ u) y(a*+ u) (6*+ u) (c*+ u) 


167. Internal Point. In the case of an internal pointy we 
pass through it an ellipsoid similar to the given ellipsoid, then by 
Newton’s theorem it is unattracted by the homoeoidal shell without, 
and we may use the above formulae for the attraction, putting for 
a, 6, c, the values for the ellipsoid through x, Zy say '9’a, %'hy 
Since the point is on the surface of this, c? = 0. 


35) 


dV 
dx ' 


2itQ^^aicx 




du 


-f" ^)('^* 6 * + + u) 


Now let us insert a variable proportional io u, 


dV 


36) — 2^^^alcx 


oo 

.f 


d'^du' 


) O’* y (a* + (&* + ^0 (c* + w') 


The ^ divides out, and writing u for the variable of integration 


dx 


— 2^ahcx 


oo 

’f- 

J (a* 


du 


+ w) }/(«*+ (&*+^) (c*+ 


So that for any internal point, we put (J « 0 in the general 
formula. Integrating with respect to Xy y, z, we have 


37) 


00 

^ahcj j] 


03* 

a*+w 




g* \ dw 

c*+w) {5*+w)(c»+t4)‘ 


The constant term must be taken as above in order that at the 
surface V may be continuous. 

In the case of an internal point the above four integrals may 
be made to depend upon the first. Galling 
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00 


+ w) (&*+i4) (c*+ w) 


00 

_ /L J_ _ 

^ 2 (a*- 


(c*+w) 


and accordingly 

39) V=^abc[^ + 

The integral ® is an elliptic integral independent of x, t/, z, and 
so are its deriyatives with respect to a% c^. Calling these respec- 

tively — > — > we have 

40) V=xahc'^^ + ^iLx^ + My^ + 

a symmetrical function of the second order, and since L, M, N are 
of the same sign, the equipotential surfaces are ellipsoids, similar to 
each other. Their relation to the given ellipsoid is however trans- 
cendental, their semi- axes being 


41) ' 

y a(a“) 

We have for the force. 


/ V \ 
/ ytahc 


at ahc 

TUT 

^(c’) 


Therefore, since for two points on the same radius vector, 

= we have |» = |*=5 = ?i. 

a:, y, a, r, A, Z, E, r, 

The forces are parallel and proportional to the distance from the 
center, though not directed toward the center. 

1B8. Tezifloatloii by Dlflbrentlatioii. For an outside point 
we have, differentiating 84) 


ao 

43) 2nahc C- . 

a 

-f 2nahcx^\ ^ — ^=1- 

ox \ (a*+a) v'Ca*-!- a) (6»-f- a) (c‘-f a) I 
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Now by § 73, 86), 

) ** 4- 4- I 

dx a*+ tf / j (a*'+ 6 Y (ft* (c* + c;)* | 

d^y c'^y 

Forming and and adding, 

ac 

44) JV 23rafec/"(-,-i-- + ,,i +-7r-l-7 

43r ahe 

Via* +6) (P-T yKcH <?) 

The integration may be at once effected, * 

Since 

7/ V \du , dv , dw\ 

diuvw) = J H ? 

' \ u V w ^ 

we have 

45) d\ V 


r; 

+ 


'+«)' 


V^*+ «)(&’+«) («’+«) I 

du 


^ ( y_^±^ I 

■|/(a*-f w)(2;*+w)(c*4-^) i 2f/(a*-fw)® j 

= _ i I _L_ + _L. . _ 1 J ■_ 

2 |a*+M *^+«‘ c’+«l V(a*+M)(&*-i-M)(c*+M) 

The integral becomes then 

Ajcahc 

which cancels the second term, and z/ F == 0. 

For an internal point 


46) 


^LT. 

dx^ 


~ 2%a1)c / — 




du 


{a^-{- u)y(a^+u) (&* + w) (c * 4* w) 


^ F = — 4 JT. 

At infinity <J *= oo, and F and its derivatives accordingly vanish. 
Therefore the value of F found satisfies all the conditions. 


158. Ivory’s Theorem.. If x, j/, ^ is a point on the ellipsoid (1) 
the point 


lies on the ellipsoid (2) 
48) 


a. 

X~J 


n. * ' h 


\ Cs 

r •; S-i 

b, Cl 


: + -^1 = 1 
^ -J- ssa X, 
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These will be called corresponding points. We shall now assume 
that these two ellipsoids are confocal, and (2) the smaller. Then 

49) Oi* •= + X, = 6/ + X, Cj® = + X. 

The action of (2) on the external point x, y, s is 


50) Xg = — 2y%afi^c,x C 


■-|-w)(Cj*+¥) 


where 


and since 


^ , y” . __!i_ 1 

a^^ + 6 ^ + 6 ^ 6 ' 


we must have (J = A. 

If now we substitute 


^ A. t + _ 1 

«l* ^ V ^ 


ti =3 iv + 


51) X, = -2y 


eta I)a Co dO j 

* ^ * J («/ 


+ u') Via, *+«')(&. ■*+w')(c, *+«'} 


Now the attraction of the ellipsoid (1) on the interior point 

da Ca • 

X 2/r ? -2? • IS 
a. ^ c. 

i 


Zi = -2y*a.6,c,«jy|— 


0 

The definite integrals being the same in both cases, we have 

X, bf Cj 

Y, c,«,’ 

:?» = 

Oj \ 

This is Ivory’s theorem: Two confocal ellipsoids of equal density 
each act on corresponding points on the other with forces whose 
components are proportional to the areas of their principal sections 
normal to the components,^) 


160. Ellipsoids of Bevolutlou. For an ellipsoid of revolution, 
the elliptic integrals reduce to inverse circular functions. 

1) Ivory, “On the attractions of homogeneous Ellipsoids”. Fhil, Trans,, 1809. 
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Pot b ^ c, a being the axis of revolution, 


54) 

65) 

56) 

where 

Put 


F = 3tO&* 


'fi 


du 




-±iXx + Yy), 


X = 2a,aVx / 


a 

00 


du 


{b^+u){a^ + u)^ 


du 

« 7.9 I ^ 


62 ^ ^ == 


’ 6*+0 


+ « = (&*- «*) (J - 0 = 


du = — ^ ds. 


1 /62 _ ^2 

When u ^ oo, 5 = 0; when u = 6, 5 = |/ -^'2Tjr<r' 


7 / = 00 

57) V^navf 

^ J s’‘(,b^-a’‘) 1/(6* - a*)(l - 


«*) 


-^{Xx + Yy) 


yoisT 


^ b^-ya 

^7C oh^ f ds 1 / "V" I X/* \ 




1/62 

59) X = 2%aV X — 


2(62 — a*) §2 


s^ds 


s® (62 — a®) (62 — a2) » 2 


4.7cab^x n fi2, 

{b^-a^pj ( 1 - 


6 »-»-cy 

8^ds 

II' 
52)2 


Now 


/. 


#i® d« 
(!-«*) 2 


® yi - s> 


-/i 


ds 


VI -s* 




160 ] 

80 that 


ELLIPSOIDS OF REVOLUTION. 


428 


60) 


61) 



T/^‘ 

” b' + o 


inah^y ^ s^ds 


(b^-a^)^'J 1/1 -s* 

Now 

0 

so that 


62) F = 

^Ttah^y ^-|/6»-o* -i/(5*-a“)(a*+c)| 

For sin" 

for if 

' 

then 





tan '9- = y^ 

Y a’* 4 


These formulae all serve for an oblate spheroid, where a < 6. 
For a prolate spheroid, 6>a, they introduce imaginaries, from which 
they may be cleared as follows. 

Call 

sin“^(^^i) =» 'd'f 

then 

iu = sin #, “j/l -f -= cos 
g— =: cos ~ i sin 4 u, 

therefore 

- « log [}/l + + u] y 



sin”“^ 
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Therefore 

US') y _ 2 * y J ;/(»» — 6 ») (gii-f 6 ) _ T/a^ - 6^ 4- 


. (a®- 62)2 I * -T" J 

In all these formulae, 6 is the larger root of the quadratic 

66) + = 

for an outside point, and = 0 for an inside point. In the latter 
case, we have functions only of the ratio ’) 

161. Development of Potential of Ellipsoid of Revolution. 

We may develop the expression 58) for the potential of an oblate 
ellipsoid of revolution in a series of spherical harmonics. Considering 
first a point on the axis of revolution, let us put 

X ^ r> ay 2 / == 0, 
so that we have by 66), 61), 

67) 

and using the tan““^ instead of sin~^ in 58) and 60), we obtain 


68) F, 


2;i:a62 


1 - L 




Remarking that M the mass of the ellipsoid is - %ah'^, and 
deTeloping the antitangent, we have, if r>a>|/6*— a*, &* < 2a*, 


^ ^ 2)//,* — a* 2w+l r*”+^ 


F6*-a* 


Off •^'1 (— 1)” (6*— a*)” _ {— 1 )- — a*)" | 

2 I^^Sn + l r*"+^ .^2 m+ 8 r*”+‘ ( 


(_!)" (6i!_a*)”| 




(2n + l) (2w+ 3)r®” + ^ 


1) Thomson and Tait, Natural jPfiilosophy, Part II, § 627. 
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from which, by § 148, 130), we obtain finally, 

M ^ (-ir(6“-arP*„ 

70) 


and this series is convergent for points on the surface of the ellipsoid 
itself, if fe*<2a^ The series converges extremely rapidly if ^ differs 
little from unity. 


162. Energy of Distributions. Gauss’s theorem. If a 

particle of unit mass be at P, {x^ z) at a distance r from a particle 
of mass the work necessary to bring the unit particle from an 
infinite distance against the repulsion of the particle m,j will be 

71) w^Y'')=^YV{x,y,^) = YV,. 

If, instead of a particle of unit mass, we have one of mass mp 
the work necessary will be nip times as great, 


72) 

where 


Wpq — y J — y'^'^pVp 



In other words, this is the amount of loss of the potential energy 
of the system on being allowed to disperse to an infinite distance from 
a distance apart r. Similarly, for any two systems of particles 

73) W,, = 

Vp' being the potential at any point jp due to all the particles q 
and Vq being the potential at any point q due to all the particles 
This sum is called the mutual potential energy of the systems p and q. 
If however we consider all the particles to belong to one system, 
we must write 


74) 





Y'^mV, 


where every particle appears both as p and g, the y being put in 

because every pair would thus appear twice. This expression has 
been given in § 28, 36). 

If the systems are continuously distributed over volumes r, r' 
we have 

75) W,, = YjfJJfJ-f^dx,dx,^YjJj9,yJdt, 

pq t/ ^ 

■ ^SSS dtq. 
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The theorem expressed by the equality of the two integrals is 
known as Gauss's theorem on mutual energy, where Vp represents 
the potential at p due to the whole mass Fj, that at q due to 
the whole mass Mp}) 

The above equality may be also proved as follows. Since 

76) = 

and 


the triple integrals in 75) become respectively, 


77) 

and 




Now since outside of t, z/F=0 and outside of ^F^=0 the 
integrals may be extended to all space. But by Green’s theorem, 
both these integrals are equal to 




///I 


dv dv^ 

dx ( x 


dV dV' dJF arj 


since the surface integrals 




V'r^dS 

on 


vanish at infinity. Gauss’s theorem accordingly follows from Green’s 
theorem and Poisson’s equation. 


163. Energy in terms of Field. For the energy of any 
distribution consisting of both volume and surface distributions, the 
sum 74) becomes the integrals 

S r 


Now at a surface distribution Poisson’s equation is 




J_ I a F dV_ 
47r I dn^ 


1) Gaufls, “Allgemeine Lehrsatze in Beziehnng anf die im verkehrten Ver- 
haltnisse der Entfernnng wirkenden Anziehnngs- und Abstossungskrafte.” Werke^ 
Bd. V, p. 197. 
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If, as in § 131, we draw surfaces close to the surface distribu- 
tions, and exclude the space between them, we may, as above, extend 
the integrals to all other space, so that 

S QO 


the normals being from the surfaces S toward the space r. 
Green's theorem, as before, this is equal to the integral 




But by 


Thus the energy is expressed in terms of the strength of the field 

at all points in space. This integral is of fundamental importance 
in the modern theory of electricity and magnetism. 

It is at once seen that this always has the sign of yy so that it is 
positive for electrical or magnetic, negative for gravitational dis- 
tributions. 


CHAPTER IX. 

DYNAMICS OF DEFORMABLE BODIES. 

164. Kinematics. Homogeneous Strain. We have now 
to consider the kinematics of a body that is not rigid, that is, one 
whose various points are capable of displacements relatively to each 
other. In the general displacement of such a body every point x, y, ^ 
moves to a new position x\ y\ so that oiy y\ are uniform func- 
tions of Xy y, z. The functions must also be continuous, that is, two 
points infinitely near together remain infinitely near together, unless 
ruptures occur in the body. 

The assemblage of relative displacements of all the points is 
called a strain. The simplest sort of strain is given when the func- 
tions are linear, that is, 

x^ <== a^x -f a^y + a^Zy 

1) y' -\-\y 

s' ’=‘CiX +C2J/ +CsS, 

where the a’s, 6's and c's are nine constants. 
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No constant terms are included because a displacement represented 
by rtj' = a, 'if = c, would denote a translation of the body as 

if rigid, which is unaccompanied by relative displacement or strain 
Leij the solutions of the equations 1), which we shall term the 
direct substitution, be 

X = A^x' + B^y' + C^z', 
y = A^x' + B^y' + C^s', 
s^A^x' -hB^y' + Cgg' 


2 ) 

where 


A 


' ^2? ^3 




etc. 


a, = 


^29 

(73 


-fz/', etc. 



^ 1 ? ^ 2 ^ ^3 1 






\^Xy ^3 

-^ 3 ^ ^3 


A strain represented by the equations 1) is said to be homogeneous. 
If the accented letters denote initial positions, and the unaccented 
letters final positions, the strain represented by equations 2) is said 
to be inverse to the first strain. 

In virtue of equations 1) or 2) a linear relation between Xj 0 
becomes a linear relation between y\ Accordingly in a homo- 
geneous strain a plane remains a plane, and a straight line, being 
the intersection of two planes, remains a straight line. Finite points 
remain finite, since the coefficients are finite, accordingly parallel 
lines, intersecting at infinity remain parallel. Parallelograms remain 
parallelograms (their angles being in general changed), and therefore 
the changes of length experienced by equal parallel lines are equal, 
and for unequal parallel lines proportional to their lengths. Thus 
any portion of the body experiences the same change of size and 
shape as any equal and similarly placed portion at any other part 
of the body. This is the meaning of the term homogeneous, which 
signifies alike all over. 

When two vectors OT of length r and OP' of length r' drawn 
from the same origin are so related that their respective components 
y, x\ y\ z' are connected by the equations 1) or their equi- 
valents 2) either vector is said to be a linear vector function of the 
other. The properties of such linear functions are of great importance 
in mathematical physics, and will now be taken up before their 
application to strain. 
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Let us examine the conditions that the two vectors OF and OP^ 
shall have the same direcJtion, The condition for this is 



where X is to be determined. Introducing the values x' ^ Xx, ^ 

Xss into equations 1) we obtain 

(Uj — X)x + a^y + == 0, 

4 ) fej rr + (62 — + 63^ = 0 , 

c^x + c^y+ {c^ — X)z^0, 

a set of linear equations to determine x^ y, s. The condition that 
these shall be compatible is that the determinant of the coefficients 
vanishes. 



This is a cubic in X, Let its roots be X^, Ag, A 3 . Inserting any 
one of these in 4) we may find the ratios of x, y^ 0 giving the 
direction of the vectors in question. 

Supposing that A^, Ag, Ag are real, let us find the condition that 
the three directions are mutually perpendicular. 

Substituting first A == A^ and then A = Ag in 1) and 3), we have, 
denoting the values oi Xy y, s by corresponding subscripts, 

+ a^y^ + == Aja?!, 

+ hVi + 

6 ) 

^ 1^2 “b ^2 2^2 ^8^2 — ^2^2f 

+ hy2 + h^2 ^ Ky27 

OtX^ + C^y^ + ^ 3^2 = ^ 2 ^ 2 - 

Multiplying the first three respectively by x^j j/g, and adding, and 
subtracting the sum of the last three multiplied respectively by 
x^y 2 / 1 ? ^17 obtain 

7) (Cs- fiiVi) + («s— + (Pi- Vs-yi^s) 

= (^1 - Ag) (aJiflJj + yiJ/a + SiZi). 

The condition for perpendicularity of r^, is 

= 0 . 
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Accordingly the left-hand member of 7) must vanish. If is 
perpendicular to its coordinates must be proportional to their 

vector-product. Thus we may write 7) as 

(<=2 - h) + (<*3 — Cl) 2/s + (h — <^i) = 0. 

Inasmuch as the order of suffixes 1, 2, 3 is indifferent, if the 
three vectors are to be mutually perpendicular, equation 8) 

must be satisfied by the components of all three. This can be true 
only if we have 

== 63 , ^8 ~ ^3? 

that is, the determinants of the substitutions 1) and 2) are symmetrical. 
In this case the linear vector -function is said to be self- conjugate, 
and a strain represented by such a function is called a pure strain. 


165. Self- conjugate Functions. Pure Strain. We will 
consider this important case in detail. Adopting a symmetrical 
notation, let us write 

= ax + hy +• gz, 

9) //' = hx +ly + 

^gx + fy + 00 , 


If by (p we denote the homogeneous quadratic function 
10 ) qp EH ax^ + + 00^ -f- 2 fyz + 2g0x -f 2 hxyj 


equations 9) may be written 



Mg. 143. 


9 ) 


X 


1 dq> 
“2 dx^ 


f 1 d^) 




1 dq) 


so that the vector OP^ (Fig. 143) is parallel 
to the normal at the point P, whose co- 
ordinates are x, y, 0 , lying on the quadric 
qp =* ± where P is a constant introduced 
merely for the sake of homogeneity. In 
like manner calling 

11 ) + + 

-f 2Pj/V + 2 Gx^ 0 ^ + 2Hc(fy\ 

equations 2) are 


X = Ax' + Hy' + Gg' al' ' 


12) y,= Hx' + By' + F0'^^^^, 

,= Gx' + Fy'+C,'^^^^, 

80 that OP is parallel to the normal at P', whose coordinates are 
x', y', z', a point on the quadric 9' = ± J?*. 
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By means of either of tHe quadrics 9 and 9 ' we may thus 
obtain the mutual directional relations of every pair of vectors 
OP, OP' drawn from the origin, the relation being that of radius 
vector and normal at a given point, and reciprocal with respect to 
the two quadrics. 

We see that in the application to strain any point P lying on 
the quadric is displaced to a point P' on the quadric 

== ifc 

If we call the feet of the perpendiculars from the origin on the 
tangent planes at P and P' respectively Q and and write p and p' 
for the lengths OQ and OQ^ we have 


13) 


/ iv {xx^ + yy* + ZZ*) 

p^r cos {rr) = 

t ! / t\ (xx' 4-yy^ 4^ zz') 

p^ == / cos (rr') == — - — -y 

so that 

14) pr^ = p'r = xx^ + yy^ + 




dy 


dq>\ 


The quadrics qp and qp' are then said to be reciprocal to each 
other with respect to a sphere of radius P. Since for the axes of 
the quadric p = r and p' == r', we have the relation between the axes, 

15) rr' = ± P*, 

so that the axes of reciprocal quadrics are inversely proportional. 

Since all lines in the same direction are stretched in the same 
ratio a line 08 oi length p = 5 in the direction of OP is strained 
into a line OS" of length p' in the direction OP', so that 


16) 



r 


Now if a, /}, y and a', ] 8 ', y' are the direction cosines of OP and 
OP' respectively, equations 9) and 12) may be written, when divided 
through by r and r' respectively, 

-- «' = oa + fe/J + gy, 

^ /J' = + 6^ + fy, 

jy' -^gcc + fP + cy, 


17 ) 
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l,y = Ga’ + F^> + Cy'. 

Squaring and adding 18) we have 

19) (J) = — = (Au' + + Gyy + {Ha' + 

+ ((?«'+ F^'+Cy'f. 

If now the coordinates ol* S and S' are i;, g and r{, g', 

2o>) l = pa, = & = , 

r = g' = py, 

and the equation 19) becomes on multiplication by 

21 ) = (^r + Ht! + GtJ + {HV + Bri + F^J 

+ {G^^ + Fri +ciy^s\ 


Consequently points originally situated on the sphere, 

+ + 

lie after the displacement on the strain-ellipsoid ^'==S^ The quadric i^' 
must be an ellipsoid because every point on it is finite. 

In like manner if we find the locus of points on OP at such 
distances from the origin that after the strain they lie on a sphere, 
^' 2 ^ ^ 2 ^ we have corresponding to 16), 

22 ) -I = 

and from the equations 17) we find in like manner that the locus 
on which the points lay before the strain is the inverse strain-ellipsoid 

23) ^ - (aS + hri + gty + Qil + lri + ft? + {glVr fv + ctf = 

It is evident that the axes of the four quadrics q>, 9 ', coincide 

in direction. 

Multiplying together 16) and 22) we obtain 

24) Qg' = S% 


and, since the directions of q and qt coincide for the axes of either 
ellipsoid, we see that the ellipsoids are reciprocal with respect to a 
sphere of radius S, Multiplying 15) by 16) and 22) respectively we 
get for the axial directions, 


25 ) 


Q r* 

^ 12*’ 'S 
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that is, the axes of the ellipsoids are proportional to the squares 
of the axes of the quadrics q> and q>\ By means of either pair of 
quadrics 93 , or 9 ', we get a complete representation of the linear 
vector function, the directional relations being given by vp or as 
above described, the quantitative relations by ^ or (JFig- 144). 

Either quadric has three principal axes given by the three real 
roots of the determinantal cubic. These are called the principal axes 
of the strain. Conjugate diameters remain conjugate, since parallel 
lines remain parallel and bisected by corresponding lines. Accordingly 
the principal axes of the strain - ellipsoid must have been before the 
strain conjugate diameters of a sphere, and therefore mutually 
perpendicular. As the axes of the ellipsoid are the only set of 
mutually perpendicular conjugate diameters, there is no other set of 
mutually perpendicular lines which remain so after the strain. 



The equation 5) to determine the direction of lines which 
maintain their direction after the strain becomes for pure strain, 
represented by equations 9), the determinantal equation for the axes 
of the quadric 9 . We have shown in Note IV that this equation 
always has three real roots and that the corresponding directions are 
mutually perpendicular. Thus the axes of a pure strain have their 
directions unaltered by the strain. A pure strain is therefore called 
irrotational, (It is to be noted that the axes are the only lines which 
are not rotated.) 

If the quadrics are referred to their principal axes the equations 
assume the following simple forms from which the geometrical rela- 
tioes are easily seen, 

WXIBSTBiBy DyiiamioB. 


28 
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10a) 

11a) 


9 a) 


12a) 

23a) 

21a'l 


q> = by*+ cz^, 


x' - 


±- 4. 

a ' b 

1 dtp 

2 

1 d(p 

2 dy 

1 '(/(f 


+ c’ 


6)Z 
1 d(p\ 


=r- by, 


^ 2 ?x a ’ 


1 dcp' 

= 2 a,y ^ 

1 ^qp' 

~ 2 dz ' 


b ‘ 

c 


rp^an^+h^f]^+c>t- 

6 * 


tr t 2 »• f * 


In the cubic for the axes of qj, 

j a — X, 7^ , g 

26) I h , h- X, f 


h ,h-X, f 1 = 0, 

y > 

the three roots are proportional to the squares of the reciprocals of 
the semi -axes (Note IV), 

27) ^1=7 8' ^ 2 ^ -~x’ 




Now by 25), and 24) 


28) 

'1 

and therefore 
29) 


^ 9 / 

r,* 9i 




aS’ 

Cl 


s' 




S 


Ca 


7 7 2 — Pi 

Ai Ag Ag 


volume of st^'ain- ellipsoid 
volume of sphere 


But the product of the roots X^X^X^ is equal to the constant term in 
the cubic 26), that is, 


30) 


X'l ^2 Ajj — 


a, h, g 
h, b, f 
9, f> c 


The determinant of the coefficients of the substitution 9) accordingly 
represents the ratoi of expansion, and since parallel lines are stretched 

V 

in the same ratio, the ratio of expansion of volume -y is everywhere 
the same. 
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166 . Sotatlon. Let us return to the case of the general 
homogeneous strain given by equations 1) and let us find the condi- 
tion that all points situated before the strain on a sphere with center 
at the origin remain on the same sphere after the strain. 

The condition 

gives 

31) {a^x -b ■+ hy + 

+ (cj^x + c^y -f 

which being true for all values of x, y, ^ necessitates the equality of 
the coefficients of corresponding squares and products on both sides 
of the equation, that is, 



ay + by cy= 

1, 

32) 

^y + "b ^y ~ 

1, 


^y + ^3^ “b ^y ~ 

1, 


a^ag-f- 6162+^1^2 = 

0, 

33) 

agflg + 62^3 + ^2^8 “ 

0, 


+ 63 + C3C1 — 

0. 


Equations 32) show that a, b, c with the same suffix are direction- 
cosines of a line, equations 33) show that the three lines are mutually 
perpendicular, in other words, the equations of strain are merely 
those of transformation of coordinates, and the result of the strain 
is merely a rotation of the body as if rigid. 

Let us obtain the analytical expression for an infinitesimal 
rotation about an axis. Let the direction -cosines of the axis be 
A, ft, V and the angle of rotation be do. Since we have proved in 
§ 57 that infinitesimal rotations may be resolved like vectors and 
treated like angular velocities, we have the components of rotation, 

34) Oa:=Ado, Oy = ftdo, O, = vdo, 

from which by equations 119), § 76, we obtain the infinitesimal 
displacements, 

x^ — x = dx = BG)y — yco^ = {0(1 — yv) do, 

35) y^ ^ y =Z Sy X(Oz — 0 (Ox = {XV — 0k)S(O, 

0^ 0 = 80 yox — x(Oy = (yA ~ X(i)8(o, 

From this we obtain the substitution for the rotation considered 
as a strain, 

a?' = 1 • X — vd(D • y -f fido • 0, 

36) y' ==v 8 (o • X + 1 y — X8(o • 0^ 

0^== — (i8(o x + X8(o - y + 1 • 0. 

28 * 
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The determinant of the substitution is skew symmetrical 
The ratio of expansion is 

1 , —vScD, fidoj 1 

37) vd(x) , 1 , —Adojj, 

— ^d(Of Ado , 1 I 

which is equal to 1 plus terms involving do* which are negligible^ 
agreeing with the result that rotation as a rigid body is unaccompanied 
by change of volume. 

167. General Small Strain. We shall now consider small 
strains in general, that is, strains in which the displacements of all 
points are small quantities whose squares and products may be 
neglected. 

Let the components of the displacements or shifts be 

38) — — 

so that if we now write the coefficients of the strain as 
x^=(l + ai)x 4* a^y + 

39) y'=hx + (1+ h2)y + 

= c^x + c^y + (I Cg) 0, 

we have the shifts given by the substitution 

u = a^x + a2y + 

40) == 6i a; 4 &2 3/ + 

w = c^x + ^2 3/ + ^3 -^7 

and if the a^s, Vs and c’s are small, u, v, w will be small quantities 
of the same order. The ratio of dilatation is by 30) 

1 4” J ^^3 

41) ^ = i»i , 1 + 6j = (1 + ai)(l 4- 62)(1+ c,) 

Cl , Cg , 1 + Cg 

4- terms of higher order, 

= 1 4- % 4- &2 4* Cg 4- terms of higher order. 

The quantity 

42) y — = «! 4" &2 + ^3 

is the increment of volume per unit volume, and will be referred to 
simply as the dilatation and denoted by a. 
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Suppose two small strains take placee saccessively according to 
the equations 39) for the first, and 

*"== (1+ tt^x' + a^e', 

43) y''=fta:'+(l + /5,)y'+i3,^r', 

z" = y^x' + + (1+ y^z\ 

for the second. 

Substituting the values of x\ y\ from 49) in 43) we obtain 


x"= (1 + «,)(! + tti) 

a; + (1+ ajaj 

«/ + (!+ <h)*^3 

+ Osft 

4- a* (1 + ft) 

+ «aft 

+ «sCi 

+ 

-^«s(l + c,) 


Neglecting terms of the second order we obtain the equations of the 
resultant strain 

a;" = (1 4- «!+ a,) x + {a^-^ a^)y + (oj + , 

44) y*' = {b^ + ft) « + (1 + ft)«/ + (2»s + ft) ^ , 

«" = («i + j'i)* +{ei + r2)y +(l + Cs+y3)«> 
and for the resultant shifts 

U = («!+ cci)x + (a^+ai)y + (ag+ 

46) t) = (ft + ft) aj -|- (ft 4- ft) 4- (ft 4- ft) 0 ^ 

‘«’ = {ci + yi)‘» + ici + r2)y + (cg + ys)z, * 

that isy successive small strains are compounded bj adding their 
shifts. This important proposition enables us conveniently to resolve 
small strains into types already studied. Every small strain represented 
by equations 40) can be written by addition and subtraction of 
equal terms 

M = a^a: + Y(aj + \)y + Y(as+ cjir 

+ y(os - 

® = Y (ft + Oj) aj + 6^ y + Y Cjj) z 
+ \Q>^-a^)x +Y(ft-C2)«'/ 

+ “s)® + y(‘’> + + <’8^ 

+ y(®i~ ®8)« + y(^»~ ^8)y- 


46 ) 
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Accordingly we may write the strain as the resultant of two, 

w = == + tr.2 

where 

Mj = « 4- I (a^ + &i) ?/ + 2- («S + ^l) 

47) = -g (ttj + i)j)a; + 6g y + 2 (^s + ^«) 

W’l = y(»3+ <^ i )^ + ^ (&» + Cj) «/ 4- Cj5', 
denoting a pure strain, and 

Ms = Y («8 - <^i) ^ - Y ~ y> 

«’s = 4 ^ ~ i ~ 

M's == yfe - ^'> 2 / - 4 K- c,)a;, 
denoting a rotation co whose components are 

49) oy = 2 K- Cl), 

K>. = 4 

Thus every small strain may be resolved into a pure strain and a 
rotation. 

In order to bring out the symmetry let us write the pure strain 


50) 


Ui = s^x+ g^tf + gyS, 
\ = g.x + Syy + g^e, 


w^ = gyX + g^y + s^e, 

where 

51) = 4 (^ + ^s), 9v = \ («*+ Cl), g. = 2 («! + 61 ), 




Sy — & 2 > ^ 8 * 


Thus the six quantities g and o are respectively the half sums 
and half differences of shift- coefficients symmetrical about the main 
diagonal.^) 


1 ) In the usual notation the g\ are defined as the above sums without the 
coefficient 4-, as stated by Todhunter and Pearson, A History of Elasticity and 
Strength of Materials, Vol. J, p. 882, ‘'The advantage which would arise from 
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The general small strain is accordingly completely defined by 
the nine small coefficients, 

Sxf Syy Sgf ()xt ffzf 


168 . Simple Strains. Stretches and Shears. 

strain 50) may be resolved into two parts 


fa) 

'M' j ~~ Sx 00 , 

52) Vj' = y, 
u\ = s, s, 


(b) 

V= 0 +9‘y + 9y^, 
v" = {hx+ 0 + /■/, z, 

«’i" = 9y^ + 9=^9 + 0 . 


The pure 


A strain whose equations contain but a single constant is called a 
simple strain. Thus we may resolve the strain (a) into three simple 
strains of which the first is given by 


U = SxX, v = 0, = 0. 


This represents a displacement in which each point is shifted parallel 
to the a; -axis through a distance proportional to its x coordinate. 
Such a displacement is called a stretch. The constant Sx represents 
the distance moved by a plane at unit distance from the T'Z- plane 
and measures the magnitude of the stretch or the linear expansion 
per unit length. If s is negative the stretch becomes a squeeze. 

The strain (a) accordingly represents the resultant of three 
simple strains, namely stretches, of different amounts in the directions 
of the coordinate axes, which are evidently the axes of the strain. 
The semi -axes of the strain -ellipsoid are 1 -f 5^:, 1 + 1 -f s. and 

its equation 

or neglecting squares of small quantities, 

(1 — 2sar)ir*+ (I - 2sy)y^+ (1 — 2Sz)^^^\. 

The dilatation is by 42) 

53) ^ = .9^ + Sy -h s^. 

Obviously we can have U == 0 if at least one of the stretches is 
replaced by a squeeze. If the three s’s are equal we have a simple 


introducing the into the elides is thus obvious’ 


and we have therefore so 


introduced it, although to them “it seemed too great an interference with the 
nearly general custom.” We have also introduced a single suffix, instead 
of the more usual double suffix notation, feeling that the brevity and 
analogy with thus gained justifies the change. 
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strain known as a uniform expansion for which the strain -ellipsoid 
is a sphere and the dilatation = 3s. 

The part (b) of the pure strain represents a strain which, like 
a rotation, is unaccompanied by a dilatation, but which differs from 
a rotation in that it involves a change of form. We shall consider 
it, as we have the part (a) in three parts. 

In the first, 

u = g,yy v = glx, 

every point is shifted in the X direction through a distance pro- 
portional to its distance from the XZ-plane, while it is shifted 
in the Y direction through a distance proportional to its distance 

from the YZ-plane. Points at 
unit distance from the two 
named planes are shifted both 
ways by the same amount gzy 
so that the new positions of 
the planes XZ, YZ make 
with the old angles whose 
tangents or sines are equal 
to gz. 

The square OACB (Fig. 145) 
becomes the rhombus OA!C^ 
which is symmetrical about 
the diagonal OC bisecting the 
angle XOY. The diagonals 
AB and OC maintain their 
directions unchanged, and are 
accordingly two of the axes of the strain, the axis OZ being the 
third. The stretch - ratio along OC is 

OC' -OC _Ca _ G”C _ BB' _ 

OC ~ OC~ BC ~ OB 

as may be seen by inspection of the figure. The stretch along the 
peipendicular axis OE is negative, 

OE'--OE _ EE' _ EE" _ 

OE ~ OE ~ AE ~ 

The stretch along the Z-axis is zero. Accordingly the sum of the 
three stretches along the axes of the strain is zero. Such a strain, 
involving a distortion but no expansion and depending upon a constant g^ 
is called a simple shear. The plane of the shear is the plane parallel 
to which all points are displaced, in this case the XT’- plane. 

A shear may be defined as a stretch along one axis combined 
with a squeeze of equal magnitude along a perpendicular axis, and 
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zero stretch along the axis perpendicular to both. The shear just 
considered is a piAre shear, that is, without rotation. It is easily 
seen that the above shear might have been obtained if all planes 
^parallel to XOZ had been moved parallel to themselves a distance 
in the X-direction equal to giving the rotational shear 

and then rotating about the Z-axis through an angle (Dz^gz^ accord- 
ing to the equations 

The lines OA\ OB\ which before the strain were perpendicular, 
have respectively the direction- cosines 1, g,y 0 and 1 , 0 and the 
cosine of their included angle is accordingly 2^^. This change of cosine 
which, as we have just seen, is equal to the amount of sliding of 
the plane at unit distance from XOZ is commonly called the amount 
of shear, so that the stretch and squeeze of the axes are each one 
half of the amount of the shear. 

We may now define the strain (b) as a combination of three 
simple shears of amounts 2gxf 2gy, 2 ^,, with planes mutually perpen- 
dicular and equivalent to stretches of amounts gz, gx and g,j along 
the bisectors of the angles XOY, YOZ, and ZOX respectively, which 
make angles of 60® with each other, together with squeezes of the 
same amounts along the bisectors of the other angles. We have 
thus the final positions of six points on these lines, or just sufficient 
to determine an ellipsoid whose center is given. This is the strain- 
ellipsoid. 

The strain (b) will be called a general shear. The quadric y is 
54) q)zzx^+ y^+ 2g^yis + 2gyX8 + 2gzxy = W, 

and the shears are the coefficients of the product terms. If the 
equation of the quadric is transformed to its principal axes the 
product terms vanish. Accordingly we may always find three mutually 
perpendicular axes with respect to which the shear components vanish. 
These are the axes of the shear. (It may be remarked that the 
equations of the general rotational [shear are obtained from 1 ) by 
putting aj = 62 = ^3 ~ !•) 

In order to distinguish between the geometrical term shear and 
the dynamical shearing stress, to be presently considered, it will be 
convenient to characterize the coefficients g as the ^xdes (corresponding 
to the French glissemevd, German Oleitung)^ 

168a. Elongation and Compression Quadric. Since the 
equations 50) for the shifts, the components of the vector dis- 
placement q, as a function of r are of precisely the same form as 
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equationss 9) for r' we have the complete geometrical representation 
here applicable. Of the four quadrics the first is the most important. 
The length r of the line OP is changed by the strain to r' which, 
when the strain is small, differs from it by a small quantity, so that? 
the stretch 


55) 




r'—r 


r 


is a small quantity of the first order. But, since the angle between r 
and r' is infinitesimal, we have to the first order, if q is the dis- 
placement PP\ 

56) r + qco^ (gr). 


57) 


Sr 


qQO^{qr) ux -{-vy -^ws 

r r* 


Now if w, v, w are given by equations 50) the numerator becomes 

58) T^Sr = SxX-+ Syif + s,z^+ 2g^yz + 2gyZX + 2g,xy — 

If we put this equal to unity we have 

59) Sr ~ “j? 


where r is the radius vector of the quadric 
60) 

This is called the elongation and compression quadric, and it is to be 
noticed that the displacement of any of its points is in the direction 
of the normal, for 

^ 2 dx ^ 2 OS 

Since any one of the six coefficients may be positive or negative, 
the quadric may be an ellipsoid or an hyperboloid. In the latter 
case not all the lines drawn from the origin will meet the surface, 
and for those which do not r is imaginary and 5,. is negative. 

If we construct the conjugate hyperboloid, % = — ly those rays 
which do not meet the first hyperboloid meet this, and the magnitude 
of the compression is given by 

62) Sr = -i.- 


Lines that meet both hyperboloids at infinity and therefore have a 
zero stretch or compression lie on the cone % = 0, asymptotic to the 
two hyperboloids, and known as the cone of no elongation. 

All lines which are equally elongated with the stretch S, where 

■ 63) 5 = + Sy y* + + 2g^yg + 2gy gx + 2g, xy], 

lie on the cone 
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64) (St — 5^®*+ {s^~S^)y'* + {Sy—S)e^Ji-2g:,ye-\-2gyXZ + 2g.xy=‘Q, 

which may be called a cone of equal elongation S, of which the cone 
of no elongation is a particular case. 

Let us form the elongation quadrics for expansions and shears. 
If the slides vanish we have 

65) jj - Sj.a;*+Sy?/®+s,«^=l, 
and for a simple stretch in the X- direction 

66 ) SjcX^= 1 , 

the elongation quadric breaks up into the two parallel planes, 
ysx x — \=0 and x + 
at distances ± from the origin. 

Since for any line making the angle O’ with the X-axis we have 


y cos 


the stretch is given by 


,9^ == ^.2 = 5^008^0. 


The cone of no elongation is therefore the plane O = ^ parallel to 

fche above pair of planes. In equation 65) if Sxj Syy s- are of the same 
sign the quadric is an ellipsoid and the cone of no expansion is 
imaginary. If one s has a sign different from that of the others we 
have two hyperboloids and the cone of no expansion is real and 
separates the stretched from the squeezed lines. 

In the general shear Sr = Sy = 0 we have 

68 ) x^‘^(9^y^ + 9ySX + 9»^y) = h 

md the cone of no elongation 

69 ) + gi,zx + g,xg = 0 , 

contains the three coordinate -axes as generators. These are therefore 
unstretched. In a simple shear parallel to the XX* plane we have 

70) X ^ = ± 1 

which represents equilateral hyperbolic cylinders with axes bisecting 
the angles between the x and y axes. The cone of no elongation, 
xy = 0, breaks up into two coordinate -planes, x^O and «/ = 0. 
These two planes are undistorted, and are the planes of circular 
section of the strain- ellipsoid. 
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A combination of two simple shears in planes at right angles 
obtained from 52 b) by putting = 0, has the elongation quadric 

71) 

which breaks up into the two planes 

72) and = 0, 

at right angles to each other. It is to be noticed that the cone of 
the resultant of three simple shears in mutually perpendicular planes 
does not so break up. 

We have seen that we require nine constants to specify the 
general homogeneous strain, of which three belong to the rotation, 
six to the pure strain. Let us consider the number of data required 
to specify a simple pure strain. To specify a uniform dilatation we 
require only the constant of dilatation 6 \ for a simple stretch, the 
direction of the axis, involving two data, and the magnitude of the 
stretch, making three in all; for a simple shear, four data, the 
magnitude of the shear, two to fix the plane of the shear and one 
additional for an axis. Consequently we may always represent a 
general strain as the resultant of three simple expansions, or of two 
simple shears and a uniform dilatation. 


169. Heterogeneous Strain. If the displacements are not 
given by linear functions of the coordinates, the strain is said to be 
heterogeneous. In this case we may examine the relative displacements 
ctf two neighboring points. Let the coordinates of the first point P 
be before the strain Xy y, Zy and after it x + W, 2/ + Vy z + Wy and 
those of the second, Qy be before x + f, y + g^ is + 1iy and after 
x + f-^-u^y-^-g + v^ 3 + h + w\ If the point Q be referred to P 
as an origin both before and after the strain, it has as relative co- 
ordinates before fy g, h, and after f + — Uy g + — v, h + — w, 

so that the relative displacements are u^-^Uy v' — v, — w. Now 
Uy V, w may be any functions of the coordinates Xy 3 of P, but 
they must be continuous, otherwise the body would be split at 
surfaces of discontinuity. Accordingly u\ v\ being the values of 
Uy Vy w ior X + fy y + gj 3 + h may be developed by Taylor’s theorem, 
so that, neglecting terms of order higher than the first in f, g^ h 


. du , T du 


dx 

dv 


dv 


dv 


f ^dw , dw , ndw 


73 ) 
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Thus the relative displacements are given as linear functions of the 
relative coordinates /) g, h whose coefficients are the values of the 
nine first derivatives at the point P, that is to say, constants for all 
points Q in the neighborhood of P, consequently the relative strain 
of the portion of the body in the neighborhood of P is homogeneous. 
Thus we say that any continuous heterogeneous strain is homogeneous 
in its smallest parts. 

Comparing with equations 49) and 51) we find the stretches, 
dilatation, slides and rotations at any point to be respectively 



1 /dv du\ 

2 ^ ^2// 
1 /dv du\ 
2 \dx dy) 


Thus the volume dilatation is equal to the divergence of the dis- 
placement, while the rotation is equal to one half its curl. 

We might have obtained the value of 6 by the divergence 
theorem. Consider any closed surface S fixed in space so that por- 
tions of the deformable body fiow through it during the strain, and 
let us find the volume of the matter which passes outward through S. 
Through an element dS which the displacement is q there passes 
out a quantity filling a prism of slant- height q and base dS whose 
volume is therefore qG0^(nq)d8^ where n is the outward normal 
to S. Through the whole surface there accordingly issues an amount 
whose volume is 


Q = iQo^{n^dS 

= cos {nx) + V cos (ny) + w cos {nz)]dS 


by the divergence theorem. This is accordingly the increase in volume 
of the portion of substance originally included by the surface 8. 
The ratio of this to the original volume is accordingly the mean 
value of the divergence in the volume in question, and making the 
volume infinitesimal, this becomes the dilatation 6, 

In order that a strain shall be everywhere irrotational we must 
have the curl components of the displacement vanish everywhere. 
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But by § 31 this is the condition that the displacement is a lamellar 
vector and 


79) 





Then tp is called the strain-potentiaL Only when the strain is ir- 
rotational can a strain -potential exist. 

The line integral along any curve AB oi the tangential com- 
ponent of the displacement 

B B 


80) 




-J 


(Is) (is — / {udx + vdy + tvcU) 


is called the circulation along the path, and for irrotational strain is 
independent of the path, equal to and vanishes for a closed 

path. 

Surfaces for which (p is constant are called equipotential surfaces, 
and the displacement -lines, or lines drawn so that their tangents are 
everywhere in the direction of the displacements, are normal to the 
equipotential surfaces. 

The dilatation 


81) 


du , dv , dw . 


dz 


Accordingly in a non-dilatatioual, irrotational strain the displacement 
is a solenoidal vector and the displacement -potential a harmonic 
function. Since for a solenoidal vector the magnitude of the vector 
is inversely proportional to the cross-section of an infinitesimal tube, 
the displacement cannot vanish except at infinity. By the properties 
of harmonic functions tp cannot have a maximum or minimum unless 
0 is different from zero. 

If q? be a homogeneous quadratic function of the coordinates, 
the strain is homogeneous throughout and not merely in its smallest 
parts. The equipotential surfaces are concentric quadric surfaces 
and since 


the equipotential surfaces, (p = const, are similar to the elongation 
quadric. 


170. Stress. When a body is strained a system of forces is 
generally called into play tending to resist the strain. The system 
of forces is called a stress. In order to specify the stress at any 
point in the body, we draw a plane through the point separating 
the body into two parts. The parts on one side of this plane will 
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exert certain forces on those on the other side, and the resultant of 
the forces which pass through an element dS ot the plane will be 
a single force, proportional to the area dS, which we will write 
FndS, The stress at a point P is completely determined when we 
know the direction and magnitude of the force Fn for every possible 
direction of the normal to the element dS constructed at P, The 
stress-vector F„j which is in general not normal to dS, may be 
resolved into its components, Xn, Y„, Zn, so that its direction-cosines 
X Y ^ 

are The normal component 

83) Fn n = Fn cos {Fn fl) = COS (flX) + Yn COS (fiy) + Zn cos (n z). 


If we draw the normal in either direction from the element dS^ and 
if we understand by Fn the force exerted through ti/S by the portion 
of the body lying on the side toward which n is drawn on the 
portion lying on the other side, then if the normal component 
Fnn == PnGos{Fnn) is positivc it is called a traction^ if negative, a 
pressure. In other words it is a traction if its effect is to cause the 
portions of the body to approach each other, a pressure if it is to 
make them recede. 

The force upon any element dS can be expressed in terms of 
the forces upon three mutually perpendicular plane elements at the 
same point. Construct, enclosing the 
point P, an infinitesimal tetrahedron 
bounded by the element dS and three 
planes parallel to the coordinate planes 
(Fig. 146). Let the areas of the four 
triangular faces be dS, dS^, dSy, dS^, the 
suffix in each case denoting the direc- 
tion of the normal to the face. Further 
denote the stress- vector for any face by 
a sufffix giving the normal to that face, 
and let the stress -vectors be those for 
the portion of the body within the 
tetrahedron. Suppose that forces are 
applied to every portion of matter in 
proportion to its mass, such, for instance, 
as gravity, the components being X, Y, Z per unit mass. If dx 
denote the volume of the tetrahedron the X-component of these 
external forces is accordingly Xqdx, 

Let us now form the equations for equilibrium of the matter 
contained in the thetrahedron under the induce of the external 
forces and the stresses developed. The first of these is 

84) Xqdx + XndS ~ X^dS^- XydSy- X,dS, - 0. 
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But since the three other sides are the projections of dS^ we haye 

85) dSx ^ dS C.OS nx)^ dSy ^ dSao^iny), dS^^ dS covins). 

Inserting these in the equation 84), diriding through by riS, 
and taking the limit, as the edges of the tetrahedron become jnfinitely 
small the ratio of the volume to the surface disappears, so that we 
have finally 

86) Xn == XxQ>o^{nx) 4- X^cos {ny) + X^cos(^^^j, 
and similarly 

Yn = Yx cos (nx) + Yy cos {n y) + F* cos (wr), 

Zn == Zx COS {n x) + Zy cos {n y) + cos (n^). 

Let us now consider the equilibrium of any portion of the body 
bounded by a closed surface 8:^ Resolving in the X- direction, we 
have as the condition for equilibrium, considering both the stresses 
on the surface and the volume-forces, 

87) J^J X„dS +j"j"f ? = 0- 

Making use of equations 86) for X^, 

88) {Xa;Cos(na;) + XyCosiny) + X. cos(>^;8f)}rfS' 

+ y^^y^y^ x ^ r ==» o, 

and by the divergence theorem, n being the outward normal, 

Since this must hold for every portion of the substance which is in 
equilibrium, the integrand must vanish, and we have consequently 
together with the result of resolving in the two other directions, 


90) 


(.X + 
qT + 
9Z + 






dX^ 

X 

~dx 

+ 

V 

dy 

+ 

dz 






X 

dx 

+ 

V 

dy 

+ 

dz 





dZ. 

X 

dx 

+ 

■ V 

dy 

+ 

Tz" 


0 . 


These are but three of the six equations for equilibrium. The other 
three are obtained by taking moments, the first being 

ff{yZ„-gY„)dS+fffQiyZ-0Y)dt^O. 


91) 
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Introducing the values of qX, qZ from equations 90) and of 
Y„, Zn from 86) this becomes 

92) J^J* [y cos {nx) + Zy cos (ny) + cos (nz^ldS 

-- z\Yx cos (nx) 4- Yy cos {ny) + Yz cos {nz)'\ 

crc\ dz\\ 

V J J + Tz ) 1 =-0* 

Writing the term 

///*>r -//A-'*' 

and 

f If -ff 

and applying the divergence theorem, all the surface integrals cancel 
each other and there remains only the volume integral 

93) JJJ {Zy - r.) dt = 0. 

As before, the field of integration being arbitrary, the integrand 
must vanish, and we obtain, after applying the same process to the 
remaining two equations, 

94) = Xy^Yx^ 

We may also obtain these equations by considering the stresses 
on the faces of an infinitesimal 
cube (Fig. 147). We shall denote 
the tangential components or 

shearing stresses 94) by Tx, Tyy Tz, ^ — :: 

the normal components or trac- 
tions by P*, P^, P,. The stress p 
at any point is determined in 
terms of these six components, 

for we may find the stress-vector J ^ ^ 

Fn^ whose direction- cosines are 

(i \ for any stress . plane " 
whose normal has the direction 

cosines cc, /3, y by equations 86), mg. 147 . 

which in our present notation 

become 

Xn == Fn^i = P^a + + Ty^y 

95) r, + Fy^ + Txy 

Zn ^ Fny^ ^ TyU “b Txfi + P*y. 

WkBSTER, Dynamics. 2. 20 
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These are the exact analogues of equations 17). In other words, the 
stresS'Vector is a self- conjugate linear vector -function of the normal 

to the stress -plane. The stress -vector Fn occupies the place of - 

in 17). Accordingly the whole geometry of the linear vector func- 
tion may be applied to the consideration of stress as follows. 

171. G-eometrical Representation of Stress. If we construct 
the quadric 

96) (p = + Fyi/ -^FzZ^ + 2Ty8X + 2T^ay == ± 

any stress-vector F„ is perpendicular to the tangent plane drawn at 

the point where the normal to the stress- 
plane cuts the quadric g) (Fig. 148). This 
is known as Cauchy’s stress -quadric. Let 
its equation, referred to its principal axes, 
which are known as the axes of the stress, be 

97) q^-F,x^ + F,'if + F,^^==^±E\ 

Pj, Pg, Pg are called the principal tractions, 
being the normal stresses on the planes 
perpendicular to the axes, these planes 
being subject to no tangential stresses. 
Thus, as for any strain we may find three 
planes for which the slides vanish, so for 
stress we may find three planes for which 
the shearing stress vanishes. 

In the reciprocal quadric, 

^8) (p^ ' p P P ~ 

the stress-vector is conjugate to its stress-plane, for the normal to 
the stress -plane is parallel to the normal to where it is cut by 
the stress -vector. The quadric g^' is known as Lame’s stress -director 

. . 

quadric. In equations 17) and 14) putting Fn for - we obtain 

99) Fn — “ = db “8 - — - ■■■ - 

/ ^ — ^8 (jQg ) 

or 

100) F„ cos {rr’) == F„„ = ± == ± 

So that the traction or component of the stress-vector normal to its 
stress -plane is inversely proportional to the square of the radius- 
vector of the quadric g> in the direction of that normal, or is directly 
proportional to the square of the perpendicular upon the tangent 
plane to the quadric g?' parallel to the stress -plane. 
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If Pj, Pq are all of the same siga the quaarics (p and (p’ 
are ellipsoids. If they are positive we must take the positive sign 
with and the normal stress on every plane is a traction. If they 
are negative, we must take the negative sign, and the normal stress 
is always a pressure. If one of the P’s has a different sign from 
the two others, we use both signs and have pairs of conjugate 
hyperboloids. In this case for directions parallel to the generators 
of the asymptotic cone g? = 0 to the stress quadric, we have r infinite 
and = 0. Accordingly for stress -planes perpendicular to these 
generators, the normal stress vanishes or the stress is a shearing 
stress. These planes envelop a cone called Lame’s shear-cone, which 
divides the directions for which the normal stress is a traction from 
those for which it is a pressure. 

In the reciprocal quadric q>', wdien the radius vector is infinite, 
it lies in its conjugate plane, the stress-plane. But the radius vector 
to this quadric has the direction of the stress - vector, so that the 
shear- cone is the asymptotic cone to this quadric 9' = 0. If we 
construct the ellipsoid 

101) Pt^ + P,^ + P,^ r = 

we have by 22) 

102 ) = 

or the strain on a plane perpendicular to any radius vector is inversely 
proportional to that radius vector (it does not lie in the direction 
of the radius vector). This ellipsoid is called Cauchy’s stress-ellipsoid 
and its axes are proportional to the squares of the stress quadric 
9 = j- p2 reciprocal ellipsoid 

fcfa }>r2 

103) ^ = 2^2 4- p -2 + ^ = <5*, 

has the property, since by 16) that the stress-vector for any 

plane is directly proportional to the radius vector in its own direction. 
This ellipsoid is called Lame’s stress-ellipsoid, or ellipsoid of elasticity. 


171a. Simple Stresses. A simple stress is one that contains 
but a single constant in its specification. These are: 

1®. Uniform traction or pressure. 


104) 


A = P, == P3 == P, 
P, ^ Py « P, = 0. 


All the quadrics are spheres and every stress is normal to its plane 
and of invariable amount P. Such a stress is physically realized by 
a body subjected to hydrostatic pressure. 


29 * 
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2^ Simple traction, 

P,«P.«0, 

0 . 

The stress quadric is 

106) q) “I = ± 1, 

a pair of planes perpendicular to the X-axis at a distance from 

the origin. The stress on any plane is parallel to the X-axis. The 
stress -director quadric and the shear- cone reduce to the axis of X, 
all planes tangent to which experience only shear. 

Cauchy’s ellipsoid, 

107) + + 

with axes, c3o, oo, is a pair of planes perpendicular to the X-axis, 

and Lame’s ellipsoid with axes, P, 0, 0, becomes simply that part of 
the axis of X from x = — P to rr = P. From the property of this 
ellipsoid the stress-vector is proportional to the perpendicular on the 
tangent plane parallel to the stress plane. Since the tangent plane 
here always passes through one of the extremities we have 

108) l!n = P^OB{nx) 
as is indeed evident from equations 95). 



3®. Simple shearing stress. 


109) 


P, == Py P, = 0, 


Equations 95) become 

X„ == = P/5, 

110) r. = P,^'=^Pa, 

Z„ = = 0. 

The stress quadric is 

111) 9? = 2Txy =« 4: 1, 


which represents a pair of rectangular hyperbolic cylinders with the 

semi- axes The stress -director quadric is 

VT ^ 

112) ^-f^ = ±l. 

The shear- cone xy = () represents the coordinate planes oi XZ 
and YZ. 
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A shearing stress may also be written, referred to its principal axes, 


113) 


P. = -P, = P, P = 0, 

P„ = Pj, = P, = 0, 


when the stress quadric becomes 

114) P {x^ — 2/*) = ± 

the pair of hyperbolic cylinders referred to their axes and 

= Pa, 

115) 

Z„^F„y'= 0. 

We accordingly have 

a'j3 + /3'« = 0, or 


a p 

that is, all stresses are parallel to the XY- plane, and the stress- 
vector and the projection on the XY- plane of the normal to the 
stress plane make equal angles with 
the X-axis on opposite sides (Fig. 149). 

Squaring equations 115) and adding, 

116 ) 

If y =: 0, that is, if the plane is tangent 
to the X-axis 

Fn = ± P, 

the normal stress, being a traction if 
the normal to the stress -plane falls 
nearer to the X-axis, a pressure if nearer to the Y-axis. 

The shear cone = 0 is composed of the two planes 

bisecting the dihedral angle between the XX- and YX-planes. 

From this manner of representing the stress it is evident that a 
simple shearing stress is equivalent to an equal traction and pressure 
in two directions perpendicular to each other. Compare the repre- 
sentation of a shearing strain as an equal stretch and squeeze. For 

this case Lame’s ellipsoid {x^ -H y^) + q = 1 Jis-s the axes P, P, 0 

and reduces to a circular disc normal to the X- axis. Since all tangent 
planes pass through its edge. 



117) Fn^P sin (n 0 ) = Pf/T^V 

IS above in 116). 
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172. Work of Stress In producing Strain. If every point 
in a body move a distance dq, whose components are d.u, dv, dw, 
and if there act upon every unit of mass of the body the external 
forces X, Y, Z, and upon each unit of surface the forces X^, Z„, 

the work done by all the forces in the displacement is 


118) 


dW^ 


-If Su + Yn Sv + Z„dw}(IS 

{XSu + Y6v + ZSw}dT, 
which becomes by equations 86), 


119) = 



{ [Xj. cos (nx) + Xy cos (ny) + X^ cos (w^)] Su 

+ f Yx cos (nx) + Y,j cos (ny) + Y^ cos (ns)) 6v 
+ \Zx cos (nx) + Z,j cos (ny) + Z, cos (ns)'\Sw} dS 

t/XX {Xdn 4- ySv + Zdw)dtj 


and transforming surface integrals into volume integrals by differentia- 
tion in the manner of the divergence theorem and making use of 
equations 94), 


d 



( Xx d w -f“ Yx d “I” Za d w') 


dw;) 

+ (X.dw + Yz8v + Zz8w) 

+ p(Xdw -f Fd«; 4- ZSw)^^ dt 
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By equations 90) the coefficients of Su^ dvy Sw vanish identically, so 
that, interchanging the order of differentiation and variation, 


121) «Tr-y^/y’|x.«g+r,»|i + z.«^+K«(; 

or in our later terminology, 


dw dv\ 
dy ‘ dz] 


122) SW =///'- dS. + Py SSy + P. dS. + 2r, d^, 

+ 2Ty8g,j + 21\8g,]dt. 

Thus each of the six components of the stress does work on the 


corresponding component of the strain, and the work per unit volume 
in any infinitesimal strain is the sum of each stress component by 


the corresponding strain produced, except that with our terminology 
the shearing stresses are multiplied by twice the shearing strains or 


slides. 


173. Belatlous between Stress and Strain. If a body is 
perfectly elastic the stresses at any point at any time depend simply 
upon the strain at the point at the time in question, so that if the 
elastic properties of the body are known at every point the stress 
components will be known functions of the strain components, which 
may differ from one point of the body to another. The stresses will 
be uniform and continuous functions of the strains and may be 
developed by Taylor’s theorem. If then the strains are small, the 
terms of the lowest orders will be the most important. The strains 
dealt with by the ordinary theory of elasticity are so small that it 
is customary to neglect all terms above those of the first order. The 
results thus obtained are in good accordance with those obtained by 
experiment under the proper limitations. The law that for small 
strains the stresses are linear functions of the strains may be regarded 
as an extension of the law announced in 1676 by Hooke in the form 
of an anagram, 

ceiiinosssttuu 
XJt Tmsio sic Vis. 

The force varies as the stretch, or in our terminology the stress 
varies as the strain. Making this assumption we accordingly have 

9>oi+ 9>uS^+ 9’2,Sy+ <Pii9v + 

= ^ 0 ! “f" 9 ^ 22 ^!/ 9’625'y “j" 9^63 

123) 


Xy — gPog 4" “I" "I" 9’4tff^'^ 
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The will in general be functions of the coordinates of the point, 
but if the body is homogeneous, that is alike at all points, they will 
be constants. We shall assume this to be true. If there be a natural 
state of the body or one in which the body is in equilibrium under 
the action of external forces, so that the stresses vanish for this 
state, it is convenient to measure the strains from the natural state. 
Then the stresses and strains vanish together, so that the terms 
9 ^ 01 ? •• • Von vanish. For such a body there are accordingly thirty-six 
constants q), the so-called coefficients of elasticity. In the case of a 
gas there is no natural state, for a gas is never in equilibrium, 
unless kept so by an envelope, so that every portion of the gas 
always experiences pressure, consequently we cannot measure the 
strains from any natural state. 

We have now the theory of elasticity as it was left by its 
founders, Navier and Cauchy. The idea is due to Green^) of supposing 
the elastic forces to be conservative and accordingly due to an energy 
function of the strains. If we call the function Syy Qxy <Jyj 9i) 

we have for the total potential energy due to any strain 


124) 


W 


-///• 


0(lr. 


The work done in changing the strain is then 




, , a® . 

+ as, 

if * 

, X . i i 1 J 

+ djf, j dt. 




Comparing this with equations 121 — 122) we find 


126) 




ds.. ’ 


Y,= Zy = 


Z, = X, = 


Y a® 

~ as. ’ 




1 a^ 

1 ^ 

2 (9y 

JL 

2 ^ 9 ^ 


If then the stresses are to be linear functions of the strains, 
^ must be a quadratic function, and, if we measure from the natural 
state, a homogeneous quadratic function. A homogeneous quadratic 
function of six variables contains twenty- one terms, so that instead 
of thirty- six elastic constants for the general homogeneous body we 
have only twenty -one, that is, the determinant of the g?’s in equa- 
tions 123) is symmetrical, fifteen coefficients on one side of the 


1) Green, Mathematical Papers, p. 243. 
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principal diagonal being equal to the corresponding fifteen on the 
other side. 

If the body besides being homogeneous is isotropic, that is, at 
any point its properties are the same with respect to all directions^ 
there are many relations between the coefficients, so that the number 
of independent constants is much reduced. In an anisotropic or eolo- 
tropic body there are generally certain directions (the same for all 
parts of the body) with reference to which there is a certain symmetry, 
so that there are various relations involving a reduction in the number 
of constants. Such bodies are known as crystals. We shall deal 
here only with isotropic bodies. 

174. Energy Function for Isotropic Bodies. In isotropic 
bodies the stresses developed depend only on the magnitude of the 
strains, not on their absolute directions with respect to the body. 
Accordingly if we change the axes of coordinates tbe expression for 
the energy must remain unchanged, or the energy function is an 
invariant for a change of axes. The cubic for the axes of the 
elongation quadric 58) belonging to the shift -equations 50) is the 
determinant 

j 9y 

127) g, , Sy-X, g^ = 0, 
gy , gx , s, — X 

or expanding the determinant, 

128) -- {s^ H- Sy + Sz) + {sys, -f s^s, + S:cSy — gl — gl — <jf) A 
+ S:cgl + Sygl -f s^gl — s.SySz — "igxgyg^ == 0. 

If the roots are A^, Ag, Ag, the equation is 

129) A® — (Aj “h Ag -f- Ag) A^ -f* Ag “f" Ag Ag -j- Ag A^^) A — A^ Ag Ag = 0. 

If we transform to another set of axes with the same origin, 

so that the strain components are s,/, 5^^, g^^, since the 

elongation quadric is a definite surface, the equation for its axes 
must have the same roots as before. Accordingly its coefficients are 
invariants. The roots A^, Ag, Ag are the stretches for the directions 
of the principal axes of the strain. Therefore we have the three 
strain invariants, symmetrical functions of the roots, 

== Ai + Ag -f- Ag = + Sy -f Sz, 

130) *== Aj^ Ag -f- Ag Ag -|- Ag Aj SySz H” gx 9y gl* 

JTg = Aj Ag Ag == ^ gxgyg z "b SxSySz ^xgx ^ygy ^zg\» 

The invariant represents the cubical dilatation <7, which by its 
geometrical definition is evidently independent of the choice of axes. 
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The energy function for an isotropic body, being unchanged when 
we change the axes, can contain the strains only in the combinations 
these are of the first, second and third degrees 
respectively, and since 0 is of only the second degree it cannot 
contain Jg. 

Since it is homogeneous (except for a gas) it can contain 
only through its square. We therefore have 

131) - PJi + + JS/g, 

where P, A, B are constants. P is zero, except for gases, and is then 
positive, for if the gas expands it loses energy. The constant A 
refers to a property common to all bodies, namely, resistance to 
compression, and is positive, for work must be done to compress a 
body. The constant B is peculiar to solids. 

All symmetrical functions of the roots may be expressed in terms 
of the invariants, for example: 


132 ) 1,2)“ + (^2 + (^3 — ^1)^ 

= 2 + Ag^) — 2 (Aj Ay + Ag Ag + AgAj) 

== 2 (A( + Ag + Ag)“ — - G (Aj Ag + Ag Ag + Ag A^) 

= 2Ji2-()/2. 

Also 

. 2 (Ai Ag + Ag Ag -}- Ag Aj) ==* (A^ + Ag + Ag)’ — (A^^ + Ag^ + Ag^), or 
^ 2J2==J,^--(A,^-f Ag^ + Ag^). 

We may accordingly write AI^^ + BL^ as a linear function, of 1^^ 
and of either (A^ — Ag)^ + (Ag — Ag)^ + (Ag — A^)^, or of A^^ + k./ + Ag^. 
Suppose we write the quadratic terms 


134) Air- + BI, == I 


+ Y - ^ 8 )^ + ih - ^3)* + (^3 - ^1)'}, 


which is the form given by Helmholtz. The constant being 
multiplied by 0 ^, refers to changes of volume without changes of 
form, representing in this case the whole energy, for if there is no 
change of form the stretches of the principal axes, Aj, Ag, Ag are equal. 
The term in C on the other hand refers to changes of form without 
change in volume, for it vanishes when A^^Ag—Ag, and represents 
the whole energy if 0 = 0. A perfect fluid is defined as a body in 
which changes of form produce no stress, so that for such bodies 
C = 0. 

We may also write 


135) Ali^ + BI^ =“ K (A^^ + Ag^ + Ag^) + K® (A^ + Ag + ^ 3 )^ 
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which is the form used by Kirchhoff. We have then for the rela- 
tions between the constants, 

136) H-C^2K& and 3C ^ 2K 
or 

^r = 2/r(© + i), c==Ik. 

Accordingly for liquids in order to have C ==* 0 but H finite, we 
must put K=0 and @ ==» cx), so that 2K& = H, 

Now since 

137) + X^^ + _ 21, 

= (5a: + 5y + S,y — 2 (SyS, + S,S^ + ~ ~ (fj) 

= 5^ 4- 5y + s? + 2 ( gl + gl + gl)} 
we have for solids, liquids and gases, 

13S) 0 ^ K&6^ + K{{sl + si + s?) + 2 {gl + gl + g\)]^ F{s. + s,+s.). 

We shall make use of the more common notation 

139) = K==g. 

(Thomson and Tait make use of the constants Ic for H and n for /t.) 
We have accordingly 

140) ^ = 2 ^ 5i + 5^ + s? + 2 {gl + gl + gV)] 

F {Sx 4" 5y 4" 5^)* 

The constant g like C refers to changes of form and vanishes for 
perfect fluids. In the present notation by equations 136) we have 

141) H ~ g -\r Xf 

SO that both X and g are involved in changes of volume. We thus 
see that isotropic bodies possess tivo elastic constants. By means of 
certain assumptions as to the nature of elastic stresses, making them 
depend upon actions between molecules, Cauchy and the earlier 
writers on elasticity reduced the energy function to a form depending 
on a single elastic constant, the same theory reducing the number 
of constants for an eolotropic body from twenty-one to fifteen. For 
this theory the reader may consult Neumann, Thcorie der Elastizitdty 
Todhunter and Pearson, History of the Theory of Elasticity, Experiments 
have not however confirnifd this theory, and it is no longer generally 
held to be sound. Thomson and Tait inveigh against it with particular 
emphasis. We shall accordingly assume that an isotropic body has 
two independent constants of elasticity X and g. 
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176. StresBes in Isotropic Bodies. We may now calculate 
the stresses by means of equations 126), inserting the values of 

Sx) Sy, Sif gx) gy) gz- 


Xx 


= + -P, 


142) 


y 


Zx 




r. = z„ 


Zx-=Xz 


Xy=-Yx 


= Xd *4“ 

2g^J- - 
^ oy 


= + 

dz - 


1 dQ> 

id 10 


\OTl 

11 

\ 

11 

+ BV)’ 

_ 1 

idu 

dw\ 

~ 2 


+B.y 

_ 1 

fdv 

du\ 

~~ 2 ftg. 

H 

II 

+ a2/)' 


The first equation of equilibrium 90) becomes 


143) 





d^u\ /d^u d^iv 
dijV ^ 



or, considering the Talue of <?, we may write the equation with its 
two companions, 

pX + {X -h + ^.du= 0, 

144) + 

qZ +{X + g) + gJw=0. 


The equations at the surface of the body are by 86), using the 
above values of the stresses, 

X„ = + 2 cos (nx) 

+ (It + Ij) + '*(?“+ If) 

(ll + ¥y) ®®® (”2^) 

+ #t(a^ + 3v)cos(«5), 

(fj + I?) (If + w) (”2') 

+ (x<y 4- 2/* — p) cos (ne). 
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176. Physical Meaning of the Constants. Let ns consider 
a few simple cases of equilibrium with homogeneous strain under 
stress, there being no impressed bodily forces X, Y, Z, and putting 
P-=0. 

1**. A simple dilatation. 

ti — ax, V = ay, w = as, 

Sx a, Sy = a, Sz a, fix fly yz 6, 

■= Sx + Sy + «.- = 3a, 

146 ) Xx = Yy = Zz = {Sl + 2ii)a=p, 

Yz = Xy=Zx = 0. 

The surface forces become simply 

X„ — p cos (ii x), 

147) y„ = jt)cos(Mj/), 

Z„ = p cos (m), 

or the surface force is normal to the surface, and 

148) i?;=p = (3^ + 2/t)a = ?-?4^.(y. 

The ratio of normal traction to cubical dilatation, or of normal 
pressure to cubical compression, 

149) f = = H 

is called the hulli -modulus of elasticity, the term modulus being 
applied in general to the ratio of the stress to the strain thereby 
produced. 

2®. A simple shear. 

u = ay, = 0 , 

Sx = Sz = ^ ^ 

150) ff. X. = r, = z. = 0, 

Xj,^Yx = fia=- T, 

Yz = Z, = Z, = X, = 0, 

X„ == T cos (ny), Yn=^T cos {nx)^ Z„ = 0. 


161) Fn = T)/cos*(na;) + cos*(^?/) = Tsin(w^), as in 117). 
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The ratio of the tangential stresses on the XZ and YZ planes 
to the amount of the shear produced, 


S f — “ (Z . S(j 


is called the shear modulus of elasticity, or the simple rigidity.^) 
3®. A stretch- squeeze. 

li = ax, t? — hy, w = — 

153) Sr = a, = 6’* = — 6 == a — 2b, 

Xr = l{a — 2b) + 2fLa, 

= Z, = X(a - 2b) - 2yb, 

r, = z, = X, = 0, 

Xn ^ [X(a — 26) -f- 2 fia] cos (nx), 

Yn == [X{(i — 2b) — 2 [lb] cos (ny), 

Zn = [X{a — 26) — 2/i6) cos {nz). 


If we choose a and 6 so that 

155) 5 = -a, 

we have 

Yn = Zn == 0 , 

156) = 2fi (a H- 6) cos {nx) = cos {nx). 

If the body is a cylinder, with generators parallel to the X-axis, 
bounded by perpejidicular ends, experiencing a normal traction p, 
there is no force on the cylindrical surface, for which cos (nx) = 0, 
and on the ends 

157) 

The ratio of the tractive force to the stretch a, 

158) E = ^ = 

^ a X-ffi HTc~\-n 

may be called the stretch or elongation modulus, and is generally 
known as Young^s modulus. 

The ratio of the lateral contraction to the longitudinal extension 

A|, 

. 1) Thomson and Tait nse the notation ; bulk-modulus = A: = Z + , simple 


rigidity «»n, 


3ifc -f* w 
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is called Poisson’s ratio. According to Poisson and the older writers 
I = (i, so that 1] — We must certainly have 

-l<r]< I, 

for if « > /I < 0, making the rigidity negative. If < — 1 , 

A 

H = {k+lii)<0, 

making the bulk-modulus negative. No known bodies have rj <iOy 
and in experiments on isotropic bodies rj has generally been found 

nearly equal to ^7 the value assumed by Poisson, the value being 

found to approach more nearly to Poisson^s value the more pains 
were taken the secure isotropic specimens. 

The bulk-, shear- and stretch-moduli and Poisson^s ratio are the 
important elastic constants for an isotropic body, any two of which 
being known, all are known. 


OHAPTEK X. 

STATICS OF DEFORMABLE BODIES. 

177. Hydrostatics. Let us now consider the statics of a perfect 
fluid, that is, a body for which ft = 0. If each element of the fluid 
is subjected to forces whose components are X, F, Z per unit mass, 
equations 144), § 175 reduce to 

1 ) + 

gz + iii-o, 

while the equations for the surface forces 145) become 
X„ = (i.3 — P) COB (nx), 

2) T„ = (2.a — P) cos (ny), 

Zn = — P) cos {ng). 

The surface force is accordingly normal and equal to 

3) Xe — P = —p. 



464 


X. STATICS OF DEFORMABLE BODIES. 


Thus we have the fundamental property of fluids, the force between 
any two elements of a perfect fluid is a pressure normal to the element 
of surface separating them and independent of its direction. 

Differentiating equation 3) and replacing X times the derivative 
of 0 by the corresponding derivative of (—1?); our equations of 
equilibrium 1) are 

4) = = ^z-%- 


Thus the fluid can be in equilibrium only under the action of bodily 
forces of such a nature that p times the resultant force per unit 
mass, that is to say, the force per unit volume, is a lamellar vector. 
If the pressure at any point depends only on the density, and 

conversely, and we put ^ 


5) 

so that 


6 ) 


p=l'^p, 

J Q 

dP (IV dp 1 dp 

d.r dp dx Q dx^ 

dP _ dP dp _ ^ dp 

dy dp dy Q dy^ 

dP dP dp^ 1 dp 

dz dp dz Q dz 


Our equations 4) are 


7) 




dP 

dz' 


Accordingly in this case the bodily forces per unit mass must be 
conservative. If F is their potential, multiplying equations 4) by 
dXy dy, dz respectively and adding, we have 


8) Q{Xdx + Ydy -f Zdz) = -r- QdV 

If we have two fluids of different densities in contact we have at 
their common surface 


9) — F== — Q^dV = dp, 

so that 

10) (()i-9*)dF=0, 


therefore dV and dp are each equal to zero and the surface of 
separation is a surface of constant potential and constant pressure. 

1) Not the constant P in 8). 
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Also, since, by 8) V differs from — P only by a constant, the sur- 
faces of equal pressure are equipotential or level surfaces. If the 
fluid is incompressible q is constant, so that we have 

11) ~ F**- const + * 

Q 

For gravity we have, if the axis of Z is measured vertically upward 

x=r=-o, Z^-g, 

so that 

12) p^Q(C^g0). 

If, neglecting the atmospheric pressure, we measure 0 from the level 
surface of no pressure 

13 ) ^ — gQ0^ 

which is the fundamental theorem for liquids, namely, that the pressure 
is proportional to the depth. 

178. Height of the Atmosphere. If we consider a gas whose 
temperature is constant throughout, the relation between the pressure 
and volume is given by the law of Boyle and Mariotte 

p^ciQ, 

accordingly 

14) P =J == « log Q + const 

and 

15) V gz ^ c — a log q, 

16) Q = « , 

where is the density when 0 == 0. 

Thus as we ascend to heights which are in arithmetical pro- 
gression, the density decreases in geometrical progression, vanishing 
only for 0 00 . If on the other hand, we consider the relation 

between pressure and density to be that pertaining to adiabatic 
compression, that is compression in such a manner that the heat 
generated remains in the portion of .the gas where it is generated, 
we shall obtain a law of equilibrium corresponding to what is known 
as convective equilibrium. The temperature then varies as we go 
upward in such a way that, if a portion of air is hotter than the 
stratum in which it lies, it will rise expanding and cooling at the 
same time until its temperature and density are the same as those 
of a higher layer. When there is no tendency for any portion of 

WEBSTJSit, Dynamics. 2. 30 
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air to cliange its place conyective equilibrium is established. The 
principles of thermodynamics give us the relation for adiabatic com- 
pression 

17) 2) = fep* 

where x is the ratio of the specific beat at constant pressure to that 
at constant volume, whose numerical value is about 1.4. We then have 


Since x> 1, p diminishes as z increases and is equal to zero when 
gz ^ c, so that on this hypothesis the atmosphere has an upper limit, 
which may be calculated when the value of p for a single value of z 
is known. 

It is obviously improper to consider the equilibrium of the 
atmosphere to an infinite distance without taking account of the 
variation of gravity as the distance above the surface of the earth 
increases. Considering the earth to be a sphere with a density that 
is a function only of the distance from the center, we have, with y 
positive^), as in §§ 123, 149, instead of equation 8), 

Xdx + Ydy + Zds = yd 


BO that on the hypothesis of equal temperature 

19) — = const. — a log p, 

yM 

20) p = p^ea-. 

On this hypothesis the density decreases as we leave the earth, but 
not so fast on account of the diminution of gravity, so that at infinity 
the density is not zero but equal to the constant p^. 

In this example we have neglected the attraction on the gas of 
those layers lying below. From equation 20) the barometric formula 
is obtained. 

Proceeding in the same manner for convective equilibrium, we have 


21 ) 


r ^ X -- 1 


Here again p decreases as r increases, giving an upper limit to the 
atmosphere for p = 0 for a finite value of r. 


1) It is to be observed that in equation 8) the forces are taken as the 
negative derivatives of the potential, but as in the following examples involving 
the earth’s attraction they are obtained by multiplying the ^positive derivative by y, 
we must in the integral equation change the sign of V and multiply by y. 
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179. Botatingf Mass of Fluid. If a mass of fluid rotates 
about an axis with a constant angular velocity oj, we may by the 
principle of § 104 treat the problem of motion like a statical problem, 
provided we apply to each particle a force equal to the centrifugal 
force. If we take the axis of rotation for the Z-axis the centrifugal 
force may be derived from the potential, 

22) Fc = - + 

If an incompressible liquid rotates about a vertical axis and is under 
the influence of gravity, we have by 11), 

23) + 

24) Q{c — g3 -{■ (a:* + i/*))- 

Consequently the surfaces of equal pressure are paraboloids of revolution. 
Measuring s from the vertex the equation of the free surface, for 
which ^ = 0, is 

25) + y^)- 

2 Q 

The latus rectum is On this principle centrifugal speed indicators 
are constructed. 

An important case which we have already treated by this method 
in § 149 is the shape of the surface of the ocean. If we seek an 
approximation, assuming the earth to be centrobaric, the potential 
due to the attraction of the earth and centrifugal force will be, as 
we find either directly, or by putting K ^0 in § 149, 140), 

26) + 

and the equation to the surface of the sea will be, TJ = const.^ which 

M. 

may be written, writing — for the constant. 


■I I 2 / 1 

1 + 


where ^ is the geocentric latitude, and a is the polar radius. In the 
case of the earth - == which is so small that the second 

ym. 2o8.41 

term may be considered small with respect to the first, and its square 
neglected. Accordingly putting in this term r a the equation of 
the surface is 


28 ) 



30 ♦ 
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which is the equation of an oblate ellipsoid of revolution. The 
ellipticity is 

cj*a^ / /i I ?_ 

The difference between this and the value given in § 149 is due 

to the fact that we have neglected the attraction of the water for 
itself and that the nucleus is not exactly centrobaric. 


180. Gravitating, rotating Fluid. A problem of great 
importance in connection with the figure of the earth and other 
planets is the form of the bounding surface of a mass of homogeneous 
rotating liquid under the action of its own gravitation. 

If V is the potential of the mass of fluid at any internal point, 
and we take the X-axis for the axis of rotation, we have 

29) U=V+ + 


The form of the function F depends upon the shape of the bounding 
surface of the liquid, which is to be determined by the problem 
itself. The complete problem is thus one of very great difficulty 
and has been only partially solved.^) 

We will examine whether an ellipsoid is a possible figure of 
equilibrium. 

We have found in § 157, 37) for the 2 )otential of a homogeneous 
ellipsoid 


30) 


V = TtQaic I 1 1 


:/(- 





^2 du 

c'S +Ti Yia^+t^ (b^+u) (c*4- w) 


= const — -f My^ + 


where 




00 

2ifQahc 

0 

00 


du 


(a^ -f w) F(^' + w) 


du 


31) M. 2 jr p a 6 c / (52 u)yla^ + w) + ^0 (c® + w) 


00 

du 

(c* + w)F(a^ + u) (b^ 4“ 


(c^ + u) 


1) Poincar^, “Sur I’equilibre d^une masse fluide animde d’un mouvement 
de lotation.’* Acta math., t. VII, 1886. Also, Figures d^equilibre d*une masse 
fluide. Paris, 1908. 
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Inserting in the integral equation 11) (see footnote p. 466), 
32) ^ + 1[lx^ + My^ + Ne^ - j (y^ + «*)}= const., 

the surfaces of equal pressure are similar to the ellipsoid 


a® 62 + 


33) La^ = {M- ft* = (iV - c*, 

from which we obtain 

o ^ _ Mh^ - La^ _ Nc^ - La^ _ Mb^ - Nc\ 

y f.2^ 5 * _ 

CO® 

Equating the first and third values of -- 

35j ^ c^) (Mh^ - La^) = 6^ 

or otherwise 

36) (c- {M - N). 

Since L, M and N are transcendental functions of a, 6, c, this is a 
transcendental equation for the ratios of the axes. Since M is the 
same function of 6 that is of c obviously the equation in satisfied 
if 6 = c and M^N, giving an ellipsoid of revolution as a possible form 
of equilibrium. Tliis is the celebrated solution given by Maclaurin in 1738. 


If we put 


1 + X^- 


the formulae 60), 62), § 160 give 

37) L = 47CQ ^ (A — tan”^ X), 

+/- (tan- ^ X - j^,)- 
©* 

Introducing these values the first value of ~ in equation 34) becomes 

- JK- ffxi - (tm- 1 - - *.(1 - to- 1)). 

By the development of tan~^>l in a series we find 

S«) ,(.(») -2 (- «— 


y>{X) == 0 for 1 = 0 and 1 — oo, 
^'(1) = 0 for 1 = 2.5293, 


for which value 


^(1) = 0.22467. 
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The course of the function 



is shown in Pig. 150, from which 
it is evident that if 

< 0.22467 

2 Ttyg 

there are two values of I satisfying 
equation 38) and accordingly two 
possible ellipsoids of rotation. If 
on the contrary 


^ > 0.22467 

2‘3ryQ 


no possible ellipsoid of rotation is a figure of equilibrium. 

When CD is very small one of the values of k tends to zero and 
the other to infinity, that is, one of the ellipsoids is a sphere, the 
other a thin disc of infinite radius. 

In the case of the earth using the value of yQ of § 123 and 

of CD of § 149, ^ — = .00230, and the smaller of the two values 
of X coincides most nearly with the actual facts ^), giving 

^2= 0.008688, e = 

The actual ellipticity being however ^ we can only conclude that 

the earth when in its fluid state was not homogeneous. 

The transcendental equation 36) written out is 



_ 

(52 _ ^2) 


0 


or otherwise 


I du 


=0, 



a^u‘+ [a*(6*4c*) — 


du 

Y(a^ + ® + ^) ® + ^) ® 


=^0. 


0 

Besides the solution h — c there is another given by putting the 
integral equal to zero. When a = 0, the integrand and consequently 

the definite integral is negative, when a — the integral is 

positive. There is accordingly a real value of a which satisfies the 
equation and there is an ellipsoid with three unequal axes which is 
a possible figure of equilibrium, if co lies below a certain limit. 
This result was given by Jacobi in 1834. For further information 
on this subject the reader is referred to Thomson and Tait, Natural 
Philosophy, §§ 771—778. 


1) Tigserand, Traits de Micanigue Cileste, Tom. II, p. 91. 
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181 . Equilibrium of Floatiugf Body. Let ns apply the equa- 
tions of equilibrium to a solid body immersed in a fluid under the 
action of any forces. Let us find the resultant force and moment 
of the pressure exerted by the liquid on the surface of the body. 
If we call the components of the resultant S, H, Z, and of the 
moment L, M, N, we have 


42) 


43) 


iS==y^ ^pco8(nx)d8, 
jBr= COS (np) dS, 
cos {n 0 ) dS, 

L cos (ni) — 0 p cos (ny))dSj 

M l^{zp cos {nx) — xp cos (nz)} dS^ 

N cos (ny) — yp cos (nx)] dS. 


If the body is in equilibrium it is evident that we may replace it by 
the fluid which it displaces, which would then be in equilibrium 
according to equations 4), and might then be solidified without disturb- 
ing the equilibrium. 

' If the body is only partly immersed we must apply the integration 
to the volume bounded by the wet surface and a horizontal plane 
forming a continuation of the free surface of the liquid and called 
the plane of flotation. Over this plane p = 0^ consequently the surface 
integral is taken only over the wet surface, while the volume integral 
is as before taken over the volume of the fluid displaced. With this 
understanding we may convert the surface integrals into volume 
integrals taken throughout the space occupied by the displaced liquid, 
that is, within the surface of the solid body below the plane of 
flotation. We thus have 




44 ) 
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If the force acting on the liquid be gravity we have 
X-Y 0, Z-^-^g, 

accordingly 


-0, Z -- (f j ^ I^J ()(lt - mg, 


where m is the mass of the fluid displaced by the body. This is the 
Principle of Archimedes: A body immersed in a liquid has its weight 
diminished by the weight of the displaced liquid. 

For the moments we have 


46) 



gmy, 


gmoTy 


where x, y denote the coordinates of the center of mass of the 
displaced liquid. If the body is in equilibrium, by Archimedes’ 
Principle the weight and therefore the mass of the body is equal to 
that of the displaced liquid. Consequently the resultant of the forces 
acting on the body is equivalent to a couple whose members are 
forces mg exerted downward at the center of mass of the body and 
upward at the center of the mass of the displaced liquid. If the 
(jouple is to vanish one of these must be vertically above the other. 
The center of mass of the displaced liquid is called the center of 
buoyancy of the body. 

If the floating body is slightly displaced through a small angle 
dm from the position of equilibrium by the application of a coulpe, 
the mass of the displaced fluid must remain unchanged, but the 
position of the center of buoyancy is slightly altered. Let us take 
the origin in the intersection of the old and new planes of flotation 
(Fig. 151). For the new position the figure is to be tilted in the direction 
of the arrow until the new position of the water line V is horizontal. 
The old center of buoyancy B is now no longer under the center 
of mass O and consequently, if the same portion were immersed, 
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the body would be acted upon by a couple equal io mg times the 
horizontal distance between the verticals through O and B, and tending 
to increase the angular dis- 
placement. if h denote the 
length OB which now makes 
an angle dco with the vertical, 
this horizontal distance is 
tdco, and the couple rnghSa. 

But this is not the only couple, 
for the immersed part is now 
different from that formerly 
immersed by the volume of 
the two wedges of small angle dca, the wedge of immersion EOE^ 
and the wedge of emersion DOD\ The buoyancy added by the wedge 
of immersion and that lost by the wedge of emersion both produce 
moments in the direction tending to decrease the displacement. These 
moments must accordingly be subtracted from that previously found, 
to obtain the whole moment tending to overset the body. 

It is evident that if no vertical force is to be generated, the 
volumes of the wedges of immersion and emersion must be equal. 
Since the wedges are infinitely thin we may take for the element 
of volume 

dx == sdxdy = yS(Ddxdy. 

The condition for equal volumes is then 

47) .ff‘ dxdy = d G) ydxdy = 0y 

the integral being taken over the area of the plane of flotation. This 
will be the case if the axis taken through the center of mass of the 
area of flotation. The moment due to the wedges is 

48) L'=-gQ^ l^^l^ydt^ggJ'J^sydxdy 

==-9QSm J* J^y'^dxdy = 

where is the radius of gyration of the area of flotation about the 
JC-axis. 

In like manner 

49) W ^ gq ^ ~ — ggJ^J^xgdxdy 

= — ggSmJ^J^xydxdy. 
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If we take for the axes of x and j/''i;he principal axes of the area 


of flotation the 


J^xydxdy vanishes. 


Accordingly a rota- 


tion about a principal axis through the center of mass of the plane 
of flotation developes a couple about that axis of magnitude 
tending to right the body. We have accordingly for the whole 
moment of the righting couple 


50) L = gda)(QSxl 

On account of the change in the immersed part the center of 
buoyancy has moved from JB to If we draw a vertical in the 
new position through JB', the point JH in which it cuts the line BGr 
is called the metacenter and the distance MG ^ h, the metacentric 
height. Since the couple acting on the body is composed of the two 
forces, mg acting downward at O and upward at JB', it is evident 
that if the equilibrium is stable or the righting couple is positive M 
must be above G, The arm of the couple being the horizontal 
projection of MG is equal to h^ dcD, and L mgha^dco. We 
accordingly have, inserting this value of L in equation 50) for the 
metacentric height 

51) m'h:jc = — mh), 


dividing by m and writing — = F, the volume of the displaced liquid, 

52) 

The equilibrium is stable or unstable according as this is positive or 
negative. 

For the displacement about the F-axis we have in like manner 
a couple proportional to the displacement, with a new metacentric 
height 

53) = 


where Xy is the radius of gyration of the plane of flotation about 
the Faxis. It is evident that the metacentric height is greater for 
the displacement about the shorter principal axis of the section. Thus 
it is easier to roll a ship than to tip it endwise. 

Since the rotation about either axis is resisted by a couple 
proportional to the angular displacement, the body will perform 
small harmonic oscillations about the principal axes with the periodic 
times 




y 9K 


and Ty 


ywj 


where Kx and Ky are respectively the radii of gyration of the solid 
about the principal axes in the plane of flotation. 
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Introducing the values of and hj, we may write 


54) 










Since for a body of the shape of a ship K and z increase together, 
we see that the larger z corresponds to the shorter time. The 
pitching of a ship takes place more rapidly than the rolling. 

The locus of the center of buoyancy for all possible displacements 
is called the surface of buoyancy, and the two metacenters are the 
centers of curvature of its principal sections. Evidently the body 
moves as if its surface of buoyancy rolled without friction on a 
horizontal plane, for it would then be acted on by the same couple 
as under the actual circumstances. 


812. Solid hollow Sphere and Cylinder under Pressure. 

We have dealt in § 176 with a few cases of equilibrium of solid 
bodies under stress, where the strain produced was homogeneous. 
We shall now treat a number of cases in which the strain is not 
homogeneous. If there are no bodily forces the equations 144), § 175, 
become ^ 

(A -f- |a) ^ ^ “f- yb/Iu = 0, 

55) (1 + fi) = 0, 

p») "4" 0. 

Forming the divergence, by differentiating respectively by a?, y, Zy 
and adding, and interchanging the order of the operations d and dy 

56) (X + 2(i) = Oy zJ0==Oy 

so that ^ is a harmonic function. Let us put 0 = a. If the strain 

is pure, let (p be the strain potential, § 169, so that 

57) M = ||, v = = 

and (f is equal to the potential of a mass of density — coinciding 

with the body under investigation. If this be a sphere or spherical 

shell, we find, as in §§ 125, 135, 

58 ) = 

59) y = 

where 6 is a second arbitrary constant, from which we have 
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n = 

dtp 

/a ^ 

b\ 

X 





dx 

u-^ 

rV 

~y 

r 





0 == 

dtp 


l>\ 

y 





dy 

(3 

rV 

-) 

r 





== 

dtp 


i\ 

z 





dz^ 

W 

rV 

~ f 

r 




a b 

. 36.t2 

du 

^bxy 

du 

Zbxz 

dx 

" 3 ““ r® 

I i- “ 


dy ■ 

- >V 

- 9 

dz 

1 ^’ 

dv 

Zhxy 

dv 

a 

b 

, ^by 

2 

dv 

Bbyz 

dx ~ 

= • v ’ 

dy 


r» 

' yb 

- 9 


~r^-’ 

dw 

$hzx 

dto 

36;: 


dw 

a 

b . 

3&2* 

dx 

- ^6-’ 



-9 

dz 

3 

“ ^8 + 

- - y 

T' 


giving e a. The values of the surface forces are by 145), § 175, 
X„ = + ^ )] cos {nx) 

+ [y cos (ny) + ^ cos (w^;)], 

Yn=‘\xa + 2y(j-^-, + cos {mj) 

62 ) ^ , 

+ ^ ^ {nx)], 

Z„ = [la + 2ji + ^^-*)] cos (ns) 

+ cos (nx) + y cos (wy)]. * 

Collecting the terms 


* (f + r + r 

and writing 

63 ) p = Xa + jiia + ^^ = Ha + ^~^> 

these become 

64 Xn^p cos (h x) , Yn=-p COS (ny) , Zn p cos (n0 ) , 
so that jp is a normal traction or pressure. If and iZg are the 
internal and external radii of the shell, 

p,-Ha + ‘^4, 

, 4% 

JP2 = -H« 

which determine a and b. 

6^ — 

66) ^'*(.b7»"^) 

® - J?!*) — 


1 I 2 . 4/ib 

p = Xa + jfta + -p- 
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In Oersted’s piezometer the internal and external pressures are equal, 
so that 6 = 0, and the sphere receives a homogeneous strain, which 

is of the same magnitude, 6 = as if the sphere were solid. A 

second practical application is found in the correction of thermometers 
due to the pressure of the mercury causing the bulb to expand, the 
amount of expansion being found from 66). 

In treating the case of a very long hollow cylinder, we proceed 
in precisely the same manner, except that the problem is a two 
dimensional one. We will number the equations in the same manner, 
with the addition of an accent. The formulae have an application 
in finding the pressure able to be borne by tubes and boilers. 


57') 

C\ ^ A 

u = j V = tv d = z/qp = a, 


58') 



59') 

^ + hlo^r, 


60') 



61') 

du ® j ^ du ^hxy 

dx 2 r* ^ dy ^ 

dv 2hxy dv ^ 

dx ’ ^y 2 7*^ ’ 


62') 

X„ - [ia + 2(1 (2 + )] cos (nx) - 

Yn = - cos »« + [Aa + 2/i(J + 

COS {ny), 

cos (;tiy)y 

63') 

p^{X + H)a- 


64') 

X„=p cos (nx) , Y„—p cos (w?/) , 


65') 

Ih = (A + ft)a - 

^>2 = (A + ;i) a — > 



& = ... - , 


66') 




n sa Ps -^2 * ~ P\ -^ 1 * , 
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183^ Problem of de Saint*Yeuaut. We shall now treat a 
problem dealt with by the distinguished elastician Barre de Saint- 
Venant, in two celebrated memoirs on the torsion and flexion of 
prims, published in 1855 and 1856.^) For the full treatment of this 
subject the reader is referred to Clebsch, Theorie der Elasticitat, or 
especially to the French translation of the same work, edited with 
notes by de Saint- Venant himself. The problem is thus deflned by 
Clebsch, whose analysis is here followed. 

What are the circumstances of equilibrium of a cylindrical body, 
on whose cylindrical surface no forces act, and whose interior is not 
subjected to external forces, under which the longitudinal flbres 
composing the body experience no sidewise pressure?^) What forces 
must act on the free end surfaces, in order to bring about such 
circumstances? 

We have already treated a special case of this problem in 3®, 
§ 176. If the Z-axis be taken parallel to the generators of the 
cylindrical surface of the body, the conditions that adjacent fibres 
exercise no stress on each other perpendicular to their length are 

67) = 

The conditions at the cylindrical surface are 

Xn == Xx cos inx) -f Xy cos {ny) + Xz cos (ns) = 0, 

68) Yn *= Yx cos {nx) + Yy cos {ny) -|- F* cos {ng) = 0, 

Zn = Zx cos {nx) + Zy cos {ny) + Zz cos {n z) = 0, 

of which the first two are satisfied identically, since cos nz = 0, and 
the last is simply, 

69) Zx cos {nx) + Zy cos {ny) = 0. 

In order to remove the possibility of a displacement of the 
cylinder like a rigid body involving six freedoms we will suppose 
fixed: a point, a line, and an infinitesimal element of surface of one 
orthogonal end or cross-section. Take the fixed point as origin, so 
that Wq = 0. Take the fixed element of surface for the 

XY- plane, and the fixed line for the X-axis. For a point near the 
origin, the shifts are 


1) Memoire sur la torsion des prismes, avec des considerations sur leur 
flexion. Memoir es des Savants etr angers, 1856. 

Memoire sur la flexion des prismes. Journ, de Math, de Liouville^ 2*ne Serie, 
T. I, 1856. 

2)* That is, the stress «on a plane parallel to a generator is only tangential, 
and in the direction of the generator. 
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“ “0 + 

70) = t;, + + {~^^dy + [^)dz, 

4- i^Qdy + i^-^)dz. 

If the point is in the XF- plane, df^ = 0, and as this plane is fixed, 
w must be 0, necessitating 

fa-©.=«- 

If the point is on the X-axis, dy ds ^ 0^ and as it must remain 
on the X-axis, v and w must vanish, necessitating 

(r) - 0- 

w •^y 0 

The six conditions at the origin are accordingly, 


% ^0 = '^^0 


\dxjQ \dxjQ \dyj^ ^ 


while the conditions 67) everywhere satisfied are 


X, = Jlo + 2/t|^«0, 

Y, -Xa + 2„~-0, 

--(I-: + !;)-'> 


Of these the first two give 


^ 1 ^ I 

^ dy^ dz) ^ Ti) 


dx dy 


with the third 


2 (^ + ft) 


du . dv 
dy ' dx 


The equations 144) of equilibrium are 


+ ft^M = 0, 

(A + ;t)|^ 4- 


73 ) 
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From the first of a) and b), by differentiation, 




74) 

From a), 

75) 


b^u d^u d^u 
^2 + ^2 


^ U-'V 1*^1 ^ ^ ^ ' 

'T:;^ + ^;2 + ^^2 


d^v 

dz^ 


c^u 


du bv . bw 
^ bx~^ by' bz 


0-^’?)a1 = r+7l?’ 


The equations 73) become 

c) 

d) 

e) 


c^w b^u 
bJbz ^2 ' 


0 , 


b^w b^v ^ 

bybz bz^ ^ 

b^w b^w . ^.b^w 

b.r^ b]j~^ 


0 . 


The equations a), b), c), d), e), together with the surface condi- 
tion at the cylindrical surface 

{jz + 13 (’**) + ill + 13 

and the conditions 71) at the origin, constitute the mathematical 
statement of the problem. 

Differentiating e) by 0 , and subtracting the derivative of c) by x 
and of d) by 

77) 


i^^b^w b^u b^v ^ 

bz^ bz^bx bz^by 


Inserting the values of and ^ in terms of from a) gives 


b^w 


0 . 


’8) 7? 

Adding the derivative of c) by y and of d) by x, 


b^w 


Sz* { Iv 1 + 2 

which, by use of b), gives 


r, = 0. 


O^W 


dxbybz 

Differentiating e) by and using 78), 
81) 


0 . 


b'^w b^w ^ 

bx^bz ’ by^bz 


Differentiating c) by x, d) by y, and comparing with a), 

b^w b^w 
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Comparing with 81 ), we find that both of these derivatives must be 
zero. Accordingly we have 

- 


83 ) 

^ ox^xdzj dy^xdz) 


/dw\ 

\dz) 


dx dy ' 


dv) 


Hence cannot contain any power of x, y or 0 above the first, 
nor xy, so that we may put 

84 ) = rt -f. a^x -i- a^y + g{b + l^x + l^y). 

Hence from a), 

v{a' + cix + a^y + e(b -f hx + 

Differentiating 84 ), equations c) and d) become 


86 ) 


d^u 


= -(a, + \ 3 ), {a^ + \e). 


Accordingly u and v contain powers of 0 not above u contains 
powers of X not above x^f v contains powers of y not above y^ and Wy 
powers of 0 not above 0^. 

Integrating 85 ) and 86), 


87 ) 


= — i]^ax + + a,xy + g(bx + ^ + b^xy^^ 

= — ri\^ay + a^xy + ^ + ^ (&«/ + \xy + | 


Putting these in b), 

- V + ^i>'(y) + %' 0 )» 

— 1? (ajJ/ + \yg) + g<p'{x) + f (x) = 0, 

BO that Xf f ar® of the second degree, in the variables indicated, say. 


88 ) 



%{y) = 

= a' 

+ 

Oi' y + 

as' 

y\ 

89 ) 

il,{y) = 

= 6' 

+ 

Wy + 


f, 

f(x) = a" 

+ 

a^'x + 

< 

A 


<p (x) ■=■ b" 

+ 

61 "a: + 

K 

A 

in which 







V = jV<h> 

a*' 

— 


0, 


90 ) 

1 



i 





= 

2 
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and we have 


= — a" — a, 

V = - 


ij[aa; + + a^xy + g(ix + 6, + &*««/)] 

“2" “ ^'r + + O'' + oy, 


p = — tj^'y + a^xy + a. 


2 ~2 ” + ^ 2 


a,;c® 


— y — -f QJ^ — + a” ~ ao;. 

Integrating 84), 

92) M> = (a + Oja; + aji/) .? + ^^ (^ + + hv) + S')- 

which inserted in e) gives 

93) + 2 (6 + tja; + b^y) = 0. 

If we put 

94) SI — + \xy^ + 6' a? — V^y 

we get finally 

95) — ^^2 + -^^2 ■“ 

or is a harmonic function of the variables x, y. The conditions 71) 
at the origin give 

(7/ == a'' = = 0, 




We have now for the traction, 

97) 

=* i?{a + + a^y + ^(& + H-'^gy)}. 

If we take for the origin the center of mass of the cross-section, 
so that 

J'J^xds = = 0 - 

we have, integrating over the cross-section, const., 

ffz.iS-Eff^a + he) dS — E{a + he) 8. 


98) 
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Now since the beam is in equilibrinm, this integral Z-traction must 
be the same for all Talnes of z, hence 6 = 0. We have then finally, 

= — 12 [aa; + ~ ^ ~ + \xyj^ 


u ■■ 


99)' 


, /dSl\ , ^ 

-^--V + "fc)o+ 

v^^ — rijax + a^ — + a^xy + z -f hiXy'j^ 

ajX?* /dSl\ ^ 

- \ -“6 


w 


(a + a^x + a^y) z + (b^x + \y ) ' 


- {b,xy^ + b.x^y) + SI-X - y 
From these we deduce the non- vanishing stress- components, 


^dw 


100 ) 


Z, = = E[a + UyX + a^y + (6, a: + \y)z}, 


„ (cw . cu\ 

^y[^y-b^{:i^n)xy-^Y- + (f ' 

and changing x to to to — 

100 ) Z,^(.[-fix-b,{2 + 7i)xy-'^Y + + 

The condition 69) at the cylindrical surface gives 

1 Ai \ ^ I ^ Si f X 3 Si 

101) ^ cos (nx) + ^ cos (ny) = g- 

■= [— /*J/ + 6,(2 + v)^y + + 6i(l — |)y*] cos (nx) 

+ [/3a;+6,(2 + i2)a:i^ + -’’^’^* + 6s(l-|) ]co8(wy)=/‘(a:,y). 


184. Determination of Function for Particular Cases. 
Torsion. We may easily show that a function harmonic within a 
certain plane contour, and on the contour satisfying the condition, 

101) H -/■(».») 

is uniquely determined. For if there be two functions Sl^ and Sl^ 
satisfying the conditions, the difference F=» iSj — iig is harmonic, 
and on the contour 

dV dSi, 

“ “air ^ 


31 
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Now by Grreen’s theorem, § 137, 55), 

102 ) 




ds 
on 

and both integrals on the right Tanish. Accordingly, as in the 
demonstration of Dirichlet’s Principle, 

But we have the condition Sl^ = 0, so that the difference F is zero, 
and the solution is unique. 

If the contour is a circle, the solution is immediate, by the aid 
of circular harmonics. For the function £l being developed in a 
series of such, 


103) 
we have 

104) 


COS ntp -h sin wgo) 


S “ I? =^nJR‘'~'^ {Ar, cos ntp + B„ sin nq>) 


SO that if f{x^ y) is given developed as a trigonometric series, 

0 

105) f(oOf y) {C„ cos ntp + Dn sin g?) 

0 

we must have, 

>06) = 
which determines SI. 

It may also be proved by the principles of the conformal 
representation of plane areas, that the problem can be solved for any 
contour whose area can be conformally represented upon a circle. 
Let us now put 

107) si=^fiv+b,r, + b,r,, 
so that if in the whole cross-section, 

108) 

and on the contour, 

== — J/ cos (nx) H- X cos ( 

[I ~ I) + (2 + 1?) cos {ny), 




dn 


(2 + v) cos inx) + [I y* + (l - I) a!*]cos {ny), 
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V, Vi, Fg are uniquely determined, each vanishing at the origin. The 
origin is any point on the line of centers of mass of the cross- 
sections. 

The most general solution of de Saint -Venant’s problem now 
contains six constants, a, a^, a^, /3, We may examine separately 

the corresponding simple strains, by putting in each case all the 
constants but one equal to zero. 

I. a 0. 

u^ — y^ax, v^ — r^ay^ 

Z, = Ea, Z^^Zy^ 0. 

This is a stretch -squeeze of ratio rj, which has been already treated 
in § 176. 

IL ^ 4= 0. 

Ill) ti=^Py^j — w; == /3F. 

These equations represent a torsion, whose rotation 


— ^ ■— 

2 dy) 


is proportional to the distance from the origin, or fixed section. 

We have u ^ v w ^0 for x ^ y the line of centers. For 
the stresses we find 

112 ) = = = + = + 

so that the stress on any cross-section is completely tangential. 

If the contour of the bar is circular, we have 

cos {nx^ : cos (ny) = x :y, 

3 V 

so that = 0 and V ^ w == 0, and accordingly we see that the 

plane cross-sections remain planes. For any other form of cross- 
section than a circle, V does not vanish, so that the cross-sections 
buckle into non -plane surfaces This buckling was neglected in the 
old Bernoulli-Euler theory of beams, and constitutes, as was shown 
by de Saint -Venant, a serious defect in that theory, which is still 
largely used by engineers. 

In order to produce this torsion, we should apply at the end 
cross-section the stresses • 

113) fi^y, = 

that is at every point a tangential stress perpendicular to the radius 
vector of the point in the plane and proportional to its distance 
from the line of centers. As in practice it would be impossible to 
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apply stresses varying in this manner, we make use, in this and the 
other cases, of de Saint -Venant’s principle of equipollent loadSj viz: 

If the cross-section is small with respect to the length, stresses 
applied to a body near the ends produce approximately the same 
effect if their statical resultants and moments are the same. 

Consequently we may apply to the end faces or to the convex 
surface near them the forces and couples, 


z 


X = X.dS = = 0, 

= jy^ Y:dS = - y^J"^j"xdS = 0, 

L =’J'f °° 

M -fM- — xZ,^ dS = n^yy^yedS = 0, 
— yX^) dS= — iifiJ'J^(x^ + j/*) dS 

Jt 2Tt 


The twisting couple divided by the rotation per unit of length, 


115) 





is proportional to the fourth power of the radius. This is the law 
announced by Coulomb, in his work on the torsion-balance. This 
factor of the applied couple multiplying the twist per unit length is 
called the torsional rigidity of the prism. Thus the shear-modulus yi 
may be determined by experiments on torsion. 

For other contours than the circle if is convenient to introduce 
into the problem instead of F its so-called conjugate function W, 
defined by the equations, 
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. If we now form the line -integral around the contour of the cross- 
section, of from 109), 

= y cos {nx) + X cos («2/)] ds 

since if we circulate anti-clockwise (Fig. 152), 

ds cos {nx) dy, ds cos (ny) ^ — dx ^ 

the integrals become / 


= —J (ydy + ocdx)f 

and since both differentials are perfect, 
integrating, 

119) *P-=C?--J- (a;* + ?/*). 



Fig. 152. 


Accordingly if we can determine a harmonic function W which on 
the contour shall haye the value 119), the problem is solved. For 
example take the functions, 


giving 


W = A (x^ — i/), F = — 2 Axy, 

+ 2 («* + 2 /*) = (-^ + 1 ) + (-2 - -^) ; 


equal to a constant on the ellipse 


if we take 


giving 


aj* , 2/* i 
6*“ 


. !&*-«• rr a*-&‘ 

^~2b‘ + a*’ + 
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We thus obtain 

M =- 


V 


-pX0, 


W =“ 


o‘4-6‘ 


xy. 



Pig. 158. 


The curves of equal longitudinal 
displacement, or contour -lines of 
the buckled sections, are equi- 
lateral hyperbolas (Pig. 153). The 
stresses are, by 112), 


^ yr 


The twisting couple is 


120) N = f f(xY, — yX,)dS = - f^f 




a* + 5* 


In a similar we may deal with an equilateral triangular prism. 
If a be the radius of the inscribed circle, the equation of the boundary 
may be written, v 

{x — d)(x — yY^ + 2a) {x + 2/}/3 + 2a) = 0, 

— Zxxf + 3a (x^ + y^) — 4a^ — 0. 


Y 



The function A {x? — ^xy^) is 
a circular harmonic, and 

A{^ - 2,xf) + ~(x^ + f) 

is constant on the boundary if 
we take 

The curves of equal distortion 
are shown in Fig. 154. 

For any contour we have 
for the couple, from 112) 
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where I is the moment of inertia of the section about the Z-ai.\s. 
If we call 

122) - = - q)jy{x^ + f)dS, 

then 

123) iV - - qii^l 


and the moment per unit twist per unit length q^il is called the 
torsional rigidity of the bar, and q is de Saint -Venant's torsion-factor. 

For the circle <2=1, for the ellipse q = since i = ^ a6 (a® + 60* 

If S' =- %al) is the area of the ellipse, the rigidity may be written, 


T 


and by a generalization of this formula, de Saint- Venant writes 

7 

ql^x-j^ 


Having solved the problem for a great variety of sections, he found 
that, when the section is not very elongated, and has no reentrant 
angles, x varies only between .0228 and .026, its value for the ellipse 
being .02533. We may thus put in practice 


obtaining a most valuable engineering formula. Considering the 
dimensions of S and 7, we see that for similar cross-sections, the 
rigidity varies as the square of the area of the section, as stated by 
Coulomb, but for different sections the results differ much from those 
of the old theory, in which q was supposed to be unity. 


185. Flexion. For the third case we put 
III. =1= 0, 

124) u ^ riipc^ — y^)]^ v ^ — ria^xy^ w «= a^xz. 

125) Z, « E~ = Ea^x, Z^ = Z,=^ 0. 


The force on any section, 

z-XA idS = Ea^ y^xdxdy =• 0 


since the origin is the center of mass of the section, 
the couples L and E vanish, while 


In this case 
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126 ) 



— xZ,) dS = — Etty 


ff 


x^dxdy 


— Ea^Iy 


where ly is the moment of inertia of the cross-section about the 
Y-axis. 

The line of centers of mass x ^ y =^0 becomes strained into 

= ^ a parabola, or, since the displacement is supposed small, 
^ 1 . . 

a circle of radius -■ This displacement is called uniform flexure, for 

the curvature of the central line is constant. It is produced by the 
action of no forces, but of a couple applied at the ends. The couple 
is the same for all cross-sections, and is equal to the product of 
Young's modulus by ly and the curvature of the central line 

127 ) M^El,~i- 


This is the theorem of the bending moment Such a strain is produced 
in a bar when we take it in our hands and bend it by turning them 
outwards. If the bar has a length I from the fixed section, the 
deflection of the end is 

128 ) „ = _ 

and the flexural rigidity, or moment per unit displacement per unit 
of length is 2 Ely, 

For a rectangular section of breadth b and height A, 



bh^ 

12’ 


For a circular section of radius JS, 

ly = J x*dxdy = g- \x^ + t/*) dxdy = — • 

For a circular and rectangular beam of equal cross-sections, since 
= hh the ratio of stiffnesses is 


and if 6 « h, 


^r ectan gle 

^circle 


W ^ 

12 3ie* 


^circle 


7t 

3 


1 . 0472 . 


Since w = a^x^, a plane cross-section at a distance 0 from the 
origin remains a plane which is rotated through the angle ~ 
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cutting the XT-plane at a distance ^ below the origin. Such a 
plane remains normal to the line of centers, and the flexure is circular 
(Fig. 155). If the section is rectangular, the sides 2/ =* ± g become, 
since t; = — 

%j' = y + v = ±^{l — a,t]x) 
while the sides x => + ^ become, since 

M = — J {«* + 1 ? (a:* — 3 /*)}, 

or since s is constant, circles, so that the cross -section becomes like 
Pig. 156. 



Fig. 155. Fig. 156. 


In an experiment by Cornu a bar of glass was thus bent, and 
points of equal vertical .displacement were observed by Newton^s 
fringes produced by a parallel plate of glass placed over the strained 
plate. The curves u *= const, are 

-- == const 

a set of hyperbolas whose asymptotes make an angle a with the 
X-axis given by ctn*a = ly. By photographing the fringes and 

measuring the angle Cornu obtained a value of rj very near to -j? 
the value given by Poisson. 

The case ttg 4^ 0 is precisely like that just treated, except that 
the r6les of the X and T-axes are interchanged. We pass therefore to: 
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IV. b, + 0. 

129) v = -v\xyz + biz(^^)^, 

w = I X0^ - \xy^ + bj\ - \x 
where Fj is defined by 

130) = [I + (l — v) + (2 + 1?) 3>y cos {ny). 


If the cross-section is symmetrical with respect to both axes 
of X and Y, evidently the boundary condition is satisfied by a fuuc- 

tioD Fj even in y, and odd in consequently is odd, and vanishes 
at the origin. 

The line of centers is deformed into a plane curve (since v 
vanishes with x and //), having the equation 





a cubical parabola. The strain is called a non-uniform flexure. The 
stresses are 

= = Eb^ex, 

f^Z 1 ^ 

131) + 

r .- rt [-(2 + >iKv + ^a^]. 


,dS = Ebi xdxdy^Oj 

y = fj" r.dS = [- (2 + r,) fj xydxdy + J ^ dydx] = 0, 


the latter integral vanishing because F(y) = F (— y\ and the section 
is symmetrical. 


132) ^-ff ^■.dS^y\ff[-lx^+(^^-l)f+^-^]dxdy 

= ,i6,[- ^ X, + (I - l)l, + 2^ V,ix, y)dy] 
the last integral taking the above form since (a;) = — F, (— x). 
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The moments are 


-// (jfZ,- gY:)dS’=E\ ydxdy — = 0, 

133) M dS = 0{X- E\Iy), 

- y^^)ds = v^hff [- (2 

+ (2 - 


every integral in N vanishing on account of the symmetry. 

We have as a result that to produce this strain we require a 
transverse force X applied at the free end, together with a couple M 
about the Y-axis. The transverse sections are buckled, contrary to 
the old theory and to the case of uniform flexure, while as there 
the fibres for which x is positive are in longitudinal tension, those 
for which it is negative in compression. 


It was shown by Clebsch that the 


mt.gHj/y ^ 


dxdy, which 


occurs in X and M, could be calculated without determining the 
function Fj itself. 

Putting in Green’s formula, § 137, 55), U x, we have, since 


dx 

dx 


1, 


= ^F, = 0, 


dV 

and for this problem, taking the value of from 130) 


135) 

where 


Jf^dxdy 



X cos (nx) 4- Y cos (»iy)}ds 


X= fa;* + (l - -y)xf, r = (2 + v)^^y- 

Converting the line -integral into a surface -integral by the divergence 
theorem, 


Inserting this value in 132), 

137) X=>ikhi{2ri + 2 ) - Ehjy 



494 


X. STATICS OF DEFORMABLE BODIES. 


so that 133) gives, ilf =» 0. Thus the moment of the applied force X 
and of the couple about the origin is zero, while the moment of 
the couple alone due to the forces Zz symmetrically applied is 
Jf ' = — E\ly0. It is to be noted that while the rod is bent down 

by the couple {Fig, 157), the 
A" tendency of the force X is to 

pull the end up. We see also 

that A— for the line of centers 

oz 

does not vanish in general at the 
origin, being equal to \ 

The solution of the practical 
problem of the deflection of a 
beam by a transverse force applied 
Kig. 157 . at one end is obtained by a com- 

bination of the results for uniform 
and non-uniform flexure, as just investigated. Since the former 
requires a couple which is the same for all sections, the latter one 
which is proportional to by a suitable combination of the two 
with opposite signs, we may make the couple upon the end section 
equal to zero, so that we have to apply only a force. Since the 
couple due to the uniform flexure is — Ea^Iyy and that due to the 
non-uniform flexure — Eh^IyZ, if we put 4- b^l ^ 0, where I is the 
length of the beam, there will be no couple to be applied to the 
end of the beam, but only the force X. Determining from 137) 
and adding equations 124) and 129), we obtain the shifts, 

“ = 2/*) + (^ - 3) 

138 ) = + 

“ ^{(1 - 0 (^) - y 

The equation of the central line is 

and the deflection of the end of the beam 




X V 



1) The terms in 



denote merely a rigid body 


rotation. 
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The stresses to be applied are the force 

140) 

and the couple 

141) M==X{l-s)^EIy g'- 

Thus we still have the theorem of the bending moment. The meaning 
of equation 141) is seen by considering the stresses across a section 
of the beam at any distance 2 from 
the origin, and noticing that if the 
beam were cut at this section in 
order to hold it in equilibrium we 
should have to apply to the two 
cut ends couples as shown in Fig. 1 58, 
together with equal and opposite 
forces X, the latter being independent 
of the position of the cut, the 
former proportional to the distance 
from the free end of the beam, 
which is also proportional to the 
curvature of the central line. 

We shall close this subject by the determination of the function 
Fj for the case of an elliptic cross-section. If the equation of the 
ellipse is 

f! a- ^ — 1 

-t- J2— 

we have 

cos [nx ) : cos {ny) = : p 

and the equation 130) becomes 

a® + al' “ [I ~ 

As in the case of torsion, a solution is given by a circular harmonic 
of the third degree, 

Fj = 6V + Z>(x*-3a:3/*) 

if we have 

Vx{G ‘dD{x^ — y*)} — 6Da*xy^ 

= + (1 — + (2 + i])a^xf. 

Dividing through by x, transposing and putting the coefficients of 
X*, y» and 1 respectively proportional to A; — 1, we have 

Ct" o* 



rig. 158. 
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_ 32)^ a* = + 6Da* + (l - J) i!>* + (2+ ij ) »*} = C 

which are satisfied by 



gaHs*** ’ 

C = I a* - 3Da\ 

We find the buckling of the sections 
by 129), 

M) = ^- - xy^ D{x^ — Srcy^j- 

In the case of a circular beam, we have 
JD = — ^ j and the curves of equal w are 


£c 1^2 — ^ + /)| = const., 

the contour lines of which are shown in Pig. 159. 


CHAPTER XL 

HYDRODYNAMICS. 

186. Equations of Motion. The equations of hydrostatics 4) 
§ 177 being 

»x-|s-o, 

1 ) 

<•2 - 1 - »’ 

where Yy Z are the components of the applied forces per unit 
mass, we may obtain the equations of motion by d'Alembert’s 
Principle. 

Suppose the velocity at any point in a perfect fiuid of density q 
is a vector q whose components w, v, w are uniform, continuous 
differentiable functions of the point x, y, 8 and the time t. (The 
notation is now changed from that of Chapter IX where w, i?, w denoted 
displMements) Then if we consider the motion of the fiuid con- 
tained in an element of volume dx of mass dm « qdty we have the 
effective forces 
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ON j " y j 

2 ) Qdx^^, = Qdr-g-^, 

, d^z , dw 

gdt^.^Qdtj^, 

and these are to be subtracted from the applied forces 
QXdtj QYdv, QZdT, 

and introduced in 1). Consequently we have the equations of motion 

\ du\ dp 

dtl 


Now by the ordinary derivatives^ is meant the rate of change 

of velocity of a particular partide as it moves about. If we have 
any function F pertaining to a particular particle we may write its 
derivative 

.N dF ^ ^F dF dx dFdy dF dz 

dt di dx dt dy di ' dz dt^ 

where would be the rate of change of F if the particle were at 
dx dy dz 

rest. The derivatives ^ 3*re the velocity components of the 

particle, u, v, w. Accordingly we have 

.. dF dF . dF , dF , dF 

^ dt dt dx dy ^ dz 

We shall call this mode of differentiation particle differentiation.^) 
Introducing this terminology, dividing by p and transposing, our 
equations of motion 3) become 

du . du . du . du 1 dp 


du 

+ 

du 

+ w 

du 

X~ 

1 dp 

dx 

dy 

dz 

Q dx ^ 

dv 

+ 

dv 

+ w 

dv 


1 dp 

dx 

^d^ 

z 

r - 

Q 

dw 

+ 

dw 

+ w 

dw 


1 dp ^ 

dx 


dz 

z - 

Q dz 


1) In most English books the symbol used by Stokes, is need for 

particle differentiation because of the very objectionable practice of making no 
distinction in the symbol for ordinary and partial differentiation. 

WBBSTEB, Dynamics. 32 
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If we consider any closed surface fixed in space, expressing the 
fact that the increase of mass of the fluid contained therein is 
represented by the mass of fluid which flows into the surface, we 
shall obtain an additional equation. The velocity being g', the volume 
of fluid entering through an area dS in unit time is, as in § 169, 
equation 78), q cos {q, n)dS, and the mass, QqGOB(qy n)dS. We 
have therefore for the total amount entering in unit time 


7) pg cos(g, n)dS ^ ^ (^2/) + ^ 


=-///! 


d(QU) d(QV) d(QW) 


dx 


+ 


dy dz 


dr. 


But this is equal to the increase of mass per unit of time. 


for the volume of integration is fixed, that is, independent of the 
time, consequently we may differentiate under the integral sign. 
Writing this equal to the volume integral in 7) and transposing, 


9 ) 



d(QV) 

'dy 




Since this holds true for any volume whatever the integrand must 
vanish, so that we have 

dg d(gu) d(QV) d(gw) __ ^ 
di ^ dy dz 


which is known as the Equation of Continuity. 
Performing the differentiations we have 


11 ) 


dg , I I 


dt 


I I n 

dx * dy dz I ^ 


or in the notation of particle differentiation, 


12 ) 


1 I O- o 

g dt ^ dx dy ' dz ^ 


If now we fix our attention upon a small portion of the fluid 
of volume V as it moves, its mass will be constant, say, m == p F— const 
By logarithmic differentiation, 


13 ) 

so that the expression 


1 dp 1 dV 
g dt ' V dt 


du d'^ dw 1 I dV 

dx dy dz^ 7 dt V 'd t ^ 

that is, the divergence of the velocity is the time rate of increase 
of volume per unit volume. This corresponds with the expression 
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for the dilatation found in equation 76) § 169, the divergence, which 
we shall still call (?, being now the time rate of dilatation. Accord- 
ingly the equation of continuity is purely kinematical in character 
and expresses the conservation of mass of every part of the fluid. 

If the fluid is incompressible, p is constant, and consequently 


15) 


(? 


du dv dw ^ 

rx dy'^ dz ^ 


that is, the velocity of an incompressible fluid is a solenoidal vector. 
This is the property that give the name to such vectors, and we 
see, as in § 117, that the flux across every cross-section of a tube 
of flow is constant. 

Besides the three dynamical and one kinematical equation there 
will be a physical equation involving the nature of the fluid, giving 
the relation connecting the density with the pressure, 


making five equations to determine the five functions u, v, w?, jO, p 
of the four variables rr, s, t. 

We have here made use of two distinct methods. In one we 
fix our attention on a definite point in space and consider what 
takes place there as different particles of fluid pass through it. This 
is called the statistical method, for by the statistics of all points we 
get a complete statement of the motion. This method is commonly 
associated with the name of Euler and the equations 6) are called 
the Eulerian equations of motion. The second method consists in 
fixing our attention upon a given particle and following it in its 
travels. In this we use the notation of ordinary derivatives. This 
is called the historical or Lagrangian method. Obviously if we know 
the history of all particles we also have a complete representation 
of the motion. Both methods are due to Euler. We shall not here 
make use of the Lagrangian equations and shall therefore not write 
them down The student will find them in the usual treatises on 
Hydrodynamics of which Lamb’s and Basset’s Hydrodynamics, Kirch- 
hoflTs Dynamik and Wien’s Hydrodynamik may be especially com- 
mended. 


187. Hamilton’s Principle. We shall now deduce the equa- 
tions by means of Hamilton’s Principle. 

The kinetic energy of the fluid contained in an element dr 

being 2 dir times the square of its velocity, we have for the kinetic 
energy of the fluid contained in a given fixed volume, 

8S* 


16 ) 
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For the potential energy, besides that due to the external forces, 
for which 


17) 



•*!“ YSy XS dzy 


we have the energy stored up by the pressure doing work in com- 
pressing the fluid, if it be not incompressible. This potential energy 
is the dTT of equation 122) § 172. If we put for the displacements 
of the particle drr, dy, we have 


Putting 




d6x 

'd7' 




pay 

dy ' 




we have for this part of the energy, sometimes called intrinsic energy, 

18) iW" - -f ffp 


19) 


We accordingly have as the equations of Hamilton's Principle, 
h 

J" ST- dW'- dTF")rf< = 0, 

*o 


p|.Xdir-|- Y dy 2jd z^dt 


+ 


Performing the variations, 


Mush 


dxddx dyddy dzddz 
dt dt * dt dt ^ dt di 

+ Xdx -f YSy -f Zdz^ 

, /dax , day , , "1 


0 . 


Integrating the first three terms by parts with respect to t 
we have, 
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fffb ^dt I 

t 

' rf# jp (gdaj + ^$Sy^ - { X8x + Y8y + ZSz)) 


-p{ 


dSx dSz' 

dx ' (y dz 




0 . 


The integrated terms vanish as usual at the limits for the time. We 
may now integrate the last three terms with respect to the space 
variables^ obtaining 


/ddx ,^^y , ^^z' 
^ dx ' dy d 




(it 


22) -///,(» 

= J j* p[8xQ,o^{nx) + 8yQ,0B[ny) 4 - SzQ0^{nz)]d8 

dy'^y dl)' 


+ 


jjj (al ^y + 


If we assume that 8x^ 8y^ 8^ vanish for the particles of the 
fluid at the bounding surface, the surface integral vanishes. We 
therefore have, collecting the terms according to 8xy 8y^ 8z^ 

/*[/ «) + (<•»- + aj) *» 

By the usual reasoning the coefficients of 8xj 8y, 8z must vanish, 
giving as the equations of motion 6). 


188. Equation of Activity. Subtracting from both sides of 
the first equation 6) the quantity 


24) , 

we obtain 




dv 


dw 


+ 


jv-x du , I du dw\ /dv du\ ^ 

^ dt ~^^{dz dx) ^ \dx dy) g dp 


1 dp 


'(h’) 


dx 


If the applied forces are conservative and <terived from a potential V, 
the right-hand member is the derivative, 


_d^ 

dx 


(F4l>+i9’). 
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where P has the value of § 177, 5). In the left-hand member occur 
in this and the companion equations the expressions 


26) 


1 

/dw 


2 

\dy dz) 

1 

/du 

dw\ 

2 

\d~z " 

dx) 

1 

/rv 

3m\ 

2 

Wx " 

'Sy) 


which represent the components of a vector co, which by comparison 
with the expressions for co^., Oy, cd^ in § 169, 77) is seen to be the 
angular velocity of rotation of a particle or the vorticity. Let us 
accordingly write, putting 

7+lg* = - ET, 


27) 


-gj -t- 2 - vt) 


dx 


dv 

dt 


-f 2 {u^ — wl) 


cU 

'ey 


p 

1 dp 


dw 

Ji 


-f 2 {vi — U7j) =» 


d^ _ 

^2? Q dz 


Multiplying respectively by q^i, qv, qw and adding, the terms in 
I, Tj, t disappear and integrating over any volume, we have 

28) 

COS (wic) + V cos {ny) + w cos {n0)'] {Uq — p) rfS 

- Kk + U + 1?)] 

Introducing the value of U and of its multiplier in the last integrand, 
which by equation 10) is equal fo — and transposing, we obtain, 


29) 


- JJ' 3COs(gn) je(F+ +I>jd5 

^///W 


du . dv , dw 

If the applied forces are independent of the time, ^ 8*^^ we 

may write the left-hand member. 
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since the Yolume of integration is fixed. The first term of the integral 
represents the kinetic energy and the second term, the potential 
energy due to the applied forces. The term on the left in 29) is 
accordingly the rate of increase of the energy, kinetic and potential. 

Of the terms on the right, the amount of matter Qqco9(qn)dS 
flowing through in unit time brings with it the energy 

(>g'Cos(g'M)d5(F+ g®*), 

BO that the first part of the surface integral represents the total in- 
flow of energy. The remaining surface integral and volume integral 
containing p represent the work done by the pressure, for at the 
surface the velocity q and the force pdS give the activity 

pq Gos {qn)dSy 

so that the surface integral represents the activity of the pressure at 
the surface. 

If we consider a small element of volume F, the work done in 
compressing it by an amount c?Fis as above — pdV^ and the activity 

Qi\ dV rrfdu , dv , dw\ 

Putting V^dt and integrating, we find that 

is the activity of the pressure in producing changes of density in 
the whole mass. Transposing this term we find that equation 29) 
expresses the following: The rate of increase of energy of the fluid, 
both kinetic and potential, due to the external forces plus the activity 
of compression (production of intrinsic energy) is equal to the rate 
of inflow of energy plus the activity of pressure at the surface. 
Equation 29) is therefore the equation of activity or conservation of 
energy. 

189. Steady Motion. Steady motion is defined as a motion 
which is the same at all times. Assuming that not only X, Z, Z, V 
but w, Vy WjPf Q are independent of equations 27) for steady motion 

2 («m — i>s)= -^(f+ p + ls*), 

2(»s-«s)--^(r+p + i5>), 

2(,S -„,)_-^t(F+P+is*)- 


become 

32 ) 
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If the motion is non-vortical, the left-hand members vanish, 
and we immediately obtain the integral 

33) V+P+\q^ = const, 

for the expression on the left has been assumed independent of t, 
and by the equations is shown to be independent of x, y, z. 

It is to be noticed that if we multiply equations 32) respectively 
by w, V, w, or by r], ? and add, the left-hand member vanishes 

identically. But the operator ^ denotes diflPerentiation 
in the direction of the line of the vector -velocity q, or stream-line 
(see p. 333), and S differentiation in the direction 

of the line of the vector (o, or vortex-line. Consequently even though 
there is vortical motion, along a stream-line or a vortex-line the 

sum F + P -I- 2 is constant in steady motion, though its value 
changes as we go from one line to another. 

If the fluid is incompressible P = if there are no applied 
forces F = 0, and equation 33) becomes 

— = const =* “ 

so that where the velocity is small the pressure 
is great and vice versa. By constricting a tube 
the velocity is made large and the pressure 
accordingly is smaller than at other parts of the 
tube. This is the principle of jet exhaust pumps, 
like that of Bunsen (Fig. 160), the air being 
sucked in at the narrow portion of the jet. The 
same principle is made use of in the Venturi 
water-meter. The main being reduced in diameter 
at a certain portion and the difference of pressure 
at that point and in the main being measured, 
the velocity is computed. If the pressure at two 
cross-sections and are and p^ we have 

35) I’l + 4 = I’a + I 

or 

36) l)i -i?s 

But by the equation of continuity, the velocity being solenoidal, 

37) = S^q^. 


34) 



FiK 160 
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Combining this with equation 36), 

38) [©*“ l]’ 

which determines in terms of the difference of pressures. The 
flux in unit time is then 

gq^S. 

The theorem expressed by equation 33) is known as Daniel Bernoulli’s 
theorem. 

For gases expanding isothermally 

P a log p == a log p + const. 

Consequently equation 33) becomes 

39) a logp + ^ = const. 

This formula may be used to calculate the velocity of efflux through 
an orifice from a vessel containing gas under pressure. If the pressure 
in the vessel at a point so remote from the orifice that the air may 
be considered at rest is p and if the pressure of the atmosphere at 
the orifice where the velocity is q is we have 

alogjp = alogi)o + “2^ 


40) 


7 * = 2a log 


If the efflux is adiabatic, as in practice it nearly is, by § 178, 18) 


Accordingly 


41) 



felt (P\~‘'- 



x-lU) 



7* = 2&’' -* j/) -i?o * j’ 


which is the usual formula for the efflux of gases. 

If the external force is gravity g^, so that equation 33) 
becomes for an incompressible fluid, 

42) ~ const. 

If we consider efflux from a reservoir whose upper free surface is 
so large that q is negligible, the pressure being that of the atmo> 
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sphere, the ^r- coordinate 0^, the velocity of efflux g at a point where 
0 ^ 02 is given by 

^ + = 7 + + 

43) 2* = 2)7(s'i - -Sg), 

or the velocity of efflux is equal to that acquired by a body falling 
freely from a height equal to that of the free surface to the orifice. 
This is Torricelli’s theorem. 


190. Circulation. We define the circulation along any path 
as the line integral of the resolved tangential velocity, 


s a 

45) geos (g, cZs ) ds ^ j*{udx + vdy + wdz)^ 


corresponding to the circulation for displacement in § 169. By Stokes’s 
theorem this is converted for a closed path into the surface integral 

45) ff\}KFy - If } (”^) + Ilf - III 

over any surface bounded by the path. But this is by 26), 

46) 2 //' I cos {noi) -f cos {ny) + 5 cos (nz) ) dS 

CO cos {n(D)dS^ 


that is, the circulation around any closed contour is equal to twice 
the surface integral, over a cap bounded by the contour, of the resolved 
normal vorticity. By the definition of 26) 


47) 


£i 

dx 


+ 


Bt] 

dy 


t- 


dz 


0 


identically, or the vorticity is a solenoidal vector. Accordingly by 
applying the divergence theorem to a vortex-tube, or tube whose 
generators are vortex-lines (lines whose tangents have the direction 
of co), we find that the integral over any section of the vortex-tube is 


// 


09 cos {nG:i)dS == 


% 


' a constant for the tube. 

The fluid within any vortex-tube constitutes a vortex. If the 
vortex is contained in a tube of infinitesimal cross-section Sy the 
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constant x =» oS is called the strength of the filament. The strength 
of any vortex is the sum or integral of the strengths of all its 
filaments. If o is finite, S cannot be zero, so that a vortex -filament 
cannot end except at the free surface of the fluid. We see a case 
of this in the vortics produced by an oar or paddle in rowing and 
by a spoon drawn across the surface of a cup of cofiee. We see by 
equation 46) that the strength of a vortex is equal to one- half the 
circulation around any closed path drawn embracing the vortex on 
its surface, which is independent of the path. In particular, in any 
non -vortical region the circulation around any closed path is zero, 
or the circulation along an open path is independent of the 

path, depending only on A and JS, or the velocity is a lamellar 
vector. We then have 


48) 


u 


0 q> 

dJc" 



W = 


d (p 

dz' 


and 9 ? is called the velocity potential, a term introduced by Lagrange. 
(When there is vorticity there is no velocity potential.) 

Before 1858 only cases of motion had been treated in which a 
velocity potential existed. In that year appeared the remarkable paper 
by Helmholtz^) on Vortex kotion. 


Let us now find the change of 
with the fluid, that is, composed 
of the same particles, the forces 
being conservative. 

Our equations of motion 3) may 
be written, putting I7'= — (F-[-P) 

du _ dU^ 
di djn 


dw dTT 

dt dz 


circulation along a path moving 



Fig. 161. 


The change of circulation along the path AB vs 

B 

50) ^(if~ dt -h vdy + wdz), 

A 

in which dx, dy, d^ vary with the time, being the projections of an 
arc d$ composed of parts which move about. If after a time dt the 
arc ds assumes a length ds^ whose components are dcd, dy\ dz^ we 
have (Fig. 161). 


1) Vher Integrate der hydrodynamischen Gleichnngen, welche den WirheU 
bewegungen entsprechen. Wissenschaftliche Abhandlungen 1, p. 101. 
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f/x' = a; + da: + dx + dy + g“:d^| 

— {x + udt) 

dod — dx = dt^^^~dx ^^du + rf;Sf| 


and therefore the change per unit time in the projections are 


51) 


d . j ^ du j 'du j , j 


dy 

d / , s , , f)w -, 'fJw -, 

-(d0) = ^^dx+ -jy^dy+ dz. 


Thus we have 


52) 


<iqp^ 

dt 


it 


du ^ . dv ^ , div j , d . j . 

dx + ^,dy+ + 


dt 


v^^idy + 


and substituting from equations 49) and 51) 


B 



B 


= f\ h {^' + y) ^ y +y) ^y 

A 

B 

+ w('^+4s’)<i*|-(£'' + 4j')/. 

A 

which vanishes for a closed curve. 


Therefore if the forces are conservative, the circulation around 
any closed path moving with the fluid is independent of the time. 
Thus if the circulation around any closed path is zero at one time, 
it is always zero, or in other words if a velocity potential once 
exists, it always exists. This theorem is due to Lagrange. 
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181. Vortex Motloii. We will now consider the case in which 
no velocity potential exists, that is, the case of vortex -motion, 
according to the methods of Helmholtz. 

From the equations 27), whose right-hand members are the 

derivatives of (F+ P + ^ this quantity may be eliminated by 

differentiation. Differentiating the last equation by y, the second by z, 
and subtracting, we obtain 


-.N 1 d (dw , c,?v , du 

2 dt \dy ~ + ^ dy 


d r\ 


& rz ^ (^z ' (^z ’ 


or otherwise 


55 ) 7^ ”1“ O "t" n H" ~ U [- o— + ~ } 

dt ' ox dif rz \dx ' Oy ^ rz\ 
y \du . dv . dw\ , y du , dll , du 

- ^ + ar I + + ^Ti,' 

On the right the coefficient of u vanishes identically by 47), and 
that of I is by the equation of continuity 12) equal to 
equation 55) becomes 

56) 

Now we have 

dn\^di_ 

^ dt\i)/ dt Q dt' 

and accordingly we may write our equation 50) and its two comi»anions 


.H 


H 




c'^ . ctTj a? I 


1 f1() 
Q di^ 


d| ^ \ t I \ y 

di~ Q di'^^dx'^ ^du ^ 


^dQ 


57) 


Thus the time derivatives of ; — ; " for a ffiven particle are homo- 

c e e , ® ^ 

geneous linear functions of these quantities. By continued differentiation 
with respect to t and substitution of the derivatives from these equa- 
tions, we see that all the time derivatives are homogeneous linear 
functions of the three quantities themselves. Consequently if at a 
certain instant a particle does not rotate, it never acquires a rotation. 

This we find by developing functions of t by Taylor^s 

theorem, for if the derivatives of every order vanish for a certain 



, a 

du 


n 

du 

+ 

.c 

du 

dt \e J 


dx 

+ 

Q 

dy 

9 


d /rj\ 

___ g 

dv 

+ 

V 

dv 

+ 

K 

dv 

dt \e/ 

c 

dx 

Q 

dy 

9 

dJ’ 

d /S\ 


dw 

+ 

V 

dw 

+ 


dw 

dt(e) 

c 

dx 

Q 

dy 

9 

77’ 
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instant, the function always vanishes. Stokes^) objects to this method 
of proof as not rigorous inasmuch as it is not evident that the func- 
tions g can be developed by Taylors theorem, and replaces it 

by the following demonstration. 

Let L be a superior limit to the numerical values of the coef- 
ficients of ^ ill the second member of equations 57). Then 

evidently r], ^ cannot increase faster than if their numerical or 
absolute values satisfied the equations 



instead of 57), ri, g vanishing in this case also when ^ == 0. Adding 
these three equations and writing 

we obtain 
59) = LSI. 

The integral of this equation is 

SI = ce^^, 

and since SI = 0 when ^ 0, c must be zero, and SI is always zero. 

Since the sum of the absolute values cannot vanish unless the separate 
values vanish, the theorem is proved. 

Let us now consider two points A and B lying on the same 

vortex line at a distance apart <ls ^ j where e is a small constant. 
Since the particles lie on a vortex- line we have 



We have for the difference of velocity at A and B 

du j . du T , du ^ 

61) u^-UA=^dx+ dy+ 


or by equations 57), 
62) 


Q 9 dy^ Q dz \ ^ 




1) Stokes, MatK and Phys, Papers^ Vol, II, p. 36. 
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Now at an instant later hj dt, when the particles are at A' and B', 
we have 

dsf = dx + (ub — Uj,) ® [ p + ^ (“) 

63) d^ = dy + (uj, - v^)dt = s [^-^ + dtj, 

d^ = dg -\- {wB — Wj^dt= * [“ + 

Therefore the projections of the arc ds' in the new position are 
proportional to the new values of -|7 as they originally were, 

so that the particles still lie on a vortex -line. Accordingly a vortex- 
line is always composed of the same particles of fluid. Also since 
the components of ds have increased or have changed so as to be 

always proportional to the components of if the liquid is in- 
compressible the rotation is proportional to the distance between the 
particles. And whether q vary or not, if S be the area of the cross- 
section of a vortex-filament; QSdSy the mass of a length ds remaining 
constant; so does So, the strength of the filament. 

It is easy to see that this is equivalent to a statement of the 
conservation of angular momentum for each portion of the fluid. 
Evidently in a perfect fluid no moment can be exerted on any portion, 
since the tangential forces vanish 

Accordingly the strength of a vortex -filament is constant, not 
only at all points in the filament but at all times, consequently a 
vortex existing in a perfect fluid is indestructible, howeyer it may 
move. It is from this remarkable property of vortices discovered 
by Helmholtz that Lord Kelvin was lead to imagine atoms as con- 
sisting of vortices in a perfect fluid. 

192. Vector Potential. Helmholtz’s Theorem. We have 
seen that any curl is a solenoidal vector. We may naturally ask 
whether conversely any solenoidal vector can be replaced by the curl 
of another vector. It was shown by Helmholtz that any uniform 
continuous vector point-function vanishing at infinity can be expressed 
as the sum of a lamellar and a solenoidal part, and the solenoidal 
part may be expressed as the curl of a vector point-function. A 
vector point- function is completely determined if its divergence and 
curl are everywhere given. Let g be the given vector, which in our 
case is the velocity of the fluid. Let us suppose that it is possible 
to express it as the sum of the vector -parameter of a scalar func- 
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tion (p and the curl of a vector function Qy whose components are 
Vy Vj W. Accordingly let us put 


64) 


Finding first the divergence of q we have 
65) 



d(p 

+ 

dW 

dv 

u 

dx 

dy 

dz ' 


d cp 

+ 

du _ 

dW^ 

V 

dy 

dz 

dx ' 


d cp 

+ 

dv 

dU ^ 

w 

dz 

dx 

'dy ' 


hu , dv 


I A 

a- = 


dx ' '()y ' dz 

the divergence of the curl part vanishing. But by § 128, 5) we 
know that if 9) and its first derivatives are everywhere finite and 
continuous, we have 


66 ) 


9 




dr. 


Since q is continuous by hypothesis, div. q is finite. Consequently the 
lamellar part of q is determined by its divergence. 

Secondly finding the curl of qy 


67 ) n 


dw 

dy 


dv 

dz 




d /d<p , 
'(‘■y IFs + 

(■ 


rx 


dV dW\ 

+ 


dy) dz\dy dz dx) 

)■ 


dx\dx ~ dy dz , 

Since the vector Q is as yet undetermined except as to its partial 
derivatives by equations 64), let us assume that it is solenoidal, or 

dU.dV.dW . 
ax + + a. = 

then we have 

21 = -z/ct; 

69) 2ri==-^V, 

2g= AW, 

tlie integrals of which are as above, 


70) 




Equations 66) and 70) were given by Stokes, in his paper, On the 
Dynamical Theory of Diffraction, 1849. 
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Where the vorticity vanishes the space contributes nothing to the 
integrals, so that the latter may be taken over all the vortices. Thus 
we see that Q, which determines the solenoidal part of q, is deter- 
mined by curl q. Consequently both parts of q are completely 
determined and the theorem is proved. If q is solenoidal div. q 
vanishes, 9 ? = 0, and q = curl Q. Accordingly every solenoidal vector 
may be represented as a curl. If q is irrotational curl g = 0 and 
Q = 0, so that every irrotational vector is lamellar, as we saw in § 31. 

The vector Q, whose components are formed as potential func- 

tions for densities — ~ respectively, is called the vector potential 
of the vector We may thus abbreviate our results in the vector 
equations, 

71) g = vector parameter (p + curl Qy 

00 

CO 

Let us verify that Q as determined is solenoidal. We shall 
distinguish the point of integration by accents, so that 



»•*=(« — xy + (y — yy + — z'f. 


Differentiating we have 



In like manner 


75) 


dU ,dV dW 
dx'^dy'^JJ 


+ 


WfiBSTEB, Dyaamicf. 


L cos(nj2?)) 


SB 


dS 

r 
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But since (o is solenoidal the volume integral vanishes, and, since at 
the surface of the vortices, which are composed of vortex -lines, a> is 
tangential, the surface integral vanishes and div. ^ = 0. 


193. Velocity due to Vortex. Let us now consider in an 
incompressible fluid the velocity at any point due to vortical motion. 
We have 


76) 




dw 

dy 


dV 

dz 


^iS.fS\ (9 - R (?) I 


Thus the portions of the velocity contributed by an element dr' of 
the vortex are: 


d 





77) 


dv = 


dw => 




dr', 

dr', 


or the velocity at the point y, z due to the element dr' is g— s 

multiplied by the vector -product of the vorticity and the vector r 
drawn from the element dr' of the vortex to the point Xyjy^ z. If 
dq be the magnitude of the resultant of dw, dr, dw we thus have 


73) 


ca sin (©, r) 
~ 2 ^* 


dr'. 


Let us take for the element dr' a length ds of a vortex filament of 
cross-section S, Then dr' =*= Sds and since S(q =s x, the strength of 
the filament, 

78 ) 


The velocity is connected with the vorticity in the same may that 
bhe magnetic field is connected with the electric current density 
producing it, and equation 79) gives us the magnetic field produced 

by a linear current element of length ds and strength g^*^) 

1) See the author’s treatise on The Theory of Electricity and Magnetism^ 
1 % * 22 -- 226 . 
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104. Sluetio Energy of Tortez. The kinetic energy of the 
incompressible liquid moving vortically is 

80) T = I 

- ifffHZ - + «(^^ S + »(«-©] 

— wV) COS (nx) + (wU — uW)coB{ny) 

+ (uV — vU) cos {nz)~\ dS 


;///Kf-3:)+ni?-s)+’^(: 


dv du\ 
dx dy) 


If the integral be taken over all space, since the motion is supposed 
to vanish at infinity the surface integrals vanish, and 


Q fff :m + Fi? + W^\dr, 


or inserting the values of U, V, W from 70) 




and the integration may now be restricted to the vortices. 

If again we integrate by filaments, we find 

where the integration is expressed as over the length of each of the 
double infinity of vortex -filaments constituting the vortices. This is 
the form obtained for the energy of two electric currents by Franz 
Neumann. 

195. Straight parallel Vortices. Let us now consider the 
case in which the vorticity is everywhere parallel to a single direc- 
tion, that of the axis of Let the motion be uniplanar, that is 
parallel to a single plane, the XT'-plane, and the same in all planes 
parallel to it. All quantities are therefore independent of 0. The 
vortices are columnar and either of infinite length or end at the free 
surface of the liquid. Such vortices may be produced standing 
vertically in a tank with a horizontal bottom. Under the conditions 
imposed we have 

oA\ n du dv dw y ^ 

84) 0 = = 

and 


dW dW 


88 ' 
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86 ) 

and by equations 57) 




dv 

?x 


du 

dy^ 



so that J is independent of the time for any given vortex -filament. 

The function W is not a velocity potential, but is said to be 
conjugate to a velocity potential g? for which 


87) 



V == 


dq) 

dy' 


The function W has a simple physical meaning. If we find the 
amount of liquid which fiows across a cylindrical surface with 
generators parallel to the z-axis of height unity in unit of time, 
we have 


cos (qn) ds | m cos {nx) + v cos («^«/)] ds. 


the line integral being taken around any orthogonal section of the 
cylinder. Now we have 

^5 008 (^. 0 ?)= dyy 


so that 
89) 


ds cos (ny) ^ dx, 

It 

i>^f{udy -vdx) = f (IJ dx + dy) = TTb - TT^. 

A 


A function, the difference of whose values at two points A and B 
gives the quantity flowing in unit time across a cylinder of unit 
height drawn on any curvje with ends at A and B, is called a flux 
or current function. The quantity crossing is independent of the 
curve because the fluid is incompressible. In the present case the 
vector potential TT is a current function. The stream lines being 
lines across which no current flows are given by the equation ^ = const. 
Substituting the values of u and v from 85) in 86), we have 


90) = 

But this is the equation for a logarithmic potential with density ^ ; 
§ 138, 61), so that we have as the integral 

91) W^-y^ft'logrdS', 


as may also be found from equation 70) by integrating over the 
infinite cylinder as in § 135, subject to the difficulty mentioned on 
p. 385. The value of W given in equation 91) satisfies the equation 
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92) 


?!F’m — 

dx* dy* 


outside of tke vortices and equation 90) at points within them, as 
shown in § 138. K we have a single vortex filament of cross-section 
dS and strength x = t' dS, 

93) Vr= — ^ logrdS = - ^ log r, 


and the lines of flow are circles, r = const. Then 




dW ___ 

X 

94) 

a = 

dy 

Tc r 

V = 

dw __ 

X 


().r 

n r 

95) 


= = 

x2 


the velocity is perpendicular to the radius joining the point a;, y 
with the Vortex and inversely proportional to its length. It is to be 
observed that although the motion is whirling, every point describing 
a circle about ' the center, the motion is irrotational except at the 
center, where the vortex-filament is situated, each particle describing 
its path without turning about itself, like a body of soldiers obliquing 
or changing direction while each man faces in the same unchanging 
direction. The motion in the vortex on the contrary is similar to 
that of a body of soldiers wheeling or changing direction like a rigid 
body rotating. 

If we have a number of vortices of strengths Xg, ... x^,, and 
form the linear functions of the velocities of each. 


96) 




where Vg, is the velocity at the vortex s both vanish, 
pair of vortices r and s we have 


For any 


where Ur is the part of the velocity at Xr, yr due to the vortex of 
strength x, situated at x^y^. Thus 

^r'Ur = > 

while similarly 

TtgUg =* X,Xr o- 7 


so that the therms of the sum destroy each other in pairs. 


1) U and V have nothing here to do with the componentB of the vector- 
potential. 
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Similarly for vortices continaously distributed, the strength of 
any elementary filament being ^dS, 

97) U= JJ utdS=JfJJ -dSdS!, 

which again vanishes, since every point is covered by both and dS^. 
If we define the center of the vortex as Xq^Jq where 


98) 

then since g does 
differentiating, 

98) 

the integrals being 
100 ) 


xtdS, 

y,fjtd8= JJ ytdS, 

not depend upon t, if we follow the particle 

taken over areas moving with the liquid. Therefore 
dt dt 



or the center of all columnar vortices present remains at rest. 

If we have a single vortex filament of infinitesimal cross section /S', 
for which 

101 ) 

the velocity depends on the current function log r. In the 

vortex and close to it, if at is finite, g, TF, u, v are infinite. But at 
the center u ^ v ^0, the vortex stands still and the fluid moves about 

it in circles with velocity The angular velocity and the area of 

the cross-section remain constant, although the shape of the latter 

may vary. If we have two such vortex- 
filaments each urges the other in a direc- 
tion perpendicular to the line joining 
them, they accordingly revolve about their 
center, maintaining a constant distance 
from each other. If they are whirling in 
the same direction the center is between 
them (Fig. 162), but if in opposite direc- 
tions, it is outside, and if they are equal 
it lies at infinity. Such a pair of vortices 
may be called a vortex-couple or doublet, 
and they advance at a constant velocity, 
keeping symmetrical with respect to the 
plane bisecting perpendicularly the line joining them. This plane is 
a stream-plane and may accordingly be taken as a boundary of the 
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fluid. Since either vortex moves with a velocity — and half way 
between them the Telocity beinff due to both is = , we find 

tct 'St V 
2 

that a single Tortex near a plane wall moves parallel to it with a 
velocity one fourth that of the water at the wall. This is an 
illustration of the method of 
images, of frequent application 

in hydrodynamics. O 

As another illustration con- 
sider the motion of a single 
vortex-filament in a square comer 

inclosed by two .infinite walls. 

The motion is evidently the same 
as if we had a pair of vortex- 

couples formed by the given O a . O 

vortex and its images in the ' ^ 

two walls, turning as shown in 

Fig. 163 and forming what may 

be called a vortex kaleidoscope. 

From the symmetry it is evident that the planes of the walls are 
stream - planes , so that we may consider the motion in one corner 
alone. If x and y be the coordinates of the vortex considered, we 
have as due to the others, 

X X y ’L - ^ 

^ 27^2/ 27C ’ 2 3r2/(a;*-f 2/*)^ 

^ 4- ® ^ 

^ 2 Tca; 2 7f a;* -j- 2/* 2 tt a; (a:* -f 

Since u and v are the velocities ^^7 of the vortex, we have for 

the equation of its path 

dx 


Fig. 163 


X ^ — 

2 7C x^'\- 


dx 

-- =* or 
2/» dy 


whose integral is 

104) + ^ = 

and in polar coordinates, 

r* sin^fi* cos^ fi*. 
a* ' 

105) r sin 2-0* =» rh 2a, 

the equation of a Cotes’s spiral, having one of the axes as an asymptote. 
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The same problem gires us the motion of two equal vortex- 
couples approaching each other head on, or a single vortex- couple 
approaching a plane boundary, showing how as they are stopped they 
spread out. The behavior of vortex- couples will serve to illustrate 
that of circular vortex rings, for the theory of which the reader is 
referred to Helmholtz’s original paper. The two opposite parts of a 
circular vortex appear to be rotating in opposite directions if viewed 
on their intersection by a diametral plane normal to the circle, thus 
resembling a vortex - couple. It is found that the circular vortex 
advances with a constant velocity in the direction of the fluid in the 
(tenter, maintaining its diameter, but that when approaching a wall 
head on it spreads out like the vortex- couple. Two circular vortices 
approaching each other do the same thing, but if moving in the 
same direction the forward one spreads out, the following one 
contracts and is sucked through the foremost vortex, when it in turn 
spreads out and the one which is now behind passes through it, and 
so on in turn, as may also be shown for two colummar vortex-couples 
traveling in the same direction. 

Most of these properties of circular vortices may be realized 
with smoke rings made by causing smoke to pufl:* out through a 
circular hole in a box, or mouth of a smoker, or smoke-stack of a 
locomotive. The friction at the edge of the hole holds the outside 
of the smoke back, while the inside goes forward, establishing thereby 
the vortical rotation. As previously stated no vortex could be formed 
if there were no friction. It is to be noticed that the direction of 
the fluid on the Inside of the vortex gives the direction of advance. 


196. Irrotational Motion. We shall now consider the non- 
vortical motion of an incompressible fluid. We then have a velocity 
potential g? and 


106) 



V 



w = 


dtp * 

dz 


The equation of continuity becomes 


107) 


z/g? == 0, 


and the potential is harmanic at all points except where liquid is 
being created {sources) or withdrawn {sinTcs). The volume of flow 
per unit time outward from any closed surface S is 


108) 


u cos {nx) -f V cos {ny) -f- w cos {nz)"] dS 


so that if this is not equal to zero, it is equal to the quantity created 
in the space considered in unit time, 
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109) 

SO that if we put ^q) =: 6, 6 is the amount of liquid produced per 
unit volume per unit of time. The total amount 


dQ ^ 
dt 



is called the strength of the source. If cr is given as a function of the 
point we have 



Accordingly the velocity potential has the properties of a force 
potential, the density of attracting matter being represented by 

times the strength of source per unit volume. The negative sign 

occours here from the different convention employed, it being customary 
to define the force as the negative parameter, the velocity as the 
positive parameter of its potential. In particular a point source of 

strength m produces a radial velocity of magnitude This 

system is called by Clifford a squirt. 


197. Vuiplanar Motion. A simple and interesting case is that 
of uniplanar flow as defined above. We then have all quantities 
independent of z, so that Laplace^s equation reduces to 


111 ) 


0 ^ 1 _ o 

()y^ ^ ^ 


A powerful method of treatment of such problems is furnished by 
the method of functions of a complex variable. The complex number 
a + Ih, where a and Jj are real numbers and i is a unit defined by 
the equation 

- 1 , 


(the same root being always taken) is subject to all the laws of 
algebra, and vanishes only when a and b both vanish separately. 
Any function of the complex number obtained by algebraic operations, 
after substituting for every factor its value — 1, becomes the sum 
of a real number plus a pure imaginary, that is a real number 
multiplied by /. Any equation between complex numbers is equivalent 
to two equations between real numbers, being satisfied only when 
the real parts in both numbers are equal as well as the real coeffi- 
cients of i in both members. If z denote the complex variable x + iy, 
any function of z may be written 


w =* f(z) = + iv, 
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where u and v are real functions of the two real variables x and y. 
For instance 




112) 


= {x + iyf 

= a;* — 4/* + 2ixy. 

u 

= + y^ 

V = ‘2xy, 


1 

1 __ 

X — iy X 

113) 

z 

^ x + iy^ 



X 

y 


u 




Let us examine the relation between an infinitesimal change in z 
and the corresponding change in f(z\ We have, x and y being real 
variables capable of independent variation, 


114) dz^dx + idy, 

115) df{e) = dw =• dM + idv = ^^^dx + ^dy + dx + ■ 

Consequently by division, 

du , , du ^ , dv 


116) 


dvj 

dz 


du-\-idv 

dx-^-idy 


du . i du j X -(dv j , 




dx -f idy 


du^.dvj 

d X _ d _ dy/dx 


1+i 


dx 


The ratio of the differentials of w and z accordingly depends in 
general on the ratio of dy to dx, that is, if a; and y represent the 
coordinates of a point in a plane, on the direction of leaving the 
point If the ratio of dw to dz is to be independent of this direc- 
tion and to depend only on the position of the point a?, y, the 
numerator must be a multiple of the denominator, so that the expression 

containing divides out. In order that this may be true we must have 


that is 
117) 



Putting real and imaginary parts on both sides equal, 


118) 

and 

119) 


dji dj^ d_v du 

ex dy'^ dx dy^ 

dw du . ,dv dv ,du 

dlo^ ^dx dy 
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In this case the function w is said to have a definite derivative defined hj 


and it is only when the functions u and v satisfy these conditions 118) 
that u + iv is said to be an analytic function of g. This is Kiemann's 
definition of a function of a complex variable.^) The real functions 
u and V are said to he conjugate functions of the real variables y. 
It is obvious that if w is given as an analytic expression 
involving then w always satisfies this condition. For 


dw df(z) dz I dw df{^ dz 

dx^ dz dx ' dz dy 


ir{z\ 


Accordingly 

>dvo ,/du , .dv\ dw du . .dv 
d ^\dx"^^ox) oy dy'^dy^ 

du dv dv du 

dx dy^ dx dy 


If we differentiate the equations 118), the first by Xj and the secoud 
by y and add, since 

d^v_ __ 

dxdy dydx^ 

we obtain 

d^u d^u __ ^ 

Differentiating the second by x and the first by y and subtracting, 
we find that v satisfies the same equation 

d*_v d^v _ ^ 




Thus every function of a complex variable gives a pair of solutions 
of Laplace’s equation, either one of which may be taken for the 
velocity potential, representing two different states of fiow. 

It is to be noticed that the question here dealt with is simply 
one of kinematics, since Laplace’s equation is simply the equation of 
continuity and there is no reference to the dynamical equations. 

The question arises whether any two solutions of Laplace’s 
equation will, conversely give us the function of a complex variable. 
It obviously will not answer to take any two harmonic functions, 
for they must be related so as to satisfy the equations 118) or be 
mutually conjugate. In order to avoid confusion with the velocity 


1) Eiemann, Mathematische WerkCf p. 5. 
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components u and i?, let ns call the two conjugate functions q) and ij/, 
satisfying the equations 


122 ) 


d (p dip d q> dip 

d dy^ dy dx 


It is evident that tp and ijj have the relation of the velocity potential 
and stream function defined in § 195. If one function is given we 
con find the conjugate, for we must have 




which by equations 122) is 

Now if we call this Xdx + Ydy it satisfies the condition for a 
perfect differential 

dX ^dY 
dy d.v 

that is, in this case, 

d*q) 

dy^ dx^ 


Consequently the line integral 

from a given point x^y to a variable point x, y, is a function only 
of its upper limit and represents Similarly if tjj is given 

123 ) + 

Furthermore the first of the equations 122) is the condition that 
^ dx + (pdy is a perfect differential and the second that qdx — ^Ifdy 
is such. Accordingly the line integrals 


124 ) 


S ^^y}> 

dx + ifdy]y 


give two new point functions W which in virtue of the equations 

^ 

d X dy^ 

^0 ^ dw 

cy dx^ 


125 ) 


tjj 

9 


are conjugate to each other and give a new analytic function of 
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(W+i0), 

whose derivative is 9? + From these by new integrations we 
may obtain any number. The method of the complex variable accord- 
ijigly gives us the solution of an unlimited number of uniplanar 
problems. 

The equations 122) are geometrically the condition that the lines 
q> =* const., ^ = const., intersect each other everywhere at right angfes. 
If ^ is the stream function the lines ^ = const, are the lines of flow, 
which we know intersect the equipoteutial surfaces at right angles. 
As examples consider the cases worked above, 

w ^ tp ^ — y^, ^ = 2xy. 

The equipoteutial lines are sets of equilateral hyperbolas, intersected 
at right angles by the system of equilateral hyperbolas forming the 
stream lines (Fig. 164). The stream line ^ 0 consists of the X. and 

Y axes, which may accordingly be a boundary, so that one quarter 



Fig 164. 


of the figure represents the flow in a square corner of a stream of 
infinite extent. ^ 

The function w gives 
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The equipotential lines give a set of circles all tangent to the F-axis 
at the origin, while the lines of flow are a similar set all tangent 
to the X-axis (Fig. 165). The water flows in on one side of the 



origin and out at the other as if there were a source on one side 
and an equal sink on the other close together. 

The function of which the two examples just treated are 
particular cases, gives an interesting case which is most simply worked 
out by the introduction of polar coordinates. 

a; = r cos m, y^r sin co, 
z + iy ^ r(coso + isina?) = 

= r” = r”(cos w co + i sin wco), 

from which we obtain the two conjugate functions 

126) *= r”cos w(o, t? = r”sinna>. 

If ‘we multiply these two harmonic functions by constants and add, 
the sum 

127) r”[-4«cos(n(») + Bnsmnto] 

is the circular harmonic function treated in § 140. We may accord- 
ingly develop the velocity potential in a series of circular harmonics, 
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tp J.„COS WOJ + J5nSinWG}}, 


and if we know tlie values of (p on the circumference of a circle 

with center at the origin, we may find the coefficients by the method 

of Fourier as in § 140 a, 83). 

Let us examine the motion in a segment between two walls 

making an angle 2cc at the origin and reaching to infinity. If we 

use the value of cp given by equation 128), the coefficients and the 
values of n admissible are to be determined by the condition 


along each wall. But since dn == rcico, we have 


129) " 1 ^ = ^ nr^ ~^[Bn cos nco — J.„sinw(D} 

which must vanish for ca ==* ± a. If 

— ■- — coswa = 0, 

and if 

na = 3cjr, 8in(± na) = 0, 

X being any integer* Therefore if we put when n is an odd multiple 
oi ^ 9 An ^ 0 and == and for even multiples, « 0 and 

2 cc 

An^ we shall have as a solution of the problem 

120) (p sa^x\c2y.-{-ir ^ “ sin ~ ’ (D^ + cos • 


The tangential velocity at the wall is given by 

The exponent of the lowest power of r is ^ — !• If this is negative, 
that is if a > “ ; the velocity is infinite for r = 0, that is at the 

corner, unless == 0. 

The pressure is given by the equation 

p sa const. — l-g®, 

so that at a sharp projecting edge around which the water flows 
there would be an inflnite negative pressure. This being impossible, 
around such an edge the motion is discontinuous, so that instead of 
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flowing as in a) Fig. 166, the water flows as in b), the flow being 
discontinuous at the dotted line. In actual fluids such surfaces of 
discontinuity give rise to vortex motion, so that we see eddies formed 
at projecting comers. 



The function 


log;8f = logr + 


g? = logr, ^ = CO, 

gives us radial stream lines forming a uniplanar squirt, while 

(p ^ (D, ^ = logr 


and for a free surface, p = 0, 
183) 


gives us flow 
in circles with 
a velocity 


n- r. 


The velocity at the center is 
infinite. This flow is exactly 
what we found in § 195 to be 
produced by a vortex filament 
at the center. 

If the fluid is under the 
influence of gravity, we have 

42) p == const. — — 
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If z is zero when (7=0, and the equation of the sur- 

face is 

- '^ 9 ^ = 

The form of the surface is shown in Fig. 167. This is approximately 
the form taken by the water running out of a circular orifice in the 
bottom of a tank, although the above investigation takes no account 
of the vertical motion. 

198. Wave Motion. The case of uniplanar water waves may 
be dealt with by the method of the preceding section.^) Let us take 
the XT’- plane vertical, the F-axis pointing vertically upward and 
the motion as before independent of the z coordinate, so that we 
may use z to denote the complex variable. We shall find that the 
waves travel with a constant velocity and it will therefore simplify 
the problem if we impress upon the whole mass of liquid an equal 
and opposite velocity so that the waves stand still and the motion 
is steady. Such still waves are actually seen on the surface of a 
running stream. 

Let us first consider waves in very deep water. At a great depth 
the vertical motion will disappear and we shall have only the constant 
horizontal velocity that we have impressed, so that 

u = — a, = 0, 

from which 

^7 = — ax. 

The function 

f(^z) « — -- a{x + iy') -f 

gives 

q) + ^ a(x + iy) + Ae^^{Q>oshx — i^inhx^y 

134) tp ^ — ax Ae^y Qoshx, 

^ — ay ^ Ae^y smkx. 

When j/ — — oo this makes g) = — - ax, as required. The free surface 
of the water being composed of stream lines is represented by one 
of the lines ^ = const, and if we take the origin in the surface its 
equation is consequently 

136) ay + Ae^y sinfca? = 0, 

which shows that is a periodic function of x with the wave-length 
X ^ The longer the wave-length, that is the smaller Ic, the more 

1) Rayleigh, On Waves, Phil. Mag. I, pp. 257— 279, 1876. Scientific Papers, 
Vol. I, p. 261. 

WBBSTSB, Py3i«inl0«. 2. 


34 
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nearly does tlie exponential reduce to unity and the more nearly is 
the profile a curve of sines. The velocity is given by 

136) 


where 

137) 




— a — ATce^y sin Tex. 
Oy ^ 



Ahe^y Qo&lix. 


138) ^ + A^Tc^e^^y + 2 Aalce^y sinTcx. 

So far all our work has' been kinematical. The relation to 
dynamics is given by introducing the equation 33) for steady motion, 

139) ^-+9y+\<l^=0, 


and at the surface putting p==0, and making use of the equation 135), 
140) gy + + A^Tc^ e^^y — 2a^?ky}= (7. 


Since the surface passes through the origin, putting y == 0 we obtain 

C=y{a® + ^V}, 

inserting which gives 

141) {jg - a‘h)y + y A^¥{e^^y - 1) = 0. 

This equation can be only approximately fulfilled, but if the height 
of the waves is small compared with the wave-length, so that 21zy 
is small, developing the exponential and neglecting terms of higher 
order than the first in A we have 

{g — aVc 4- A^k^)y =- 0, 

giving the equation connecting the velocity and wave-length 

142) g-^aVc + AV^O. 

If Icy is small the equation of the surface 135) is approximately 

143) y^ — ^BmJcx 

so that the maximum height of the waves above the origin is B = — 

Inserting the values of the height and wave-length in equation 142) 
it becomes 

144) a*{-y(l = 

an equation connecting the wave-length, height and velocity. For 
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waves long enough in comparison with their height to' neglect — ^ 
we have 


145) 


29r 


If 8 is the height from which a body must fall to acquire a velocity 
equal to the wave -velocity, since a^== 2gSy the equation becomes 

146) X = 4 

accordingly the velocity of propagation of long waves in deep water 
is equal to the velocity acquired by a body falling freely from a 
height equal to one -half the radius of a circle whose circumference 
is the wave-length. 

In order to study the motions of individual particles of water 
let us now impress upon the motion given by 1H7) a uniform velocity a 
in the X- direction. Equatio^js 137) now give the motion with respect 
to moving axes travelling with the waves, so that in order to obtain 
the motion with respect to fixed axes we have to add a to the u 
of 137) and replace x by rr]— at^ obtaining 

ti Ahe^yBin lc(x — at), 

147) 

' = Alce^y QOBlc{x — at)f 

for the equations of the unsteady motion of the actual wave -propa- 
gation. For the velocity of a particle we have 

148) g = 7 /w^ 4 - ^ Ahe^^ 

showing that the velocity decreases rapidly as we go below the 
surface, so that for every increase of depth of one wave-length it is 
reduced in the ratio .001867. If the displacement of a particle 

which when at rest was at a;, y is we have 


149) 


■— == — Alce^y 8mh{x — at), 
“I = Ahe^y Q>08k{x — at), 


if we neglect the small change of velocity from x,y io x + ri, 

so that we obtain by integration 

I = — (^ 08 k{x — at), 


150) 


rj ^ — B€^^smJc{x — at). 


Thus each particle performs a uniform revolution in a circle of 

2 5r X 

radius in the periodic time ^ — We thus see how the 

motion is confined to the surface layers. The direction of the motion 
in the orbit is such that particles at the crest of the wave move in 
the direction of the wave -propagation, those at a trough in the 
opposite direction. 


84 * 
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Let us now discuss the form of the ware -profile 135) when the 
restriction that the height of the waves is small in comparison with 
the wave-length is removed. The equation of the surface is 

151) y 4- BinJcx^O. 

This may be conveniently done by means of a graphical construction; 

Fig. 168. Let us 
construct two 
curves, with the 
running coordi- 
nates X, Yy the 
first the logarith- 
mic curve 

Fii? 168 . ^ 

Y 

and the second the straight line X ^ . , ? which must be 

Jj Bin tCCC 

separately constructed for each value of x. At the intersection of the 
line and curve, we have 

Y + sin Jcx^O, 

so that the value of Y thus obtained may be taken for the y coordinate 
of the wave- profile with the abscissa x. As x varies, the line swings 
back and forth about the X-axis, and we see that when sin kx is 
positive there is one jntersection of the line and curve, while if sin hx 
is negative there are two, giving two values of hot positive. 
Any positive y is greater in absolute value than the corresponding 

negative for the 
symmetrical posi- 
tion of the line. 
Thus the unsym- 
metrical nature of 
trough and crest 
is made evident. 
Beginning with 
ir = 0, the two 
values of y are 
Fig. one zero, the other 

infinity, and as x increases, y has a single negative value. When ^ 9 

y is again zero and infinity, and as x increases the two values of y, both 
positive approach each other until y = then recede until y ^ L 

The form of the curve as constructed in this manner is shown in 
Fig. 169, the lower branch representing the wave-profile. If B is 
greater than a certain quantity the values of y between certain limits 





198] 


HIGHEST WA.VES IN WATER. 


533 


are iipaginary. This limiting value of B is that which makes the 
highest position of the straight line, for which sin Tix = — \f tangent 
to the exponential curve. We then have 


d y ■][ 

for the curve, equal io ^ for the line, 


from which 


hY^l^hy, 



The upper and lower branches of the curve 151) then come together, 
and the wave-profile has an angle. Waves cannot be higher than 
this without breaking. By differentiation of 151) we find for the 

summit, ^ + 1 , so that the angle between the two sides of the 

wave is a right angle (Fig. 170). As a matter of fact, before 
the waves are as 

high as this, the \ s 

equation 141) is 
no longer satisfied 

with sufficient / \ 

approximation / \ 

for the waves to 
have the form in 
question. By an 
elaborate system 
of approximation, 

MichelP) 




mg. 170 


shown that the highest waves have a height .142X, while the equa- 
tion 151) gives .203>l. It was shown by Stokes*) that at the crest 
the angle was not 90®, but 120®, as follows. 

In the stationary wave, in order to have an edge, the velocities u 
and V for a particle at the surface must both vanish together, for 
if V alone vanishes, there will be a horizontal tangent. Consequently, 
if we place the origin at the crest, equation 139) becomes 

9y + 4 - 2 * = 0 . 


But if we represent the surface by a deyelopment of the form of 
aquation 128), on account of symmetry there will be only sine terms, 
md if in the neigborhood of the origin we retain only the most 
important term, we may put 


1) Michel), The highest Waves in Water. Phil. Mag« 86, p. 480, 1898. 

2) Stokes, On the Theory of Oscillatory Waves. Trans. Cambridge Philo- 
sophical Society, Vol. VIH, p. 441, 1847. Math, and Phys- Papers, Vol. I, p.227« 
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152) g> =» ^r^sinwo), rjj = Ar^aosnco, 

CO being the angle measured from the vertical. We have for the 
radial velocity 

gr “ = Anr^ “ ^ sin wco, 

and if a is the inclination of the surface to the vertical at the crest 
q — Anr^ ^ sin ncc. But we have q^=^^2gy^ 2gr cos a and accord- 

3 

ingly 2 (m— 1)==1, M = y Also as in 12^)), cosw«==0. Thus 

2«=^=120o. 

The problem of waves in water of finite depth may be treated 
in a similar manner, by putting instead of 134), 

^ 4- + Ae~ 

gp = — ao; + {Ae^v -f *y) cos hXy 

153) iff ^ ^ ay — (Ae^^ — Jie'^^y) sin hx, 

u = a — h (^Ae^y + Be^^y) sin hx, 
u= Tc^Ae^y — cos/ra;. 

If the depth is /i, we must have t; 0 for y ===== — h, giving 

Ac^ Ar/i 


Calling this value C, we have 

154) iff ay — G — e“*(*+y)) sin lex = 0, 

as the equation for the wave -profile. For the first approximation, 
for waves whose height is small compared to their length, replacing 
e^y, e’^^y by unity, we have 

155) ay = — C — r”" *'') • sin hx^ 
and neglecting (Cky, 

156) u^+ v^^a^+ 2(7aifc(e*''-f sin lex. 


Thus the surface equation 139) becomes 
157) const = — e"”*'') sin lex 


4- -g + 2 Gak (e*'* + 


which is satisfied by 

158) aft(e*A+e~- 
giving the velocity 

159) = 


g 

~ ¥ e**+7^' 


e~ **) ain^a: 

e-t») = 0, 
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If is infinite this reduces to 145), while if the depth is very small 
with respect to the wave-length, it reduces to a^^gh. Accordingly 
long waves in shallow water travel with a velocity independent of 
their length, being the velocity acquired by a body falling through 
a distance equal to one -half the depth of the water. Consequently 
the resultant of such waves of different wave-lengths is propagated 
without change, contrary to what is the case in deep water. 

Changing to fixed axes, we have for the running wave 

(p — C (e^w+b) -f- cos h(a; — at), 

^ CCeiW+y)- e-iw+v)) sin ]c(a; - at), 

and by comparison with 147), 150), we find that the particles 
describe ellipses with semi-axes equal to 

161) ^ + g — *(A + !/))^ ~ — 6““*^*+*'^). 

If we consider the resultant of two equal wave-trains running 
in opposite directions, we have 

(f = [cos - at) + coBk{x + atj\ 

= -f Qoskx coskat, 

[sin7v(a; — at) + sin7»;(it: -f ai)'\ 
== ~ 2(7 j sin7i;ic cos7*a^. 

The equation of the profile is now of the form, y is equal to a 

function of x multiplied by a function of ty so that the profile is 

always of the same shape, with a varying vertical scale. Such waves 
are called standing waves, and we see them in a chop ,gea. The 
diifference between them and the stationary wave in a running stream, 
with which we began, is very marked, as here every point on the 
surface oscillates up and down, while there the water -profile was 
invariable both as to time and place. 

199. Equilibrium Theory of the Tides. We shall now 
briefly consider some aspects of the phenomena of the tides, the 
general theory of which is far too complicated to be dealt with here. 
The earliest theory historically is that proposed by Newton, which 
supposes that the water covering the earth assumes, under the attraction 
of a disturbing body, the form that it would have if at rest under 
the action of the forces in question. This so-called equilibrium 
theory, which neglects the inertia of the water, belongs logically to 
the subject of hydrostatics, but will be now treated. If J7 denote 
the potential of gravity, including the centrifugal force, as in § 149, 
we have, as there, for the undisturbed surface of the ocean, 
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163) U (Tq, 'ijfy (p) =« const. 

r^y (py denoting the radius, latitude, and longitude. If V denote 
the potential of the disturbing body, we have according to the equi- 
librium theory, for the disturbed surface, 

164) u (Tytl^jfp) + const. 
and subtracting equation 163) from this, we have 

165) U (r, iljyip) U i^,(p) + const. = C. 

But if we put h = r — Tq, h is the height of the tide, and being 
small with respect to the radius, we may put 

166) TJ (r, U (r^, il>,(p) = h 

giving 

167) r-C = -hf^- 

But 9 ^ as in § 149, so that we obtain for the height of 

the tide 

F— C 

168) 

We may determine the constant in 168) by the consideration 
that the total volume of the water is constant. If dS is.^the area 
of an element of the earth’s surface, the total volume of the tide 
above the surface of equilibrium must vanish, giving 

169) 0 = jy* hdS, Jj^ YdS = C iS, F= C, 

where V is the mean value of the disturbing potential over the earth’s 
surface. Now we have found in § 150, equation 154), the value of 
the potential of the tide- generating forces, 

m F=^(8cob*2-1), 


where Z is the zenith-distance of the heavenly body at the point in 
question. If we refer other points on the earth’s surface to polar 
coordinates with respect to this point and any plane through it, 
with coordinates Zy we have 

dS == sinZdZd^y 



2rt 


mr' 




cos* Z — 1) sin Z dZ ~ 0, 


so that the mean of V vanishes. Accordingly we have 

= 1 ^ 1(3 008 *^- 1 ). 
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This equation shows that the tidal surface is a prolate ellipsoid of 
revolution, with its axis pointing at the disturbing body. '' 

Let us now express cos Z in terms of the latitude if; of the point 
of observation and of the declination d and hour- angle H of the 
disturbing body, which for brevity we shall call the moon. If we 
take axes in the earth as usual, with the XZ-plane passing through 
the point of observation and measure H from this plane, we have 
for its coordinates and those of the moon respectively 

r cos D cos S cos H , 

0 , D cos 8 sin H, 

rsin^, D sin d , 

from which we obtain the cosine of the angle included by their radii 
cos Z = cos ^ cos 8 cos H -|- sin rff sin d. 

Squaring this, replacing cos^ H by ^ (l4“Cos2JY), cos^^cos^d by 
(1 — sin^^) (1 — sin^d), we easily obtain 

3 cos^ Z — 1 = ^ j^cos^ d cos^ ^ cos 2H + sin 2d sin 2^ cos H 

(l-3sin2d)(l~Ssiii*ip)"| ' 

+ 3“’ ^ J’ 

Inserting this in 171), replacing g by its approximate value and, 

as we have already done, neglecting the attraction of the disturbed 
water, we have the equation for the tide, 

172) ^ ^^^*^^[^cos^d cos^^cos2ff + sin 2dsin2^cos£r 

, (l-3siii*d)(l~3siii2i|>)“| 

+ - 3 J* 

The first term in the brackets, containing the factor cos 2 H, 
where H is the moon’s hour-angle at the point of the earth in 
question, is periodic in one-half a lunar day, consequently this term 
has a maximum when the moon is on the meridian, both above and 
below, low water when the moon is rising or setting. The effect of 
this term is the semi-diurnal tide, which is the most familiar, with 
two high and two low waters each day. This tide is a maximum 
for points on the equator, where cos^^=« 1, and for those times of 
the month when cos^ d = 1, that is when the moon is crossing the 
equator. These are the so-called equinoctial tides. 

The second term, containing the factor cos £f, is periodic in a 
lunar day, and gives the diurnal tide. This gives high water under 
the moon, and low water on the opposite side of the earth. On the 
side toward the moon, these two tides are therefore added, while on 
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the opposite side we have their difference. Consequently, at any 
point, the difference of two consecutive high waters is twice the 
diurnal tide. This difference is generally smalJ, showing that the 
latter tide is 'small. ♦It vanishes for points on the equator,, and at 
the times of the equinoctial tides. 

The third term, which vanishes for latitude 35^16', does not 
depend on the moon’s hour- angle, but only on its declination. This 
declinational tide, depending on the square of sin d, has a period of 
one -half a lunar month. 

Beside the tides due to the moon, we must add those due to 
the sun, for which the factor outside the brachets in 172) is some- 
what less than one-half that due to the moon. The highest tides 
therefore occur at those times in the month when the sun and the 
moon are on the meridian together, namely at new and full moon. 
These are known as spring- tides. The lowest occur when the moon 
is in quadrature with the sun, and the lunar and solar tides are in 
opposition. These are known as neap-tides, and according to this 
theory would be only one-third the height of the spring-tides. The 
greatest spring- tides would be those in which the moon was on the 
equator, or the equinoctial spring-tides. Now it is found that, instead 
of this, the high tides come about a day and a half later. Consequently, 
although the equilibrium theory indicates to us the general nature 
of the different tides to be expected, it does not give us an accurate 
expression for their values. Roughly speaking we may say that the 
tides act as if they were produced as described by the action of the 
sun and moon, but that the time of arrival of the effects produced 
was delayed. 

A correction was introduced into the equilibrium theory by 
Lord Kelvin, to take account of the effect of the continents. For if 
the height of the tide were given by the ecjuation 171), removing 
the various volumes of water in the space actually occupied by land 
would subtract an amount of water now positive, now negative, so 
that the condition of constant volume would not be fulfilled. In 
order that it still may do so, the integral 169) is to be taken only 
over those parts of the earth’s surface covered by the sea. The 
value of F is then not zero. The effect of this is to introduce at 
each point on the earth’s surface change of time of the arrival of 
each tide, varying from point to point. The practical effect of this 
correction is not large. 

200. Tidal Waves in Canals. In the dynamical theory of 
the tides, taking account of the inertia of the water, we have the 
problem of the forced oscillations of the sea under periodic forces. 
As a simple example illustrating this method we shall consider waves 
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in straight canals. Let the motion be in the plane of XY, as in 
§ 198, and let h, the depth of the canal, be small in comparison 
with the wave-length. We shall suppose the displacements of all 
the particles, with their velocities and their space -derivatives, to be 
small quantities whose squares and products may be neglected. We 
shall also neglect the vertical acceleration, so that the equation for y 
is that of hydrostatics, giving the pressure proportional to the distance 
below the surface. If the ordinate of the free surface is h this 
gives 

173) + 


174) 


dp 

bx 



while the equation of motion, the first of equations 6), is 

du ^ 1 dp 

dt ' Q dx 



Combining these two equations, we have 


and if X is independent of since is also, this shows that u 

depends only on x and or vertical planes perpendicular to the 
XY plane remain such during the motion. 

Integrating the equation of continuity 


du ’dv ^ 

dx 


with respect to y from the bottom to the surface, 

•’ — frJy — + 


or approximately, at the surlace, 


178) 


V = 


dt 


■j du 
h • 
ox 


Now putting u == the equation of continuity 178) becomes, 
179) 


dn _ , dn 

dt^ ^^dtdx 


and on integration with respect to the time, 

180) , hit- 


Substituting in 176) we have for the horizontal displacement 

a*l ^ 
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If there is no disturbing force, X =* 0, and we have the equation 


182) 


dn 



for the propagation of free waves, which we might have used in 
order to obtain the results of § 198, for instance it is satisfied by 
equations 150) if we put a^^gh. This is the same equation as we 
had in § 46, equation 109), for the motion of a stretched string, 
and the standing waves of 162), § 198, putting «/ == 0, are the normal 
vibrations of equation 115), § 46. The general solution of equation 182) 
is obtained in the next section, for the present it is sufficient to 
consider the wave already obtained which advances unchanged in 
form with the velocity a. We have then, in the case of an endless 
canal encircling the earth, the curvature of which we may neglect, 
the case of a free wave, running around and around, without change, 

so that at any point, the motion is periodic in the time ? where I 


is the length of the endless canal. We thus have a system with 
free periods, and when we consider the action upon it of periodic 
disturbing forces, we may expect the phenomena of resonance, as 
described in Chapter V. 

Let us now suppose the canal coincides with a parallel of 
latitude, and that x is measured to the westward from a certain 
meridian. We then have for the horizontal component of the 
disturbing force 


where F is given by 170), and H, the hour -angle of the moon at 
the point x, is 

183) so that 

^ r COS 'll) dx <7 Hr cos 'll) 

o being the angular velocity of the moon with respect to the earth. 
We accordingly find X to be composed of two terms each of the form 

— A sin (mt — Jcx), 

where for the semi-diurnal part 

184) ^ = -/^-rCos*«cosV', = 2ro, * = “* T' 

Introducing this into the equation 181), 

185) A Bin (mt-hx), 


we may find a solution 
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186) I == ^ sin {mt — 

where by insertion in 185) we find 


187) 

Prom 180) we obtain 

188) ^ 




ATch 


cos (mt — hx). 


The coefficient of the cosine is positive or negative according as ak 
is greater or less than m, so that we have, according to circumstances, 
high or low water under the moon. In the former case, the tides 
are said to be direct, as in the equilibrium theory, in the latter they 

are inverted. But - is the ratio of the time period of the force, 

or half a lunar day, to the time required for a free wave to travel 
half around the earth, and the tide is direct or inverted according as 
this is greater or less than unity. Equation 188) is the analogue of 
equation 50), § 44. Inserting the values of the constants in 188) 
we find that the canal theory gives the height of the tide as given 
by the equilibrium theory in 172) (which we also obtain by putting 
m 0), multiplied by the factor 


1 



exactly as described for the system with one degree of freedom on 
page 155. If we introduced into our equations a term giving the 
effect of friction we should obtain a change of phase, as in § 44, of 
amount other than a half-period, or inversion. 

In order to determine the directness or inversion of the tides, 
let us insert the values of m, ft from 184) in 188), by which we 
find that the tides are direct or inverted according as we have the 
upper or lower sign in the inequality 

189) gh^r^G)^ cos^ 

Supposing the lunar day to be 24 hours, 50 minutes, the earth’s 
circumference forty million meters, we find at the equator the critical 
depth, determining the inversion, to be 20.46 kilometers, or 12.7 miles. 
As the depth is less than this, the tides are inverted. For any depth 
less than the critical depth, there will be a latitude beyond which 
the tides will be direct. Accordingly we see that even if we consider 
the ocean to be composed of parallel canals separated by partitions, 
the tides will be very different in different latitudes, so that if the 
partitions be removed, water will flow north and south. We thus 
obtain an idea of the complication of the actual motion of the tides. 
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By introducing the complete expressions for the accelerations with 
respect to revolving axes, given in § 104, and applying the principles 
of forced oscillations, we obtain tbe more complete theory given by 
Laplace. 


201. Sound-Waves. Let ns [now consider the motion of a 
compressible fluid which takes place in the propagation of sound. 
In the production of all ordinary sounds, except those violent ones 
produced by explosions, the motion of each particle of air is extremely 
minute. We shall therefore suppose that the velocity components 
li, V, w and their space derivatives are so small that their squares 
and products'may be neglected. Let us put 

190) ^ =r (1 + s), 

where po is a constant and s is a small quantity, of the same order 
as the velocities, called the compression. From the equation of 
continuity we have 

-fv-v du dv . dw 1 dg 1 ds 

+ dy+cz dt ^^1 + s 


or neglecting the product of s and its derivative, 


192) 


0 = 


ds 

dt' 


In order to calculate P, we have, since the changes in q are small 
193) dp =: rfp = ds, 

where is a constant representing the value of the derivative 

for p == Pq, the density of the air at atmospheric pressure. We 
therefore have 


194) P ^ = a* log (1 + s) = a^s, 


to the same degree of approximation. 

Neglecting small quantities the equations of hydrodynamics 6) 
become, when there are no applied forces’, 


195) 


with 

192) jt- 

Differentiating the equations respectively 
observing the definition of c, we obtain 


du 

,2 


(l^ nT- > 

ax 

dv 

a rs - y 

dy 

dt ”” 

dw 


dt'^~^ 

® az’ 

ds 


by 


X, y, z, adding and 
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196) ly = - 

and differentiating 192) by t and combining with this 

197) = 

Since the motion is assumed to be irrotational, introducing the velocity 
potential into equations 195) they become the derivatives by x, y, z 
respectively of the equation 

198) If = - 

Differentiating by t, making use of equation 192), 

199) ^ ^ a^^fp. 

Thus both the velocity potential and the compression satisfy the 
differential equation 

200) J 

This is known as the differential equation of wave- motion and is the 
basis of the theories of sound and light. 


202. Plane Waves. Let us suppose first that the motion is 
the same at all points in each plane perpendicular to a given direction 
which we will take for that of the X-axis. Thus all the quantities 
concerned become independent of y and z and equation 200) reduces to 


which is equation 109) § 46, the equation for the motion of a con- 
tinous string, or equation 182) § 200, for the propagation of long 
waves in shallow water. 

The general solution of this equation is found by introducing 
the two new independent variables p ^ x — at^ x + at. 

We have then 


d(p dq}dp dcpdq \ 

dt dp dt dq dt ^ dp ^ ^ dq^ 


202 ) 


dq) 

dx 


dpdx"^dqdx~~dp^ 


dtp 

dq’ 


d^tp 

dt^ 



1 ^ V __ 9 

dp^ dq^ ^ 



d^q> d^tp d^cp g. d^tp 

dx^ dp^ ' dq^ dp dq 
Inserting these values in 201), we have 


203) 


d^tp 
dp dq 


-0. 
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*•* O 

Integrating with respect to g, we find that ^ is independent of q, 
but may be an arbitrary function of p, say 

ll - -p.' W- . 

Integrating again we find 

204) <P--F,{p) + F,{g), 

where arbitrary function of q. Whatever the functions 

and F^, this value will satisfy the equation 203). Replacing p and q 
by their values, we have the general solution 

205) (f ^ F^(x ~ at) -f jPg (^‘ + ^0* 

Let us first assume F^ = 0 and consider the solution 


206) cp = F^ip) = F^{x — at). 

The value of q? depending only on p is unchanged when x has 
increased by the amount at, that is to say, if rp be represented 
graphically as a function of x at the time ^ = 0, it will be represented 
at the time t by the same curve moved to the right a distance at. 
Such a motion is termed a wave moving with the velocity a In the 
positive Jf- direction. 

Similarly the solution 

207) (p ^ F^ (q) =: (x + at) 

represents a wave moving in the negative X- direction with the same 
velocity. 

If the function F (p) is zero except for a certain small range 
of values the motion is sometimes called a pulse. A pulse is 

none the less a wave. 

Thus the general solution of equation 201) represents two p lane 
waves propagated in opposite directions with the same velocity a. 


The velocity of sound a depends upon the elasticity of 

the air and was calculated by Newton, assuming that the process 
was isothermal, using Boyle’s law. As this was found to give results 
not agreeing with experiment Laplace suggested that the compression 
was adiabatic, the vibrations being so rapid that the heat generated 
did not have time to flow from the heated to the cooled parts. Thus 
the constant jc, equation 17) § 178 representing the ratio of the two 
specific heats of the air is introduced. The velocity of sound gives 
one of the most accurate ways of determining this ratio x. 

The velocity of the particle of air is obtained by 


208) 


M - {x - at) 


in the wave going to the right The compression by 
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SO that 

u ^ as 

Thus the velocity of the particle is in the same direction as that of 
the wave where there is condensation, or s is positive, in the opposite 
direction where there is rarefaction, or s is negative. 

203. Echo. Organ-pipes. Suppose there is a rigid wall whose 
equation is x ^l. The velocity of a particle normal to the wall 
must be zero, so that 

210 u {x — at) + == 0 

when x^ly or 

211) (I - at) + F^^{1 + at) == 0 

for all positive values of t Thus one of the functions is determined 
by the other. Put 

1 + at = y, 

so that our equation 211) is 

212) F’iy)^-F,'{2l-y), 

a differential equation connecting F^ and JPg, the integral of which is 

213) F,{y)=^F,{2l^y) + G 

for y > 1. Since the velocity depends only on the derivative of g), 
the value of C is immaterial, and we will put it equal to zero. 

The equation F^ {y) ^ F^{21 — y) indicates that the curve 
representing F^ is the geometrical reflection in the wall of that 
representing jF\, in other words the function F^ represents a wave 
travelling to the left, which after x — at is greater than I represents 
the motion on the left of the wall, the values of q) at points a 
certain distance to the left of the wall being the same as they would 
have been at the same distance to the right of the wall had the 
direct wave gone on unchanged. Since the values of u depend on 
the derivative of tp according to x, the velocity changes sign in the 
reflection. This must be the case for the condition producing reflection 
is that w =» 0 at it; = Z, so that th^ wave coming to the left must 
have a velocity equal and opposite to that of the wave going to the 
right. If there is a wall at rr = 0 as well as at iP Z, the wave is 
reflected in that also, so that the motion consists in the continual to 
and fro motion of the original disturbance. The motion at any point 
2Z 

is periodic in the time We may accordingly develop the motion 

WeBSTEB, Dynamics. 2. 
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ia a series of normal vibrations as in § 46. If we take tlie particular 
solution of equation 109) given in equation 115) of that section, 
and write 

213) (p *= Acoskiceosnt; 


where n === /cUy we have 


214) 


w = ~ Alcemlixeoenty 

5 = — \ ^ cos hxein nt. 

a* dt a* 


Every particle oscillates with a simple harmonic motion with an 
amplitude ~ sin Jcx, and we have a pure tone. The compression also 

varies harmonically with an amplitude ^ cos A* Thus the maximum 

pressure occurs at points of no motion, such points being called 
nodes. These occur where lix ^ rn^ where r is any integer, or 

rr • • • The wave-length being A =s the nodes are 


separated by distances The condensation s follows a similar 

law, but vanishes half way between the nodes where the motion is 
a maximum. The regions between the nodes are called loops. The 
maximum changes of s are at the nodes. 

As there is no motion at the nodes, but only changes of pressure, 
we may place reflecting walls there and apply the theory to the case 
of a stopped organ -pipe, whose length is accordingly any number of 
half wave-lengths. If the ends of the pipe are at a? = 0 and I 


we have 


1. 


Icl 




1 rit 


and the frequency is determined by 

n ah ar 

23t 23C 2Z 

Consequently the possible frequencies for a simple harmonic vibration 
of a stopped pipe are in the ratio of the integers 1, 2, 3, etc. 

For a pipe open at the end the condition is that the pressure 
is that of the external air, that is, there is a loop. Thus a pipe 
open at both ends has its length equal to an integral number of 
half wave-lengths, and has the same hormonics as a closed pipe. 
Opening one of the holes in a flute produces a loop, so that the 
tones of a flute are produced by the column of air between the 
mouth -piece and the first open hole. 

For a pipe open at one end and stopped at the other, the length 
is equal to an odd number of quarter wave-lengths, so that the 
frequencies are proportional to the odd integers 1, 3, 5, etc. 
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204. Spherical Waves. If the relocity potential depends only 
on the distance from a fixed pointy using the expression of § 135^ 
equation 44), the wave- equation 200) becomes 


215) 


I 2 a* d^{Tfp) 

dt* ^ I r dr] r dr^ 


Multiplying by r, this is 
216) 


dt‘^ dr* ’ 


SO that the product rtp satisfies an equation like 201), of which the 
solution is 

r(p = ~ at) -f F^{r + at\ 

Accordingly we have 

217} ^^L[F,{r-at) + F,{r + at)], 


of which the first term represents a wave proceeding outwards, the 
second one proceeding inwards, the magnitude however varying 

according to the factor 

For a periodic solution representing a simple tone proceeding 
from a single point- source we may take 

218) gj = — -^cos^(ai^ — r). 

The physical meaning of the constant A is obtained as follows. Let 
us find the volume of air fiowing in unit of time through the surface 
of a sphere with center at the source. We will call this the total 
current, 

219) I ^J^^I^giQQs{qn)dS ^ 

=== A{Q09'k{at — r) — hrHmlc{at — r)]. 

Accordingly when r = 0 we have I^AaosJcat and A, the maximum 
rate of emission of air per unit of time, is called the strength of the 
source, agreeing with the definition of § 196. 

In order to obtain the activity of the source, that is the rate 
of emission' of energy per unit of time, we may find the rate of 
working of the pressure at the surface of a sphere, as explained in 
§ 188 , 



In order to find we have, if is the undisturbed atmospheric 
pressure, by integration of 193), and by 198), 


35 
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221 ) Qo^t 

from which we obtain 

222) jcos ifc (a^ — r) — it t* sin ^ — r) I |jP() — {at— 

This contains a part which is alternately positive and negative^ and 
also one which is always positive. If we seek the mean value of P 
throughout the period, that is 

T 

__ 1 2 5r 

0 

we easily find, since the mean of cosd*, sin-d*, cosd’sinfi*, is zero, 
while the mean of sin^fi* is 

8jr 

which is independent of the radius, as it should he. The mean 
energy-fiow per unit of time and per unit of area of the sphere is 

P AQ^^'k^a 

'S “ 

which is a measure of the intensity of the sound. This decreases 
as the inverse square of the distance. In order to give an idea of 
the extremely small dynamical magnitudes involved in musical sounds, 
it may be stated that measurements made by the author’) showed 
that the energy emitted by a cornet, playing with an average loudness, 
was 770 ergs per second, or about one ten-millionth of a horse- 
power, while a steam-whistle that could under favorable circumstances 

be heard twenty miles away emitted but - , or one-sixtieth 

660 . 

of a horse -power (see note, p. 153). 

205. Waves in a Solid. The equations of motion for an 
elastic solid are obtained from the equations of equilibrium 144, § 176 
by the application of d’Alembert’s principle in the same manner as 
the equations of hydrodynamics were deduced from those of hydro- 
statics. It will be convenient here to revert to the notation of 
Chapter IX where % v, w and o refer to displacements rather than to 
velocities. Applying d’Alembert’s principle we thus obtain 

225) + + etc. 

1) Webster, On the Mechanical Efficiency of the Production of Sound. 
Boltzmann -Festschrift, p. 866, 1904. 
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If there are no bodily forces we have the equations of motion 

P If “ 

226 ) (» = (Z -h (i)^ + V, 

8*W y. , ^ 

P 

Differentiating respectively by x, a and adding we obtain 

227) = 

which is the equation for the propagation of wave -motion, the 

dilatation being propagated with a velocity 6 = Taking 

the curl of equations 226) we have 

228) Q^ = tiJr), 

^~d i* ~ 

Thus the components of the curl are propagated independently, each 

with a velocity a = The velocity of the compressional wave 

which is unaccompanied by rotation depends upon the bulk modulus 
and the modulus of shear. The velocity of the torsional wave which 
is unaccompanied by change of density depends only upon the mo- 
dulus ot shear. The general motion of an elastic body is a com- 
bination of waves of compression and of torsion. The wave of 
torsion is that upon which the dynamical theory of light is founded. 
Inasmuch as fi vanishes for a perfect fluid no wave of torsion is 
propagated, so that the luminiferous ether must have the properties 
of a solid and not those of a fluid. 

206. Viscous Fluids. We have now to consider a class of 
bodies intermediate in their properties between solids and perfect 
fluids, namely the viscous fluids. By definition a perfect fluid is one 
in which no tangential stresses exist. We have then 

229) Z, =» r, « Z, = -jp, 0. 

In a fluid which is not perfect no tangential stresses can exist in a 
state of rest, but during motion such stresses can exist. While in a 
solid the stresses depend on the change of size and shape of the 
small portions of the solid, in the case of a viscous fluid the stresses 
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depend on the time -rates of change, that is on the velocities of the 
shears, stretches, and dilatations. The simplest assumption that we 
can make is that the stress -components are linear functions of the 
strain- velocities. The fluid being isotropic, considerations regarding 
invariance bring us to precisely similar conclusions to those we 
reached in § 175, so that to the stresses of equations 229) for a 
perfect fluid are added stresses given by equations 142), § 175, A and (i 
being constants for the fluid, and w, w, 6 now denoting velocities, 
instead of displacements, returning to the notation of this chapter. 
(We putP««=0, since these additional terms vanish with the velocities.) 


We thus obtain 




Yy — — p + ^ 2/i 


( rw dv\ 

dy+TzV 

idu , dw\ 




which are of the same form, with a different meaning, as 142). §175. 
If the fluid is incompressible we find, putting o *= 0, 

X.T -h Yy -f 

and assuming that this holds also for compressible fluids we must have 

231) 3A + 2ia=0. 

Keplacing A by its value — - we find for the forces, as in §175, 144), 

• Z + i>‘Z + 

232) <,r-|S+ 

f ^ Idp 1 do . 

which are to be introduced into the equations of hydrodynamics 6). 
Thus we obtain the general equations, putting = i/, 

du , du , du . du v do . ^ 1 dp 

di ^ dx ^ dy d z ^ dx q ox 




I . 


dw . dw , dw , 


du 

7 . 

V 

L 1 

do 

V^U : 

1 

= x- 

1 

dp 

, 

dz 

3 

dx 
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<707 

dv 

V 

CO 

V jdV 

= r- 

1 

dp 

-f 

dz 
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dy 
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dw 

~dz 

V 
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=.z- 
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dp 

dz^ 
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wLicb reduce to 6) when /tt = 0. The coefficient is called the 
viscosity of the fluid, and its quotient by the density, v, is called by 
Maxwell the kinematical coefficient of viscosity. 

The equations 233) are too complicated to be used in all their 
generality. We shall here consider only the case of incompressible 
fluids, for which the terms in 6 vanish. If we form the equation 
of activity as in § 188, we obtain beside the terms in the first integral 
of 29) the additional terms 



+ w^w)dr, 


which by Green’s theorem may be converted into 



^im 


du 

dx 


)’+ (l^)V (l^)V 


dvV 

Txl 


+ • 


dt. 


If the integration be extended to a region where the liquid is at 
rest, say the surface of a containing solid, where the liquid does not 
slip, the surface integrals vanish, and the volume integrals give a 
positive addition. That is to say, the applied forces have to do an 
amount of work over and above that going into kinetic and potential 
energy, and this work is dissipated into heat. If there are no applied 
forces, the energy of the fluid is dissipated, and it will eventually 
come to rest. 

In order to find simple solutions of our equations, we may deal 
either with steady motion, or with motions so slow that we may 
neglect the terms of the second order in w, v, w and their derivatives. 
Let us first consider steady motion. The simplest case is uniplanar 
flow parallel to a single direction, or as we may call it, laminar flow. 
If we take 

234) 0 = 

^ on cz 


the equation of continuity gives 
235) = 0. 

0 X 


If there are no applied forces, equations 233) reduce to 


236) 


d*u dp 


dp 

Jy 


= 0 . 


Since u depends only on y and p only on x, this equation cannot 
hold unless each side is constant. Accordingly 


237) 


dp 


w =* c + + 


2 



p^ d + aXf 
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where a, b, c, d are constants. If we determine them so that the 
velocity vanishes for planes at a distance ± h from the X-axis, we have 


238) 


a? 




The amount of liquid that flows through such a laminar tube per 
unit of breadth parallel to the ^-axis is accordingly 


239) 


h 


and for a length of tube I the difference of pressures at the ends is 
240) 


■Pi=al, Q-yJ I ’ 


so that the flow is proportional to the difference of pressures at the 
ends and inversely to the viscosity. 

For the practical determination of viscosity, we may take -the 
almost equally simple case of cylindrical flow, where the velocity has 
everywhere the same direction, and depends upon the distance r from 
the axis of a circular tube, at the surface of which it is at rest. 

If we put u = V 0 we have the equations of motion and of 
continuity 

241) = 

and since w depends only on r the first becomes 


= 0 
dz ^0 


242) 


{ d^w , 1 dw ] dp 
dr* "F dz I ds 


where a is a constant as before. This equation is integrated as in 

§ 182, 58'), 


284) 


iv = + blogr + c. 


Since B is finite when r = 0 we must have 6 = 0 and if w vanishes 
for r we obtain 


244) 

For the fiow we find 




245) 


J 


2jtwrdr = 


8(1 


(Pt -JJg) 

8 I 


This method was invented by Poiseuille^) for the measurement of 


1) Poiseuille, jRecherches experimentales sur le nvouvement des liqwides dans 
les tubes de trhs petits diametres. Comptes Reudus, 1840 — 41 ; Mdm. des Savants 
Strangers, t. 9, 1846. 
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the viscosity of fluids. His verification of the proportionality of the 
flow to the fourth power of the radius of the tube has been taken 
as a proof that the liquid does not slide when in contact with a solid. 

As another example of steady flow let us cosider uniplanar 
cylindrical flow, in which each particle moves in a circle with velocity 
depending only on the distance from the axis, as in the case of the 
lubricant between a journal and its bearing. Each cylindrical stratum 
then revolves like a rigid body, which requires 

246) u = — (opy V == G)X, 

where (o depends only on r We then find 


247) 


du 

dx 

dv 


xy dco 


du 


dco 


^ == — 03 

oy r dr 


, dco 

= 03 + ~r— > 

Ox r dr 


r dr 

dv xy dco 

dy r dr 

and, most easily by the application of equation 86), § 141, and by 
the expression of z/o3 in terms of r, 

dco 

dr^ 
dco 


248) 


. {d^co , 1 dco\ ^ y 

. Id^co , 1 dco\ , {V X 

+1^ ¥;•) + 

Thus the first two of equations 233) become 

r) Q 

vx(^ 


(D^X 


249) 


(D^y 


\dr 


+ 


r dr 
8 dco 
r dr 


)-7 


dr 

X dp 
jr dr ^ 

y_ 

Q r dr 


Multiplying the first by y, the second by x and subtracting, 

CkSLCW CO . % d CO 

250) d7«- + 7d-r = 0. 
a differential equation whose solution is 

251) a. = “ + 1. 

Determining the constants so that <o = 0 for r = JRj and a ^ Si, for 

262)’ „ = 

Multiplying equations 2*^9) by x and y respectively, and adding, we 
have to determine 

253) 9 = If- 

For the stresses we obtain, using equations 230), 


= (- 1 > - 2 /t ^ cos (wflj) + If) cos {ny), 
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254) (I ^“) cos (m «) + (- ^) + 2 ^ cos {ny), 

Zn^ — p COS (nz) = 0. 

This shows that there is a normal pressure jp, together with a tangential 
stress which we obtain by resolving along the tangent; 

255) T = Yn cos {nx) — X„ cos {n y) 

= I r~ — cos^ny) + co8(nx) cos{ny) | 

and since cos (nx) = ^ ? cos (ny) 

256) 




The moment of the tangential stress on the cylinder of radius r and 
unit length, is accordingly 


257) 


27crT’rr= 




We may accordingly use this method to determine the viscosity, as 
is in fact done in apparatus for the testing of lubricants. We see 
that if the linear dimensions are multiplied in a certain ratio, the 
moment is increased in the square of that ratio. We also see that 
the moment of the force required to twist the cylinder is independent 
of the pressure jp, which contains an arbitrary constant, not given 
by the equation 253), but depending oii the hydrostatic pressure 
applied at the ends. 

Let us now consider some simple cases where the flow is not 
steady, limiting ourselves to the case of small velocities, so that the 
terms in 233) involving the first space derivatives, being of the second 
order, are negligible. Let us once more consider laminar flow, defined 
by equations 234), 235). Let us also put p = const. Instead of 236) 
'we now have for the first of equations 23 3\ 

du d'^u 

dt ^ dy^ 

This equation is the same as that which represents the conduction 
of heat in one direction. Let us first consider a solution periodic in 
the time, such as may be realized physically by the harmonic small 
oscillation in its own plane of a material lamina constituting the 
plane y 0, along which the liquid does not slip. We may take as 
a particular solution 

which inserted in 258) gives 

n — vm^. 
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If this is to be periodic in n must be pure imaginary, say 
n *=» ip. 

Then we have 


m 


and 


y?-±o+oi/?,. 


of which complex quantity both the real and the imaginary parts must 
separately satisfy the equation 258), when multiplied by arbitrary 
constants. Let us accordingly take 


250) 




This represents a wave of frequency ~ and wave-length 

' P 

travelling with velocity Y^py which as we see varies as the square 
root of the frequency. Unlike our waves in perfect fluids however 
it falls off in amplitude, being rapidly damped as we go into the 

fluid, being reduced in the ratio ®ach wave-length. 

Thus such motions are propagated but a short distance into a fluid. 
In a similar manner the absorption of light by non-transparent media 
is explained, the ether there having the properties of a viscous solid. 

If we treat the equations 233) in the same way as we did 27) 
in obtaining equation 57), § 191, we obtain instead the following, 


260) 


d 

dt 

A 

dt 

L 

dt 


(:)•= 

(v) = 

(D- 


g di 


dx 

dv 

dx 


+ 




^du 

dy 

dv 

dy 


+ 


+ 


I dw . 7j dw , 
Q dx Q ^ y 


At 


Under the circumstances of slow motions these also reduce to 




261) 


d7\ 

dt 




dt ~ 


Thus we see that the three components of the vorticity are propagated 
independently, each according to the equation for the conduction of 
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heat. The example jast treated is au example of this, for we find 
at once 

262) S---II 5 . 

and the vorticity is propagated like the velocity. 

As a final example, let us consider a case of laminar motion in 
which as a function of has a discontinuitj, this having an 

important application to the theory of thin plane jets and flames, 
including sensitive flames.^) We will suppose that at the time = 0 
for < 0 has a certain constant value, and that for y > 0 it has 
a diflferent constant value. It is easy to see that this is equivalent 
io supposing that there is no vorticity except in an infinitely thin 
lamina at 2 / =* 0. For we have 

263) f = 

— e 

where is the velocity on one side % that an the other of the 
layer of thickness 2 s. Now if the thickness decrease without limit, 
while g increases without limit, the integral may still be finite, as 
we shall suppose. 

We have then to find two solutions u and g of equation 258), 

so related that g = — ^ Let us put s and try to find a 

particular solution that is a function of s alone. We have. 

du ds 1 du y 

ds 2 ds 

du ds du 1 

us dy ““ ~ds 

1 d^u ds 1 d^u 

yl~ ds^ % t ds^^ 

so that our equation becomes the ordinary differential equation, 

1 du d^u 

2 ^ ds ^ ds^^ 

or 


1) Rayleigh, On the Stability, or Instability, of certain Fluid Motions 
Proc. London Math. Soc., xi., pp. 57 — 70 , 1880 . Scientific Papers, Vol I, p. 474. 
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du 

dt 

du 
dy ' 

d^u 
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267) log^ + const., = ce « == cj^e 

The last indicated quadrature cannot be effected except by development 
of the integrand in series, but if we take for the lower limit the 
value zero, we may express u in terms of the so-called error-function, 
occurring in the theory of probability, 


268) 


X 



0 


d cc» 


Tables of the values of Erf{x) have been calculated, and are found 
in treatises on probability. (Lord Kelvin reprints one such on p. 434 
of Vol. 3 of his collected papers.) Since the integrand is an even 
function of Xy it is evident that Erf{x^ is an odd function of its 
upper limit x. It may be easily shown that the definite integral 

between zero and infinity has the value so that putting x^=^ 
and adding a constant, we have 


269) 



+ 




2y/it 

J 


This determination of the constants makes, for all positive values 
of y and for = 0, (the upper 

limit being + oo), and for all negative 
values u ^ u^y thus giving the dis- 
continuity required at y = 0. For all 
other values of t however, no matter 
how small, the values from the negative 
side run smoothly into those on the 
positive, showing how the discontinuity 
is instantly lost. This is shown in Fig, 171, in which successive 

curves show values of u at times equal to 1, 2, 3, 4, 5, 6 times — • 
Differentiating by the limit, we find 

1 

2 dy ’ 


u 



270 ) 
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which is iafittite when t »» 0, ^ = (), as we supposed, but which 

immediately drops to a finite value, and, no matter what the value 
of y, immediately acquires values different from zero. Thus the 



vorticity, originally confined within the infinitely thin sheet of dis- 
continuity, is instantaneously distributed throughout the liquid, as 

shown in Fig. 172, for the times 1 1, 4 times -'• Thus'-” 

^ o 4 z ' ^ 

see how discontinuities of the sort shown in Pig. 166 are impossible 
in nature, being replaced by the formation of eddies. 


NOTES. 


NOTE I. 


DIFFERENTIAL EQUATIONS. 


The differential equations of mechanics are of the type known as 
ordinary^ as opposed to partial^ that is they involve a number of functions 
of a single variable, the time, and the derivatives of the functions with 
respect to that variable. Suppose for simplicity that we have three func- 
tions 07, z of the variable if, and that instead of being given explicitly, 
they are defined by the equations 

1) (^1 2/> 0 = 0) 0 = 0, -p’s (^> y> 0 = o. 

If we now differentiate these equations, bearing in mind that a:, are 
dependent on we obtain 

dx dt dy dt^ dz dt ' dt 

. ^ ^ di\ 

^ Ox dt ^ dy dt ' dz dt ' dt 

dF. dx , dF. dy , dF. dz , dF. 

Tt + dy Tt + Xs ^ + dT 


= 0 , 
= 0 , 
= 0 . 


Suppose now that the functions F contained, besides the variables indi- 
cated, certain constants, q, Cg . . . Each time that we obtain an equation 
by differentiation , we may utilize it in order to eliminate from the 
equations l) one of the constants c. Thus we obtain (since the partial 
derivative are given functions of ic, y, z^ f), instead of the equations 1), 
the following. 


3) G^{x,y, 


, dx 


dt' 




which, since they contain the derivatives differential equa- 

tions, of which equations l) are said to be integrals. 

If we again differentiate equations 2), we obtain ’ 


4 ) 


Mi 

d X 'dt* 


-L 

' dx*\dt) 


* „ dxdy dxdy _ _ 

+ ^wf: Ttli^--'^^^' 
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which we may again use to eliminate constants c from 3), so that 
instead of 1) or 3) we now have the system 


/ d*z\ ^ 

6 ) 

-Hs (*, 2^. 7 f) = 


These differential equations, since the order of the derivatives of the 
highest order contained in them is the second, are said to be of the 
second order. In like manner we may continue, and successively eliminate 
all the constants obtaining differential equations of successively 

higher orders. Eeversing the process, each set of a given order is said 
to be the integral of the set of order next higher. 

Any of the sets of differential equations represents the functions 
but with the following distinction. If the equations l) contain 
constants, to which different values may be assigned, 




{^1 Vi Cg . • . c,,) = 0, 


for every set of values that may be assigned to the constants, a different 
set of functions is represented, so that we have an infinity of different 
functions, the order of the infinity being the number of constants contained 
in the equations. Now the differential equations obtained by eliminating 
the arbitrary constants represent all the functions obtained by giving the 
constants any set of values whatever. Thus the information contained 
in the differential equations is in a sense more general than that contained 
in the equations 6), in which we give the constants any particular values. 

If we reverse the process which we have here followed to form the 
differential equations, we see that every time that we succeed, by inte- 
gration, in making derivatives of a certain order disappear, we introduce 
at the same time a number of arbitrary constants equal to the number 
of derivatives which disappear. Thus the integral equations of a set of 
differential equations of any order will contain a number of arbitrary 
constants equal to the order of the differential equations multiplied by 
the number of dependent variables. As an example consider the very 
simple case of equations 38), § 13. 


38) 




d'^z 

dt^ 


-0. 


Integrating these we obtain 


39) x^c^t + di, ?/ « ^2^^+ z^Csf + ds, 


containing the six arbitrary constants Cj, Cg, Cg, dg, dg. The meaning 
of these integral equations is that the point z describes a straight 
line with a constant velocity. But the differential equations 38) represent 



I. DIFFERENTIAL EQtJATIONS. 


561 


the motion of a point describing any line in space with any velocity. 
Now there are a four -fold infinity of lines in space, and a single 
infinity of velocities. We therefore see the very general nature of the 
information contained in the differential equations. So in the example 
of § 13 the statement that all the planets experience an acceleration 
toward the sun which is proportional to the inverse square of the 
distance expresses a very general and simple truth, in the form of a set 
of differential equations, while the integral states that the planets describe 
some conic section in some plane through the sun,' in some periodic 
time, all the particulars of which statement are arbitrary. 

The characteristic property of the differential equations of mechanics, 
for the phenomena furnished us by Nature, is apparently that they are 
of the second order. This, although leaving possibilities of great generality, 
suffices to limit natural phenomena to a certain class, in contrast to 
what would be conceivable. For the consequences of the removal of 
this limitation, the student is refered to the very interesting work by 
Konigsberger, Die Frincipien der Mechanih. 

In order to determine the particular values of the arbitrary constants 
applicaple to any particular problem, some data must be given in addition 
to the differential equations. It is customary to furnish these by stating 
for a particular instant of time, the values of the coordinates of each 
point of the system, and of their first time -derivatives, which amounts 
to specifying for each point its position and its vector velocity for the 
particular instant in question. This furnishes six data for each independent 
point, which is just sufficient to determine the constants. Thus if we 
are dealing with a system of n points free to move in any manner, 
under the action of any forces, the statement of the problem will consist 
in the giving of the differential equations 


•^1 Vv Vt') 

^2 (^1 J 

Fa„(x^, 




dx 

d?’ • • • '3? 


dt*' • * • dt^J' 



dt^)' 


together with the so-called initial conditions, that for t = 


2/i = • 


dx^ 

dt 




dt 








From these it is required to find the integrals 

=* /i(0» “ /2(0> ® 

Cases involving the motion of points whose freedom of motion is limited 
are dealt with in subsequent chapters. 
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NOTE IL 

ALGEBRA OF INDETERMINATE MULTIPLIERS. 

On page 61 we havje an example of the use- of indeterminate 
multipliers in elimination. It maj be somewhat more clear if we examine 
in just what the jjrocess involved consists. Equation 12) is a linear 
equation involving the 3w quantities diCj, . . . each multiplied by a 

coefficient which is independent of the d's. Besides this equation the 
quantities d satisfy the equation 14), which are of the same form, that 
is, linear in all the d's, with coefficients independent of them. Aside 
from this the d^s may have any values whatever. It is for the purposes 
of this discussion quite immaterial that the d^s are small quantities, we 
are concerned simply with a question of elimination. Let us accordingly 
represent them by the letters X 2 , . . . x^, between which we havn the 
linear equation 

1) -^1^1 + ^2^2 + * • • + AmXrn = 0. 

The x^s are however not independent, but must in addition satisfy the 
equations 

^ 

. Rgj Xj "4“ • • • f 0, 



• * • + = 0. 

The number of these equations, is less than nt^ the number of the .r^s. 
The question is now, what relations are involved among the and R’s 
when the .r’s have any values whatever compatible with the equations 2). 

We may evidently proceed as follows. Transposing m — Tc terms 
in 2), say the last, we may solve the equations for the quantities 
Xj, Xg . . . Xa, as linear functions of the remaining Xjc + i, . . . Xm- These 
m -- k quantities are now perfectly arbitrary. Inserting the values of 
Xj . . . X;fc in equation 1 ), this becomes linear in the m — h quantities 
x^-j-i, . . . which being purely arbitrary, in order for equation 1) to 
hold for all values of the x’s, the coefficient of each must vanish, giving 
us the required m — 7c relations between the A's and R^s, 

Instead of proceeding in the manner described, the method of 
Lagrange is to multiply the equations 2) respectively by multipliers 
A-i, • • • ^*5 to which any convenient value may be given, and then 
to add them to equation 1). We thus obtain 


+ (-^2 + ^ l*®12 ^ 2-^22 * • * + ^*^^^ 2)^2 

+ (A,n + Ii^lm 4* ‘ * + kkBkn^Xjn 0. 
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In this equation the oifs are not all arbitrary, but as before h may be 
determined as linear functions of the remainder, say ... Xk in terms 
of ... Xfnj which are arbitrary. But the multipliers k are as yet 

arbitrary. Let us determine them so that they satisfy the equations 

Aj + -I- ^2^21 * • * + kkBkx =5 0, 

Ag + ^1^12 + ^2-^22 * * • + kkBie2 * 0, 

Ak "h kj^Bik “b * * • H- kkBkk = 0, 

which are just sufficient to determine them. We thus have 

{Ak-\-\ + *4-1 -f * * * + kkBk^k-{-i^^k-^\ 



“f" “f" Aj B^ . . . _|_ =: 0, 

in which the x^^ are all arbitrary, so that the m -- Jc coefficients must 
vanish, giving the m — Jc equations. 

Ajt^i + Aj 1 + • • • -f kkBk.jc^t = 0 

6) ‘ 

Am + A^i^l,n + • • • + kkBkm = 0. 

Inserting in these the values of the A^s already found, we have the 
m — h required relations between the A^s and B^s' Obviously the result 
of the elimination may be expressed in the form obtained by writing 
equal to zero each of the determinants of order A; 4- 1 obtained from the 
array of A^s and J5^s in equations 4) and 6) by omitting m — h — 1 
rows, only m — k of the determinants thus obtained being independent. 


NOTE III. 

QUADRATIC DIFFERENTIAL FORMS. GENERALIZED VECTORS. 

The method of transforming the equations of motion used in § 37 
and the application of hyperspace there occurring render a somewhat 
more detailed treatment of the question desirable. In order to elucidate 
matters, we will begin with the very simple case of a space which is 
included in ordinary space, namely the space of two dimensions forming 
the surface characterized by^ two coordinates r/j, on page 110. 

We have seen that this space is completely characterized by the expression 
for the arc as the quadratic differential form] 

1) 2Fd(j^dq^+adq^\ 

A point lying on this surface may be displaced in any manner, in or 
out of the surface. If it is displaced in the surface, its displacements is 
a vector belonging to the two-dimensional space considered. We will 

^ 6 * 
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call the changes dq^ the coordinates of the displacement. We have 
found that when the displacement is made so as to change only one of the 
coordinates of the point q-^ or q^^ the arcs are respectively ds^ ^^Edg^^ 
ds^^Y ^ angle included by them is given by 


cos'd- 




If now we have any displacement ds^ whose coordinates are dq^, dg^^ 
and project it orthogonally upon the directions of ds^, ds^^ wo easily see 
(Fig* 26) that the projections do^, da^ are 


2) 


de, = ds, + ds, cos = VFdq, + 

dSs = dSj + ds^ cos & = yad(Js + ^ F dg^ j^dg,, 


We shall now, following Hertz, introduce the reduced component of the 
displacement along either coordinate -line, defined as the orthogoneal pro- 
jection divided by the rate of change of the coordinate with respect to 
the distance traveled in its own direction. These reduced components 
we shall denote by a bar, so that 

ds^ 

== = Fdq, + Gdq„ 

ds^ 

The fundamental property of these reduced components is found in the 
equation giving the magnitude of the displacement 

4) ds^ == dg^ dq^ + dq^ d%, 


that is the square of an infinitesimal displacement is the sum of products 
of each coordinate of the displacement multiplied by the respective 
reduced component. 

In like manner the geometric product of two different displacements 
ds^ ds\ whose coordinates are dg^^ dq^, dq^\ dq^ is found to be 


ds ds^ cos {ds^ ds^) = dx dx^ -f- dy dy^ + dz dz' 



Wi 


=■ Edq^dq^’ + F(dgidq3'+ dq^dq^) + Gdq^dqJ 
= dr/j d~j^' + dq^ dq^ = dq^dq^ + dg^dq^. 


5 ) 
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The geometric product of two displacements is equal to the sum of 
products of the coordinates of either vector by the reduced components 
of the other. Thus the geometric product is defined by means of the 
quadratic differential form l) defining the space in question. 

Solving the equations 3) for dq^^ we obtain 

+ Jindq, 

from which we obtain 

7) ds* = + 27 Ji2<?2, dq^ + B^^dq^\ 

The expression 7) is called the reciprocal form to 1). Corresponding to 
it we obtain the form of the geometric product 

8 ) dsds^ oo^(ds^ds^) == B^^d^dq^' + B^^idq^dq^ dq^diq-^) + B^^dq^dq^ • 

We may now define any vector belonging to the space considered, 
as one whose components have the same properties as those possessed 
by those of an infinitesimal displacement. Suppose that X, Y, Z are the 
rectangular components of a vector jR, it does not belong to the space 1) 
unless it is tangent to the surface in question. If so, we have a displace- 
ment such that 

9) ^ ^ Z A A _ A A. 

' ds dx dy dz dq^ dq^ s 

Then Q 2 are the coordinates of the vector in the system q^, q^^ and 
the magnitude of the vector is given by the equations 


10) 


where 

11) 


J?* = X* + r* + ^* = 

= + 2Fdq^dq, + Gdq^^) 

^EQ^^+2FQ,E, + aQ^^ 

^ "QiQx ^2^2 7 
§1 = BJQi + EQ 2 
Q2 == FQ, + aQ2 


are its reduced components belonging to its coordinates The 

geometric product of two vectors i2, B^ is 

12) QiQi + Q2Q2 “ Qi Qi “H Q2 Qs‘ 


If now one of the vectors is finite, the other an infinitesimal displacement, 
we have the geometric product 


Bdscos(Bfds) =» Xdx + Fdy + Zdjsi «» Qidq^ + Q^dqg 
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Ttus the reduced components are given by the definition which 

we have adopted on page 116, equation 42). 

Having now illustrated the subject by a space of two dimensions 
we can easily extend our notions to space of any number of dimensions 
w, defined by the form 

r = m r = m 

14) Qrt^Qr^Qif* 

r = l r=l 

For any one of the coordinate directions we have 
16) dSr^^Qrrdqr^ 

and for the geometric product of two displacements, 

16) dsds^ cos {dSy ds') = ^ Qr.dgrdqJ. 

If one is in the direction dSr^ all dq^s being 0 except dq^^ 

17) dsdSr(iOB(dSj dSr) ^ Qr»dqrd(l,j 

and dividing by ds^ we obtain the orthogonal projection of ds on dSr 

rr^^r 

from which we obtain by the definition of the reduced component 


19) 

d^r 

dqr == Qr,dq,. 


d7^ 

We have 

as before 

20) 

ds^-^^'-dgrdqr, 

21) 

dsd^ cos (ds, ds') »«° dqrdq,, 


and if the solution of 19) is 

22) d 5,- 

we have the reciprocal form 

23) ^ ^•Rrtdqrdq,. 

Again we may define a -vector belonging to the hyperspace considered, 
and now the rectangular components may be of any number, the limitation 
of the vector to the space in question reducing the number of generalized 


18) 


dCf”^ ds cos (dSj dSr) *«|- 
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components to accord with the number of dimensions of the hyperspace. 
The geometric product of the vector with an infinitesimal displacement 
defines the generalized coordinates of the vector, so that 


r^n 

^^(XrdXr + Yrd^r"}- ZrdZf) 









and we find that the reduced component of the vector is what is defined 
by the formula 42) of page 116). 

In our application to mechanics the differential form in question is 
2Tdf^ where T is the kinetic energy of the system. It is immaterial 
wheter we speak of vectors in a hyperspace, as we have here done, or, 
as Hertz does, speak of vectors with respect to our mechanical system. 
The meaning in either case is plain. On dividing the above formulae 
by dt'^, we find that the generalized velocities and momenta have the 
relation to each other of coordinates and reduced components of the same 
vector in the hyperspuce. The two reciprocal forms 14) and 23) have 
the relation of the Lagrangian and Hamiltonian forms of the kinetic 
energy. The equations of motion of the system say that, no matter 
how the forces are applied, or how parts of them are equilibrated by 
the constraints, the reduced components of the applied and the effective 
forces are equal for every coordinate. 


NOTE lY. 

AXES OF CENTRAL QUADEIC. 

The principal axes of a central quadric surface, 

1 ) F{x^ z) ~ Ax^ + By^ + Gz^ + 2Dyz + 2Ezx + 2Fxy = 1 , 

are defined as the radii vectores in the directions for which the radius 
vector is a maximum or minimum. If we put 

- ic = ra, ^ r/?, z^ ry, 

we have 

2) It “ ft y)y 

and the maxima and minima of r occurring for the same directions as 
the minima and maxima of 1/r^, are obtained by finding the maxima and 
minima of JP(a, y) subject to the condition 

3) j5, y) EE a* + ^* + y* — 1 0. 
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If we multiply this equation by an arbritrary constant — I and add it to 
jP(a, (3, y), we obtain the condition by writing the derivatives of F — 
equal to zero. Thus we obtain 


4) 


dF 

da 


0 , 


||’-2A|S = 0, 
|l’-2iy=0. 


Now the direction cosines of the normal to the quadric at a point x, Q 
are proportional to 

dF d_F d_F^ 
dx^ dy^ dz 


At points where the normal is in the direction of the radius vector we 
have 

dF d_F dF 

dx __ dy dz 

X y z 

But 


dF{x, y^z) 
dx 

X 


dF(a, §,_y) 

da , 

etc., 


so that the equations 4) show that at the ends of the principal axes the 
tangent plane is perpendicular to the radius vector. 

Effecting the differentiations the equations 4) become 

{A — V)a + Fp + Fy =0, 

5) Fa By 0, 

Ea + B§ +((7— %=-0. 


Tlie condition that these equations, linear in a, /3, y, shall be compatible 
for values of a, /3, y, other than zero is that the determinant of the 
coefficients shall vanish. 


6) 


A — k, 


E 

F , 

B — k, 

D 

^ , 

-D , 

C- 


This is a cubic in k, which being expanded is 


fix) ha{A — k){B — 1){C -k) — J)*iA -k)- E^{B - k) 

— f »(C — i) + iJDEF =. 0. 



IV. AXES OF CENTRAL QUADRIC. 


569 


We shall show that this always has three real roots. Put 

A. — A, ti “1“ 

8 ) B — I 'V Ty 

(7 — I « ie; + 

where </, r, s are to be determined later. Then 

(u + fi)(p + r)(w + s) — J)^(u + (/) — E^{v + r) 
+ F*(w + s) + 2DEF = 0 
or arranged according to powers of w, v, w, 

uvw 4“ 4- f‘wu 4- SUV 

9) 4- — 2)2) 4- ^(sg — E^) + w(qr — F^) 

4- qrs + 2DEF - B^q — F?r — Fh = 0. 


Let us now determine </, r, s, so as to make the terms of first ordei m 
u, V, w vanish. 

rs = B\ sq = E^y qr == F\ 


from which by multiplication and division 


EF 
' D ’ 


FB 

~W^ 

BE 


BE 

F ‘ 


EF FB 

uvw 4“ vw + wu 4* == 0. 


10) qrs = BEF, 

Thus there remains 

11) 

Now from 

u A — A — = — EFjB — A = a — A, 

12) v=^B — l--r ==B- FB/E - A « b - A, 

C -I - s = C - BE/F = c -k, 

if we write 

A - EF/B = a, B — FBlE]^=^ (7 - BEjF =- c. 

Also since from 10) g, r, s are all of the same sign, let us call them 
i w?y n\ so that we have from 11) 

/•(A) = (a - k)(h A)(c ~ A) ± [?(& ~ A)(c — A) 

+ m2(c — A)(a — A) + n^{a — A)(h — A)]. 


Substituting for A in turn the values — cx), c, &, a, + cx), we obtain 

/•(— (X>) = oo, 

f(e) = ± M®(o — c) (6 — c) 

/•(b) ■ = j.w»(c — 6)(a-&) 

/^(a) - ± i:*(6 — a)(c — a) 

/•(oo) = — oo. • 


14 ) 
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Let us suppose a > c, and take the upper sign in 14). Then for 
X = — cx) /(I) is + 
c -f 

b — 

a + 

oo — 

and the function /*(!) behaves as shown in Fig. 13. As there are three 
changes of sign, there are three real roots. It is to he noticed that the 
reality of all the roots depends on r, s being of the same sign. Let 
us call the roots li, Igi Either one of these being inserted in the 
equations 5), the equations become compatible, and suffice to determine 
the ratios of the direction cosines. There are therefore always three 
principal axes to a central quadric surface. If we call the cosines 
belonging to the roots Wj, yi, those belonging /Sg? Tn 

equations 6) become 

= A(x^ + 

= IJccj + 4 - 

^2^2 =* “I” ^^2 “I" ^72f 

^272 = ^^2 + ^^2 + ^721 

Multiplying the first three respectively by agi l^ 2 » 72 adding 

. + yi7i) =■ + -Bft |3* + 

^ + I>(^s7i + ftys) + + yittg) + -FCftaft + a,^g). 

If we multiply the second three equations respectively by aj, (9^, and 
add we obtain for 

^2(«i«2 + ft^j + yiyg) 

the same expression. Accordingly we have 

17) (li — Ig) (ciag 4- /Si/?g + yiyg) = 0. 

so that if the roots unequal the corresponding axes are 

perpendicular. In like manner if the determinantal cubic has three unequal 
roots, the quadric has three mutually perpendicular principal axes. 

If two roots are equal the position of the corresponding axes becomes 
indeterminate, and it may be shown that all radii perpendicular to the 
direction given by the third root are principal axes of the same length. 
The surface is then one of revolution about the determinate axis. If all 
three roots are equal, the surface is a sphere, and any axis is a 
principal axis. 
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We will now transform the equation of the quadric 1) to a new sel 
of axes coinciding in direction with its principal axes. Let the new 
coordinates be x\ y\ and let the direction cosines of the angles made 
by the new with the old axes be given in the table below. 



X 

y 

Z 

x' 


h 

7i 

y' 



72 

z’ 

«8 


73 


The equations of transformation ot coordinates are then 



x' 

== OfjiT 

+ 

1*12/ 

+ 

18) 

y' 

cc^x 

+ 

1*8^ 

+ 7i^i 


z' 

= 

+ 

1*82/ 

+ 7i^i 


X 

= Uj^x' 

+ 

“22/' 

+ «s2'< 

19) 

y 


+ 

P^y' 

+ 


z 


+ 

7%y' 

+ 7s^'- 


Now using equations 19), we obtain 

A.X Fy Fz — -f- F^.^ -f- Fy^ 

+ y\Aa2 + F^2 + 

+ F§2+ ^ys)y 

which in virtue of equations 15) is equal to 

In like manner 

Fx By + Bz ^ 

Fx + By + Cz ^ Xiy^x' + 12^22^' + X^y^z'. 

Multiplying respectively by x, y, z hnd adding, we obtain 
Ax^+ By^ + Cz^+ 2Byz + 2Fzx + ^Fxy 
«= k^x^(a^x + p^y + yj^z) + X^y^cc^x + + rs^) 

= liX^^+ X^y^^-j- X^z'^ 

Consequently the equation of the quadric referred to its principal axes is 

20 ) 

and the three roots of the cubic are equal to the squares of the reciprocals 
of the lengths of the semi- axes. Accordingly in order to find the equation 
referred to the axes it is not necessary to solve the linear equations 6), 
but only to solve the cubic 6). 



572 


NOTES. 


NOTE V. 

TRANSFORMATION OF QUADRATIC FORMS. 

The last two notes have dealt with quadratic forms, and in Note IV 
we have by a linear transformation of the variables 19) transformed 
the form F into a form 20) in which no product terms appear, and we 
find that the coefficients of the squares are the roots of the determinant 6) 
In this note we shall consider similar transformations of forms of any 
number of variables, and shall incidentally obtain a proof of the reality 
of the roots of Lagrange^s determinant, 65), page 159, for the case of 
no dissipation. 

We shall require a number of elementary properties of both linear 
and quadratic forms, which we shall now set forth. Suppose we have n 
linear forms 

= ^ 11^1 ^ 12^2 “ 4 “ * ‘ 

^2 ^21 ^22 j 

1) 


<3^712^2"^ • • • -f* dfin^n^ 
and let us call B the determinant 




^11? 

^12, . . 

• Clin 

2 ) 

Jt == 

«21) 

%2> • • 

* ^2n 



1» 

^w2) • • 

• d/nn 


If we multiply the column of B by x*, and then add to this column 
the first, second, etc., multiplied respectively by OTg, . . ., we obtains. 




an, . 




... 0/1 n 

3) 

II 


• • a'S,k—u 



. . . 0/%n 



^nl> • 

. . a„^;fe__i. 



. • . 0/^n 


If now the determinant B is zero, the determinant on the right vanishes, 
expanding which we obtain 

4) c^u^ + c,u^-\ l-c„w„=0, ^ 

where the c^s are the minors of the elements of the column of B. 
Thus if the determinant of the forms vanishes, the forms are not independent, 
but satisfy indentically the linear relation 4). 

Consider now the quadratic form 

5) /•(oJi, . . . X„)=^ ^Or.XrX,, 

r=*l 
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for which ar,’=’ a,r, and 

6 ) 


« = 1 
r=n 


7) 


f=^ ^fr'Xr=^UrXr. 


If 2/i» 3/2> • • • 8.^® another set of variables, and we put for each Xr 

the value Xr + If/r we have 


r=iff 9—n 


/(^l + • • • ^n+ = 


r=l #=1 
r=« «— n 


r=n a~n 


8 ) - 22 ’ amXrX^ + 8^22 «r.a:r*/. + *■22 (^rtVry^ 

r—1 9 = 1 


r=l « = 1 


r=l s=l 


= . . . «•„) + fr(x)2/r+ . • • y«). 

r = 1 

If now JR, the determinant of the form f vanishes, we have a relation 

r=n 

9) C^U^+ h C„U„=^'^Crtr {Xi, . . . X„) = 0 


r=l 


for all values of x^, . , . x„. 

Let us now put for the t/^s of equation 8) the values of c of 
equation 9). We then have bj 7) and 9) 


f(^V * • • — 2 (^1’ * • • 

r—1 

SO that becomes 

f(Xl ”b • • • Xn'f" ~ fip^li • * • ^«) 

\ r = n 

"f* ^ (Xii • • • Xff) = . . . Xn). 


r=l 


We thus find that in this case f is independent of I and of «/i, • • . Vn^ 

Accordingly if c„ is not zero, let us put ^ > so that we obtain 

for all values of , Xn^ 

m ^ 

1 1) • • • Xn) — f(Xi “”■ 


^ 






0 ). 


Thus we obtain the theorem: every quadratic form in n variables 
whose determinant vanishes, may be expressed as a quadratic form of 
less than n other variables which are linear combinations of the original 
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variables. Such forms are called singular^ as opposed to ordinary formS) 
whose determinant does not vanish. As an example the form 

®8* — V+ 

whose determinant 

110 
110 
0 0—1 

vanishes, may be wiitten 

{Xi + + Xg) (»! + a:^ — a;,). 

If / is an ordinary form and Urr is not zero, we may write 

12) / = «„a:,*+ 2a:ri> + g, 

where p is a linear form containing all the other variables except Xr 
and g is a quadratic form in the same variables. Completing the square 
we may then write 

1 3) = {UrrXr + !>)* + Wrr 3 — P‘‘- 

If on the other hand every coefficient of a square a^r is zero, we may write 

14) 2arsOCrO[^s+ 

where p, q are linear, r a quadratic form not containing either Xr or x^,, 
we may then write 

2arJ='4(ar,x^+ g)(ar.a:.+ p) + 2a^,r - 4pg 
^ = {ar,ixr-\-x',)-^p-^qf—{ar,{Xr — x^—p-\-(jf-\-2arjr—4pq. 

In the former case we have exhibited f as the sum of a square hnd a 
form in n — 1 variables, in the latter as two terms in squares and a 
form in n — 2 variables. In either case the remaining form may be 
treated in a similar manner, and so on, so that the form is eventually 
reduced to a sum of terms in squares. If the coefficients A of all the 
squares in 

16 / = ^1^1^ + ^2^2^ AnVr^^ 

when the p's are linear forms in have the same sign, the 

form is said to bo definite^ for it can not change sign however the values 
of the variables be altered. If the coefficients A are not all of the same 
sign the form is indefinite. 

If we transform the linear forms 1) by means of the linear sub- 
stitution 

~ ^nVx + ^122^2 H + ^in^ni 

17) Xg = 4- |3s 8% ^ h 


==■ PniPi + H hPnnPn, 
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we, obtain linear forms in the new variables 2 ^ 1 , .. . so that if we write 

% ^ + ^12 ^^2 "^ . . . -f Cmyn; 

- qn %= ^ H 


— ^nlVx ”4” ^n^y% -f" * * * "4~ Ojinyn^ 

we find by carrying out the transformation, 


t — n 

Cl r 


But this is, according to the rule for multiplication of two determinants 
the condition that the determinant of the forms u in 


^*11 > • • 

• . Cin 


^ 11 , • 



- • Cfin 


- 

• . a nn 1 



• |Sl« 


. . pn» 


is the product of the determinant of the forms in x by the determinant 
of the substitution 17). 

The determinant in which the element in the row and 5 *^ column 
du^ 

is a derivative ^ ^ is called the Jacobian of the functions . Un with 


In this notation 20) becomes 
21 

7/\*“ 


• • 

and is 

often denoted by 

9(«i, • 




a(x., . 

• ■*«) 



d{u„ . 

• • w») 


■ ■ §ln 

d (x„ . 


Pnlf • 

• • ^nn 


If the functions • Un in a Jacobian are the partial derivatives 

-f 

of the same function /, Wr = o--, so that the element in the row 
d^f 

and column is the determinant is called the Hessian of the 

function. Thus the determinant B of 2) is the Hessian of /*, and will 
be denoted by Hxf* 

If now we transform the quadratic form 6) by the substitution 17), 
so that 

rsssn $—n r=an «=*n 


22 ) 
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we may find a relation between the Hessians of f with respect to the 
ic's and that with respect to the Using the notation for Jacobians, 
by 21), 



But in every derivative 

ay ay 

Consequently the Jacobian on the right of 23) is the same as that on 
the left of 21). 


Thus 

we find 








24) 

Uyf- 

d(Uy . . 

■ • “«) 



2 

ft. • 

••ft„ ^ 


• • *«) 

^nl * 

'' 91 j 

^7ll‘ ‘ 

•ft,„ 


or the determinant of the transformed form is equal to that of the original 
form multiplied by the square of the determinant of transformation. 

If an ordinary form f vanishes for a particular set of values 


iTj = Cl , C2 ... Xn — 

where the c's are not all zero, we can show that the form is indefinite. 
For if we substitute for the excepting the values 


25) a?! = Cj + Vu = C2 7” + %, + y„_i, 

we have 

r—n — 1 #= 7 ? — 1 




^ ^ -= ^ (cr ~ + ffr) (c. ~ + 

26) +x„ ^a,„(c,-^ + y,)+ a„„x„^ 

2 o *= =w~- l r =w~ l 8 ^n — l 

^ar,yry,. 




' r=l » =1 


r=l «==1 


The first term, containing /'(cj, ... c„) as a factor, vanishes by hypothesis. 
The sums in the other terms contain only n — 1 variables. If then there 

rsaw «==7l~l 

are any values of «/j, ... 1> for which does not vanish, 

r=:=l 

since is independent of these variables, we may by suitably choosing 
the value of x^ make the form have either sign, it is therefore indefinite. 
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(If the sum 
must have 


rscan » »« — 1 

2 ^ ^r»Cry» is zero for all values of ... we 

r=3*l A*1 


r=w 

^ flr.C, — 0 


for s «=«- 1, 2, , . M 1, but since . .. c„) is zero we must have 

ragn 

also ^nd these m equations require the determinant of the form 

r«l 

to vanish, and the form is singular.) 

As a result of this theorem we see that if a form is to be definite, 
no coefficient arr of a square Xr^ must be absent, and all must have the 
same sign. For if = 0, putting all the variables equal to zero 
except Xr would make the form vanish, and if arr is not zero, the same 
assumption would make the form have the sign of arr> Consequently all 
these coefficients must be of the same sign. 

Let us now consiedr two ordinary quadratic forms of the same 
variables, with real coefficients^) 

r=aw r=aw * = 71 

27) v ^ ^ ar.XrX., if ^ Cr„XrX„ 

, r=l * = 1 r=l «=«1 

from which with an arbitrary multiplier A we construct the from 

28) Ay 4- If'. 


As we give A an infinite set of real values, we obtain an infinite sheaf 
of forms. Let us examine wheter they are definite or not. 

The determinant of the form Ay + t/; 


28) 


Attji + 

A«i 8 "i“ ^127 • 

. . Aai„ 4“ ^In 

Aflji 4* Ogi , 

4“ ^22' • 

. . Aa2n 4“ 

■ ■ 1 

Aa^i 4“ Cni, 

A tin 2 4" t?n 2 > • 

. . Adnf? 4" Cnn 


/w 


is identical with Lagrange’s determinant, page 159, when the x’s are zero. 
(We here have written A for the A^ on p. 159) We shall now prove 
that if the equation f{k) = 0 has a complex root, all the forms of the 
sheaf Ay + of; are indefinite. 

Let I ^ ci -h ip be a complex root of the determinantal equation 
f{X) — 0. Then since the form (cc + ip) y + '^f' is singular, it may be 
represented as a sum of less than n squares, and since it is complex, 
these may be squares of complex variables, so that we have 

29) (tf + i/S) g) + = Qfi 4 w,)*4 (j>,4 ije’*)*4 f- (y«-i + 


1) Eionecker, Vber Schaaren guadraMscher Formm. Monatsber. der Ednig'l. 
Preufi. Akad. d. Wiss, zu Berlin, 1863. pp. 889 — 346, Werke, Bd. I, p. 166. 

WbBSTEB, Bynamiot. 37 
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the and 0 ^b being real linear forms in the oj’s, any of which, but 
not all, may be zero. Separating the real and the- imaginary terms, we 
obtain 

r^n— 1 rs sn — 1 

30) ag) + {y* — ?r*), (Sg> “ 2 

/•«=! rs=rl 

From the two forms 


31) 


■•s=n ~X rs saw I 

^ — «r*) , 


the whole sheaf may be obtained. Solving 30) for (p and t/;. 


r=n — 1 


32) lg> 4 t’='^ -f 

r=^l r~l 

which we may write 

r=n — 1 ^ 

33) ^<p + f (yr + “^r)’ 

where 


r=:« — 1 


r=l 

1 


— ft 


2 (Z--o:) 

" /3"‘ ’ 


a quadratic in ft, giving for every real value of ^ a real value of ft. 
Now each of the forms 33) vanishes for values of , . . . other than 
zero, which satisfy the n — 1 linear equations 


34) 0 -» 2/, — = 2/s — fiX-g = ■ • • == y„^i — 


and is accordinlgy indefinite. Conversely if there is in the sheaf a single 
definite form, the roots of f(l) = 0 are all real. Now in the mechanical 
application, the form 9, which is proportional to that given by the value 
X = 00, is the kinetic energy, a definite positive form, consequently the 
reality of the roots is proved. 

If is one of the r^l roots of the equation /(I) == 0 the form 
1,^9 + 9 being singular, can be expressed in terms of less than n linear 
functions of , Xn, say 1. Let be any other linear 

function of the a:'s, such that the determinant of the functions 
is not zero, then we can express the function 9 in terms of these n 

variables and if it is definite and positive, the coefficient of every 

square will have a positive sign, accordingly, as in 12J, 13), we may 
Separate off from 9 a square where z contains yr,^ and accordingly 
we have 

I9 + + ^x9 + 

= (A — Ax)^x^ + ^9^ + 

where 19^ + '*/^^ contains only the w — 1 variables 2^1 , . . . 1. Now a 

definite form in n variables remains a definite form in w — 1 variables 

if we put any variable equal to zero, consequently 9' is, like 9, a definite 
positive form. 
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A linear divisor such as i — Ir of the determinant of the form 
Xq! + is also a divisor of the determinant of lip + for on writing 
out the determinant of the form 35) in tenns of . . . yw— we find 

36) . • Vn-l “ (A - i*) . . . y„_i (W + t')» 

SO that the vanishing of the determinant of order * 1 on the right 
makes the determinant on the left vanish. But this equal to the deter- 
minant of lg> + 'iff in the variables multiplied by a constant 

We may now treat the form -f V iii the same manner, and so 
on, so that finally we obtain 

37) + ■<|; = (i - V + (A - hW + • • • + (^ - 

where ... X„ are the roots, of the determinantal equation /(i) — 0. 
Since this is true for all values of I we have 

Qg\ 9 = V + V + • • • + 

— tf; « + 1^0^^ H \- In^n^ 

which is the simultaneous transformation of two quadratic forms required 
in the treatment of principal coordinates. It is obvious according to 
this method that it makes no difference whether the determinant has 
equal roots or not. 
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Absolute system, 31. 
Acceleration, definition of, 
18. 

— angular, 248. 

— centripetal, 14. 

— components of, 18,14. 

— compound centripe- 
tal, 819. 

— constant, 33. 

— of Coriolis, 320 

— moment of, 17. 

— normal, 17. 

— radial, 16. 

— tangential, 14. 

— transverse, 16. 

Actio ^ 66. 

Action, definition of, 101. 

— least, 101. 

— examples of, 140,141. 

— surface of equal, 189. 

— varying, 131. 
Activity, equation of, 66. 

— in Lagrange’s coor- 
dinates, 126. 

— in hydrodynamics, 
601. 

Addition of vectors, 6. 
Adiabatic motion, 189. 
d’Alembert’s Principle, 68. 

— — statement in 
words, 66. 

— — in generalized 
coordinates, 118. 

Amplitude, 36. 

Analytic function, 628. 
Angle, solid, 361. 

Angular acceleration, 248. 

— velocity of moving 
axes, 246. 

Anisotropic body, 467. 
Aplatmement, 407. 

Appell, 64, 61, 309, 816. 
Archimedes’ principle, 472. 
Areas, law of, 18. 
Atmosphere, height of, 466. 
Attracting forces, 76. 
Atwood’s machine, 23. 
Axis, central, 209. 

— fixed, body moving 
about, 260. 


(The numbers refer to pages.) 

Axis, of suspension and 
oscillation, 261, 

Axes, moving, motion with 
respect to, 316. 

— rotating, 817. 

— parallel, 201. 

— — theorem of in- 
ertia, 229. 

— of spherical harmo- 
nic, 896. 

— — strain. 438. 
Axioms, physical, 20. 

Bacharach, 878. 

Balance, 33. 

Ball, 224. 

BaUistic pendulum , gal- 
vanometer, electro- 
meter, 72. 

Base-, golf, tennis ball, 34. 
Basset, 499. 

Beats, 166. 

Beads, string of, vibration 
of, 164. 

— — frequencies of, 
167. 

Beltrami, 118. 

Bending moment, 490. 
Bernoulli, 68, 84, 173. 
Bemoulli-Euler theory, 486. 
Bernoulli's theorem, 606. 
Bessel, 407. 

Billiard, ball motion of, 306. 
Binet, 281, 289. 

Bodies, three, problem of, 81 
Bourlet, 809. 

Boussinesq, 309, 846. 

Boyle’s Law, 644. 

Boys, 80, 862. 
Brachistrochrone, 77, 82. 
Brahe, Tycho, 18. 

British Association, 31. 
Buckling of sections, 486. 
Bulk-modulus of elasticity, 
461. 

Bullets, toy, 28. 

Bunsen pump, 604. 

Cadmium, wave-length of, 
27. 


Calculus of variations, 77. 
Cambridge, 269. 

Carvallo, 809, 318. 

Cauchy, 461, 466, 469. 
Cavendish, 80. 

Laboratory, 269. 
Center of mass, motion of, 8 9. 
Central axis, 209. 

— forces, 38. 
Centripetal acceleration, 

compound, 819. 
Centrifugal force, 119. 

— — on ea]i)h, 820 

— — in rigid body, 
228. ^ 

Centripetal acceleration, 16. 

— — compound, 819. 
Centrobaric body, 864,404. 
C G. S. system, 38. 
Chasles, 212, 213. 

Cbasles’s theorem, 873, 418. 
Characteristic function, 186. 

— of plane, 214. 

Circle, Dirichlet’s problem 

for, 388. 

Circular Harmonic, 888. 

— — development in, 
890. 

Circulation, 606. 

Clairaut, 33. 

Clairaut’s theorem, 404, 
407. 

Clebsch, 224, 478. 

Clifford, 87, 621. 

Clark University, 268. 
Coefficients of inertia, stiff- 
ness, resistance, 168. 
Coffin, 62. ^ 

Complex, 216. 

— equation in line coor- 
dinates, 221, 228. 

— variable, 621. 
Component, of vector, 116. 

— — generalized,! 16. 

— of momentum, 117. 
Composition of screws, 216. 
Concealed motions, 179. 
Concentration, 846. 

— proportional to den« 
sity, 860. 
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Condition for equipotential 
family^ 410. 

Cone, rolling, 26$. 

— of equal elongation, 
443. 

Confocal quadrics, 286. 
Conjugate functions, 623. 
Conical pendulum, 65. 
Conic section orbit of pla- 
net, 18. 

Conservation of motion of 
center of mass, 90. 
Connectivity of space, 889. 
J0^nserration of energy, 68%/ 

— — integral of La- 
grange’s equations, 
126. 

Conservative system, 66, 68. 
Constant of gravitation, 80. 
Constants of elasticity, phy- 
sical meaning of, 461. 
Constraint, equations of, 67. 

— non-integrable, 
equations of, 313. 

— varying, 129. 
Continuity, equation of, 498. 
Convective equilibrium, 466. 
Coordinates, 6. 

— curvilinear, 110, 330. 
— • cyclic, 176. 

— cylindrical, 336. 

— ellipsoidal, 234, 336. 

— generalized, 109. 

— line, 216 

— normal, 163. 

— orthogonal, 110, 330. 

— polar, 11. 

— positional, 189. 
principal, 163. 

— ignoration of 179. 
Coriolis, 317. 

— theorem of, 319. 
Corner, flovr around, 628. 
Cornu, 491. 

Correction for finite arcs, 48. 
Cotes’s spiral, 619. 
Coulomb, law of, 486. 
Couple, 204. 

— arm, 206. 

— causing precession, 
299. 

— composition of, 208. 

— in regular preces- 
sion, 274. 


Couple, of forces, 206. 

— moment of, 206. 

— righting, 473. 

— theorems on, 207. 

Curl, 87. 

— in curvilinear coor- 
dinates, 383. 

Curvature, 16. 

Curve, expression for arc 
of, 111, 113. 

— parametric represen- 
tation of, 10. 

— tautochrone, 144. 

Curvilinear coordinates, 

Green’s theorem in 
380. 

Cusps on curves of equal 
action, 140, 141. 

Cyclic coordinates, 176. 

— systems, 188. 

— — examples of, 198. 

— — reciprocal rela- 
tions in, 191. 

— — work done on, 
192. 

Cycloid, 84. 

— as tautochrone, 146. 

— drawn by point of 
top, 287. 

Cycloidal pendulum, 148. 

Cylinder under pressure, 
476. 

— moment of inertia 
of, 242. 

Cylindrical coordlnateB,335. 

— fiow, 663. 

Cylindroid, 218. 

Damped oscillations, 148. 

Damping, coefficient of, 161. 

Darboux, 113. 

Decrement, logarithmic, 
161. 

Deformable bodies, kine- 
matics of, 427. 

— — statics of, 463. 

Density, 363. 

Derivative, directional, 88, 
881. 

— of analytic function, 
623. 

— particle, 497. 

Development in circular 

harmonics, 390. 
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Development of reciprocal 
distance, 398. 

— in spherical harmo- 
nics, 400. 

— of potential in har- 
monics, 4G2. 

— of potential of ellip- 
soid of revolution, 

424. 

Differential, perfect, 88. 

— equation for forced 
vibration, 152. 

— — of Legendre, 
398. 

— — of particle un- 
der Newtonian law, 
39. 

— parameter, 88, 380. 

— — arithmetical va- 
lue of, 333. 

— — invariant, 333. 

— — mixed, 348. 

— — second, 344. 
Dilatation, 436. 

Dimensions of units, 27, 

28, 29. 

Dimensional, two, poten- 
tial, 385. 

Dirichlet, 69, 376, 377, 378, 
893, 402, 417. 
Diriohlet’s problem, 376. 

— — for circle, 488, 

— — for sphere,, 396. 
Disc, moment of inertia 

of, 242. 

Displacement, infinitesimal, 
59. 

— virtual, 68, 

— lines of, 446. 
Distributions, energy of, 

425. 

— surface, 867. 
Dissipation, 122. 

— function, 128. 
Divergence, 347. 

— theorem, 847. ^ 
Double -lines, complex of, 

214, 

Driving points, 123. 
Dualism, 209. 

Dyne, 29. 

Earth, motion relative to, 
320. 
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Ei<^o, 645. 

Ellipse, equation relative 
to focuSf 18. 

Ellipsoid of elasticity, 461. 

— of gyration, 233. 

— inverse, 233. 

— Jacobi’s, 470. 

— Maclaurin’s, 469. 

— moment of inertia 
of, 241. 

— rolling, in Poinsot- 
motion, 259. 

— potential of, 416. 

— — at internal 
point, 418. 

— — - differentiation, 
419. 

— - of revolution, poten- 
tial of, 421. 

Ellipsoidal coordinates, 234. 
335. 

— — as equipotential 
family, 412. 

Elliptic function, 45. 

— integral, 46, 47. 

Ellipticity, 407. 

Elongation and compres- 
sion quadric, 441, 

Energy, 65. 

— conservation of 68, 

— equation of, 67. 

— of distributions, 426. 

— in terms of field, 426. 

— emitted by sOund- 
source, 648. 

— function for isotro- 
pic bodies, 467. 

— — invariant, 467. 
integral of, in top, 
277. 

— kinetic, 66. 

- — general form of, 
112. 

— maximum or mini- 
mum for equilibri- 
um, 69. 

— potential, 68. 

— — esdiaustion of, 76. 

— — all due to mo- 
tion, 182. 

— of normal vibrations, 
164. 

— relative kinetic, 92. 

— of vortex, 515. 


Eolotropic body, 467. 

Epicycloid, on polbode, 270. 

Epitrochoids described by 
heavy top, 293. 

Equation of activiiy, 66, 

— — in hydrodyna- 
mics, 501. 

— — in generalized 
coordinates, 126. 

— of continuity, 498. 

— differential, of mo- 
tion, 24. 

— — of forced vibra- 
tions, 152. 

— of equilibrium for de- 
formable body, 448. 

— of hydrodynamics by 
Hamilton’s principle, 
600. 

— Euler’s, for rotation, 
261. 

— Laplace’s, 349. 

— of motion from Ha- 
milton’s principle, 
114. 

— — from least ac- 
tion, 106. 

— — Lagrange’s first 
form, 108. 

— — — second 
form, 115. 

— — Hamilton’s ca- 
nonical, 128, 

— Poisson’s, 860. 

— — applied to earth, 
361. 

— — for two dimen- 
sions, 387. 

Equilibrium, 26. 

— conditions for, 61, 69. 

— stable and unstable, 
69. 

— convective, 466. 

— equations of for de- 
formable body, 448. 

— theory, 166. 

— — of tides, 636. 

Equipollent loads, 486. 

Equipotential surfaces, 854. 

— — condition for fa- 
mily of, 410. 

— layers, 372. 

— surface of strain, 446. 

Erg, 56. 


Erg, unit of energy, 70. 
Ether, luminiferous, 65. 
Euler, 78, 173, 499. 

— equations of hydro^ 
dynamics, 499. 

— angles of, 274. 

— - dynamical equations 
of, 260. 

— kinematical equa- 
tions of, 276. 

— theorem of, 114, 127. 
Everett, 29, 83. 

Existence - theorem, 378. 
Experiment, comparison 

with theory, 51, 52. 
Expansion -ratio, 434. 


Falling body affected by 
earth’s motion, 328. 
Faraday, 863. 

Field, energy in terms of, 
426. 

— strength of, 868. 
Fixed point, motion about 

252. 

Fleuriais, 296. 

Flexion, 489. 

Flexure, uniform, 490. 

— non-uniform, 494. 
Floating body, equilibrium 

of, 471. 

Flow around corner, 528. 
Fluid, perfect, 468. 

— rotating, 467. 

— gravitating rotating, 
468. 

Flux of vector, 849. 

Flux- function, 616. 

Focus, kinetic, 106. 

— of plane in null- 
system, 212. 

Formula, Green’s, 370. 

— — for logarithmic 
potential, 888. 

Force, definition of, 24. 

— accelerational, 120. 

— central 38. 

— centrifugal, 119. 

— — in rigid body, 
228. 

— component, genera- 
lized, 114. 

— effective, 64. 
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Force, effective, generalized 
component of, 118. 

— function, 68. 

— — particular case 
of, 73. 

— — for Newtonian 
law, 75. 

— — containing time, 
69. 

— of inertia, 64. 

— . gyroscopic, 185, 278. 

— momental, 120. 

— motional, 26. 

— non -momental, 119. 

— parallel, 205. 

— positional, 26. 

— reduction of groups 
of, 299. 

— tidal, 408. 

Forced vibrations, 152. 
Formula of Green, 370. 
Foucault, 257, 324, 325, 326. 

pendulum of, 324. 

— gyroscope of, 324. 
Fourier, 173, 398. 

— coefficients in series 
of, 392. 

Freedom, degrees of, 68. 
Free vector, 199. 
Frequency, 35. 

Friction effect on top, 303. 
Fiyiyama, 367. 

Function, analytic, 623. 

— characteristic, 136. 

— flux, 616.' 

— Hamiltonian, 117. 

— Lagrangian, 116. 

— linear vector, 428. 

— normal, 171. 

— — fundamental 
property of, 172, 

— . of point, 88. 

— principal, 132. 

— self- conjugate, 430. 

— of St. Tenant, deter- 
mination of, 483. 

p, formula for, 406, 
flr, value of, 32, 83. 

Galileo, 3, 32, 58. 

Gauss, 32, 812, 350, 361, 
878, 874, 887, 426, 
426. 

differential equation 
of, 312. 


Gauss, theorem of, 350, 887, 

— — on energy, 426. 

— — of mean, 374, 
Generalized coordinates, 

109, 111. 

— velocities, 112. 
Geodesic line, 103. 
Geodesy, application of 

spherical harmonics 
to, 404. 

Geometric product, 7, 116. 
Geometrical representation 
of stress, 460. 
Geometry of motion, 3. 
Gleitmg, 441. 

Glissement, 441. 

Gravitating rotating fluid, 
468. 

Gravitation, constant of, 30. 

— kinematical state- 
ment of, 20. 

— universal, 29. 
Gravity, center of, 90. 

— terrestrial, potential 
of, 405. 

Green, 340, 348, 370, 379, 
386, 888, 456. 

— formula of, 370. 

— — for logarithmic 
potential, 888. 

— theorem of, 340. 

— — in curvilinear 
coordinates, 

— — for plane, 386. 
Griffin mill, 273. 

Gyration, ellipsoid of, 282. 
Gyroscope, 274. 

— in torpedo, 267. 

— as compass, 326. 

— latitude by, 825. 
Gyroscopic forces, 185, 278. 

— terms, 185. 

— pendulum, 282, 

— horizon, 296. 

— system, curves drawn 
by, 298, 294. 

Gyrostat, 186. 

— stability of spinning, 
291. 

Hadamard, 313. 

Hamilton, 7, 21, 97, 126, 
128, 181, 176. 

— equations of, 126. 


Hamilton, equations from 
Hamilton's principl e, 

127. 

— method of, 136. 

— principle of, 97. 

— — equations of hy- 
drodynamics by, 49 9. 

— — — of string by, 
170. 

— partial differential 
equation of, 135. 

— theorem of, 136. 
Hamiltonian function, 127. 

128. 

Harmonics, circular, 888. 

— — development in, 
390. 

~ of pipe, 546. 

— spherical, 393. 

— — examples of,894. 

— — forms of, 395. 

— — axes of, 896. 

— — in spherical 
coordinates, 398. 

— — zonal, 397. 

— of string, 169. 
Harmonic function, 345. 

— motions, 36. 

— — elliptic, 86. 
Harkness and Morley, 378. 
Harnack, 388. 

Hayward, 324. 

Heat, dynamical theory of, 
64. 

Heaviside, 87. 

Height, metacentric, 474. 

— of atmosphere, 404, 
408, 466. 

Helmert, 33, 362, 407. 
Helmholtz, 8, 86, 176, 179, 
468, 607, 609, 511, 
612. 

— energy form, 458. 

— theorem of, 612. 
Hexpolhode, 262, 263. 
Hertz, 21, 113, 182, 193. 
Hilbert, 878. 

Heterogeneous strain, 444. 
Hodograph, 19. 

Homoeoids, ellipsoidal, 409, 
Homogeneous strain, 428. 
Horse-chestnut, toy, 23. 
Hooke, 455. 

Hoop, rolling, of, 808. 
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Howell torpedo, 272. 

Httygene, 148. 

Hydrodynamics, 496. 

— equations ot, 497. 

Hydrostatics, 463. 

Hyperelliptic function for 

top, SOS. 

Hypergeometric series, 812. 

Hyperspace, 113. 

Hypocycloid on polhode, 
270. 

Hypotrochoids described by 
heavy top, 293. 

Ignoration of coordinates, 
179. 

— — example of, 181. 

Impulse, 70. 

— and velocity, geome- 
tric product of, 72. 

Impulsive forces, 71. 

— — in Lagrange's 
equations, 134. 

Impulsive wrench, 226. 

Indeterminate multipliers, 
62. 

Inertia, 21. 

— axes of, distribution 
in space, 239. 

— coefficients of, 112. 

— ellipsoid of, 281. 

— ’ force of, 64. 

— moments of, calcu- 
lation of 241. 

— principalaxe8of,229. 

— — moments of, 231. 

— products of, 227. 

Infinitesimal arc, area, vo- 
lume, 338. 

Integral of function of com- 
plex variable, 624. 

Interferences, 166. 

Invariable axis, motion of 
in body, 266. 

— — and plane, 96. 

Invariants of strain, 467. 

Invariant, second differen- 
tial parameter, 347. 

Irrotational motion, 620. 

Isochronous vibration har- 
monic, 146. 

Isocyclic moi^on, 189. 

Isotropic body, stresses in 
460. 


Isotropic body, energy 
function for, 457. 
Ivory's theorem, 420. 

Jacobi, 186, 297, 380, 470. 

— ellipsoid of 470. 

— method of, top equa- 
tions by, 297. 

Jordan, 402. 

Eater, 261. 

Keely, 163. 

Kelvin, 3, 376, 878,611,688. 
667. 

— and Dirichlet's prin- 
ciple, 376. 

Kepler, 18, 38. 

— laws of, 31. 
Kilogram, weight of, 32. 
Kinematics. 3. 

— of deformable bo- 
dies, 427. 

— of rigid system, 248. 
Kinematical equations of 

Euler. 276. 

Kinetic energy, general, 
form of, 112. 

— — due to rotation, 
249. 

focus, 106. 
potential, 179. 

— — linear terms in, 
184. 

— reaction, 64, 66, 119. 

120 . 

Kinetoscope, 23. 

Kirchhotf, 69, 499. 

— energy function of, 
459. 

Klein and Sommerfeld, 278. 
Kneser, 106, 

Korteweg, 816. 
Krigar-Menzel, 362. 
Kronecker, 878, 398. 

Lag, in forced vibration, 153. 
Lagrange, 166, 157, 164, 
173, 607, 608. 
equations of motion, 
first form, 108. 

— equations of motion, 
115. 

— — — by direct 
transformation, 116. 


Lagrange, equations for 
small oscillations, 
158. 

— — of equilibrium,,, 
62, 

— — for pure rolling, 
318. 

— determinantal equa- 
tion, 159, 

— — — roots of, 160. 

— method of, top equa- 
tions by, 279. 

Lagrangian function, 116. 

— — modified, 179. 

— method in hydro- 
dynamics, 499. 

Lamb, 499. 

Lam6. 329, 831, 344, 380. 

Lamp’s shear- cone, 461. 

— stress-ellipsoid, 451. 

Lamellar vectors, 87. 

Laminar fiow, 554. 

Laplace, 3, 398, 401, 402, 

542, 644. 

— equation of, 349. 

— — in spherical and 
cylindrical coordina- 
tes, 888. 

— — satisfied by po- 
tential, 357. 

■— operator, 349. 

Laplacian, 860. 

Law of areas, 18, 38. 

— Coulomb, 486. 

— invftse squares, 20. 

— Kepler, 18. 

— Lenz, 198. 

— motion, 20. 

Layers, equipotential, 872. 

Least action, 99. 

Legendre, 47, 399. 

— differential equation 
of 898. 

— polynomials of, 397. 

Lenz'i^ law, 193. 

Level surface, 88, 89. 

— — of potential 
function, 329. 

— sheet, 89. 

Line*coordinates, 216, 221. 

Line-integral, 84. 

Line -integral, independent 
of path, 87. 

Lines of force, 354. 
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Lines of vector -function, 

848. 

Linear terms in kinetic 
energy, 130. 

_ potential, 

184. 

r- vector function, 428, 
Lines of displacement, 446. 
Liquids, fundamental the- 
orem for, 465. 
Logarithmic decrement, 
161. 

— potential, 386. 
Loops, 546. 

Maclaurin, 416. 

Maclanrin's ellipsoid, 469. 

— theorem, 414. 
Maupertuis, 97. 

Mass, 28. 

— dynamical compari- 
son of, 23. 

— center of, 90. 
Material point, 21. 

Matter, 8. 

— definition of, 64. 
Maxwell, 123, 126, 268, 

346, 349, 661. 
Maxwell’s theory of elec- 
tricity, 124. 

— top, '268. 

— — efFeot of friction 
on, 304. 

Mean, integral as, 70, 90. 

— theorem,'" • Gauss’s, 
874. 

Mechanics, 3. 

— problem of, 26. 
Mechanical powers, 60. 
Mendenhall, 367. 
Metacenter, 474. 
Metacentric height, 474. 
Mttre prototype, 26. 
Michell, 638. 

Modulus, bulk, 461. 

— shear, 462. 

— Young’s, 462. 

Momentum, 26. 

— - generalized compo- 
nent of, 117. 

Mobility, coefficients of, 126. 
MObius, 212. 

Moment, axis of. 7. 

— bending, 490. 


Moment of inertia, 93, 227. 

— of momentum, 96* 

— velocity, 12. 
Momentum, 26. 

— moment of, 96. 

— — conservation of, 
96. 

— screw, 224. 

— of rigid body, 226. 
Moon, motion of, 20. 
Motion, 8. 

— adiabatic, 189. 

— change of, 22. 

— concealed, 179. 

— constrained, 41. 

— differential equa- 
tions of, 24. 

— geometry of, 8. 

— liarmbnic, 86. 

— — elliptic, 36, 

— irrotational, 620. 

— isocyclic, 189. 

— laws of, 620. 

— periodic, 36. 

— relative, 247. 

— relatively to earth, 
320. 

— steady, in hydrody- 
namics, 603. 

— uniform, 21. 

— — circular, 87. 

— vortex, 609. 

— of waves, 629. 
MotuSy 26. 

Moving axes, 243. 

— — motion with re- 
spect to, 816. 

Multipliers, indeterminate, 
62. 

Navier, 456. 

Neumann, 888, 469, 616. 
Newton, 8, 20, 29, 81, 66, 
166, 366, 686, 644. 
Newton’s theorem, 409. 
Newtonian constant, 80. 

— law, force -function 
for, 76. 

— motion under, 39. 
Node, 168, 169, 646. 

Non - conservative system, 
69. 

Normal coordinates, 163. 

— functions, 171. 
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Normal functions, series of, 
178. 

Null- system, 209. 

Numeric, 26. 

Nutation of top, 283. 

Obry, 267. ^ 

Oerstedt’s piezometer, 477. 
Oscillation, axis of, 251. 

— damped, 148. 
Oscillations, small, 167. 
Overtones, 169. 

Pantheon, 324. 

Parabola, path of projec- 
tile, 34. 

Parallelepiped, moment of 
inertia of, 241. 
Parameters of Lagrangpe, 
111 . 

— differential, 88, 330, 
344. 

Parametric representation 
of curve, 10. 

Particle derivative, 497. 
Path, 9. 

Pendulum, affected by 
earth’s rotation, 828. 

— compound, 251. 

— conical, 65. 

— cycloidal, 148. 

— gyroscopic, 282. 

— horizontal, 252. 

— ideal, 42. 

— Eater’s, 261. 

— plane, 45. 

— quadrantal, 196. 

— small vibrations of, 
54. 

— spherical, 48. 

— — by Lagrange’s 
equations, 124. 

— — path of, 60. 
Perfect differential, 88. 

— fluid, 468. 

Period of penduhun, 46, 47. 
Perpendicularity, condition 
of, 7. 

Phase, difference of, 87. 
Picard, 86, 378, 38$. 
Piezometer, 477. 
Pitch-conic, 220. 

Fitch of helix, 211. 
Pivoting, iricifion of, 304 
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Planet, motion of by Ha- 
milton's method, 142. 

— orbit of, 18. 

— period of, 19 

Pliioker; 216. 

Poincare, 106, 888, 393, 468. 

Poinsot, 262, 265, 266, 261, 
268. 

— central axis, 210. 

Point- function, 88, 329 

Point, material, 21. 

Poiseuille, 662. 

Poisson, 402, 491. 

— equation of, 369. 

— — for two dimen- 
sions, 387. 

— ratio, 463. 

Polar coordinates, 384. 

Pole, motion of earth’s, 270. 

Polbode, 262. 

— cone, 268. 

— figure of, 263. 

— projections of, 266. 

Polygon of vectors, 6. 

Polynomial of Legendre, 

39. 

Potential, definition of, 862. 

— characteristics of, 
362. 

- " of continuous distri- 
bution, 363. 

— determined by pro- 
perties, 876. 

— derivatives of, 866. 

— development in 
spherical harmonics, 
402. 

— • of disc, cylinder, and 
cone, 366. 

— due to cylinder, 884. 

— of earth's attraction, 
298. 

— energy, apparent, 
180. 

— of ellipsoid, 416. 

— — for internal 
point, 418. 

— — of revolution, 
421. 

— — — development 
of, 424. 

— differentiation 
of, 419. 

— of gravity, 406. 


Potential, kinetic, 179. 

— logarithmic, 886. 

— of sphere, 363. 

— of strain, 446. 

— of tidal forces, 408. 

— vector, 611. 

— of vector, 89. 

— velocity, 607. 
Positional coordinates of 

cyclic system 189, 
Precession, 266. 

— couple in regular, 
274. 

— and nutation of top, 
283. 

— — of earth, 298. 
Pressure, 447. 

Principal axes, of inertia, 

229. 

— coordinates, 163. 

— function, 132. 
Principle of Archimedes, 

472. 

— of center of mass, 91. 

— of energy, 67. 

— of Hamilton, 97, 98. 

— — broader than 
that of energy, 99. 

— — most general 
principle, 180. 

— of least action, 97, 
99, 101. 

— of moment of mo- 
mentum, 96. 

— ofvarying action, 131. 
Problem of Dirichlet, 876. 

— — for circle, 388. 

— — for sphere, 396. 

— of three bodies, 81. 
Product, geometric, 7. 

— inertia, 227. 

— scalar, 7. 

— vector, 8. 
Projections, 4^^ ' 

— of vector, 6. 
vProjectile, path of, 84.^ 

Puiseux, 64, 299. 

Pulley, 60. 

Pump, Bunsen's, 604. 
Pupin, 169, 170. 

Pure strain, 480. 

Quadrantal pendulum, 196. 
Quadrics, oonfocal, 286. 


Quadrics, elongation and 
compression, 441. 

— reciprocal, 481. 

Ratio of Poisson, 468. 

Rayleigh, 123, 167, 169, 629, 
656. 

Reaction, 22. 

— accelerational, 122. 

— of constraint, 42. 

— — doesnowork,65. 

— kinetic, 64, 119, 120, 

— non -conservative, 
122. 

— static, 26. 

Reciprocal distance, deve- 
lopment of, 898. 

— relations in cyclic 
systems, 191. 

— quadrics, 431. 

Reduction of groups of 

forces, 209. 

Reflection of wave, 646. 

Relations between stress 
and strain, 465. 

-Relative motion, 247^^ 

Rdsal, 299. 

Resistance of air, 26. 

Resonance, 152. 

— general theory of,176. 

Resultant, 5. 

Richarz, 862. 

Riemann, 378, 623. 

Riemann -Weber, 398. 

Righting couple, 473. 

Rigid body, displacement 
of 200. 

— — statics of, 206. 

Rigidity, 462. 

Rolling, 807. 

— ellipsoid, 269. 

— treated by Lagran- 
ge's equations, 818. 

Rotation, energy due to, 249, 

— of earth, 298. 

— momentum due to, 
249. 

— of rigid body, 199. 

— — — about in- 
tersecting axes, 202. 
— — about pa- 
rallel axes, 201. 

— of rigid body, infini- 
tesimal, 208. 
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Rotation, as vector, 203. 
Boating axes, 317. 

— fluid, 467. 

Routh, 176, 179. 

Routh and Helmholtz, trans* 
formation of, 177. 

Sachse, 893. 

de Saint Venant, 478, 486. 

— problem of, 478. 
Scalars, 4. 

Screw, momentum, 224. 
Screws, composition of, 216. 

— reciprocal, 221. 
Schwerer, 296. 

Searle, 269. 

Second, mean solar, 27. 

— differential parame- 
ter, 344. 

Self-conjugate function, 430, 
Sense, muscular, 24. 

Series, hypergeometric,312. 

— trigonometric, 173, 

888 . 

Sevres, 26. 

Shear, 489. 

— amount of, 441. 

— general, 441, 

— modulus of, 462. 
Shifts, 436. 

Ship, heeling of, 72, 
Simple strains, 439. 

— stresses, 451. 
Sleeping top, 304. 

Slesser, 299. 

Slides, 441. 

Small oscillations, 157. 
Solenoidal condition, 349. 

— vector, 847, 

Solid angle, 35 1« 

SomofP, 380. 

Sound-waves, 542. 

Sources and sinks, 520. 

— strength of, 521* 
Source of Sound, strength 

of, 547. 

Space, connectivity of, 889. 

— of w dimensions, 113. 
Sphere, moment of inertia 

of, 241. 

— potential of, 866. 

— under pressure, 476. 
Spherical harmonics, 898. 

— — axes of, 896. 


Spherical harmonics, deve- 
lopment in, 400. 

— — — of potential, 
in, 402. 

— — forms of, 395. 

— — zonal, 397. 

— waves, 647. 
Squeezes, 439. 

Squirt, 621. 

Statics, 57. 

— foundation of, 68. 

— of rigid body, 206. 
Steps, 4. 

Steady motion in hydro- 
dynamics, 603. 
Stiffness, 161, 168. 

Stokes, 84, 86, 346, 404, 
497, 610, 533. 

— theorem, 86. 

— — in curvilinear 
coordinates, 381. 

Strain, axes of, 433. 

— ellipsoid, 482. 

— general small, 436. 

— heterogeneous, 444. 

— homogeneous, 428. 

— inverse, 432. 

— irrotational, 438. 

— pure, 430. 

— potential, 446. 

— relatively homoge- 
neous, 445. 

— composition of, 437. 
Strength of field, 368. 
Stress, 24, 446. 

— ellipsoid, 461. 

— — Oauchy’s 461. 

— — Lame's, 461. 

— geometrical represen- 
tation of, 450. 

— in isotropic bodies, 
460. 

— simple, 451. 

— vector, 447. 

— work of, 464. 

— and strain, relations 
between, 455. 

String, vibrations of, 164. 
Surface distribution,- 367. 

— of equal action, 189. 

— level, 88. 

— parallel, 139. 

Sum, geometric, 6 
System, conservative, 65. 


System, cyclic, 188. 

— non- conservative, 69. 

Tait, 141. 

Target, problem of shoot- 
ing, 103. 

Tautochrone, 144. 

Taylor’s theorem, 36, 78, 
79, 167, 846, 391, 
399, 444, 466, 509. 

Tensor of vector, 6. 

Terrestrial gravity, poten- 
tial of, 405. 

Theorem, of bending mo 
ment, 490. 

— Bernoulli’s, 605. 

— Chasles's, 413. 

— Clairaut’s, 404. 

— of Coriolis, 319 

— divergence, 347. 

~ Kuleris, 114, 127. 

— Gauss’s, 350. 

— — for two dimen- 
sions, 387. 

— — on energy, 426 

— Green’s, 840, 343. 

— — for plane, 386. 
— in curvilinear 
coordinates, 381. 

— Hamilton’s, 186. 

— Helmholtz’s, 512 

— Ivory’s, 420. 

— for liquid’s, 466. 

— Maclaurin’s, 414. 

— of mean, Gauss’s, 374, 

— Newton’s, 409. 

— of parallel axes, 229. 

— Taylor’s, 86, 78, 79, 

167, 846, 391, 899, 
444, 456, 609. 

— Stokes’s, 86. 

— — in curvilinear 
coordinates, 881. 

— Thomson and Tait’s, 
138. 

— Torricelli’s, 606. 

Thomson and Tait, 21, 29, 
72, 76, 106, 138, 148, 
179, 196, 278, 878, 
424, 469, 462, 470. 

Tides, canal theory of, 689. 

— equilibrium theory 
of, 686. 

— inversion of, 541. 
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Tide-^generating foroes, po- 
tential of, 408. 
Time, 8, 4. 

— measurement of, 22. 
Tisserand, 470. 

Todhunter andPearBon,4S8, 

459. 

Tone, pure, 546. 

Top, curve, 272. 

— heavy symmetrical, 
274. 

— Maxwell’s, 268. 

— kinetic reaction of, 
271. 

— rising of, 30S. 

— rise and fall of, 285. 

— on smooth table, 802 . 

— nearly vertical, 289. 

— symmetrical, 271, 

— equations by J acobi’s 
method, 297. 

— — Lagrange’s me- 
thod, 277. 

Torpedo, Whitehead, 257. 

— Howell, 27 2. 
Torricelli’s theorem, 606. 
Torsion, 483. 

Traction, 447. 

Translation of rigid body, 
199. 

— — — decomposed 

into rotations, 202. 

Trigonometric series, 388. 
Trochoids drawn by top,288. 
Triangle of vectors, 6. 
Tube of vector-f anction,848 . 
Tuning, 164. 

Tuning-fork, 86. 

Twist of billiard-ball, 806. 

Uniform motion, 21. 

— circular motion, 87. 
Units, absolute system of, 81 . 

— derived, 27. 

— dimensions of, 27. 
~ C. G. S., 29. 


Variable, complex, 621. 
Variations, calculus of, 77, 

— differentiation of, 79 

— of integral, 80. 
Varying action, 181. 

— constraint, 129. 
Vectors, 4. 

— addition of, 6. 

— couples of, 204. 

— free, 199. 

— lamellar, 87. 

— product, 8. 

— polygon of, 6. 

— sliding, 200. 

— tensor of, 6. 

Vector- cross, 212. 

— — conjugate lines 
in, 213. 

— function, linear, 428 

— potential, 611. 
Velocity, definition of, 9. 

— angular, 11. 

— components of, 10. 

— composition of, 10. 

— generalized, 112. 

— moment of, 12. 
sector, 12. 

— transverse and radial, 
11. 

— potential, 607. 

— due to vortex, 614. 

— critical, for planet,40 . 
Venturi water-meter, 604. 
Vibrations, energy of, 164. 

— forced, 162. 

— free, 168, 

— forced and free coex- 
isting, 157. 

— isochronous necess- 
arily harmonic, 146. 

— normal, 168. 

— small, 36, 46. 
Vierkant, 818, 314. 

Virtual work, 67. 

•— — principle of, 61. 

— displacement, 68. 


Viscosity, 551. 

Viscous fluids, 649. 

— solid, 565. 

Vortex, 606. 

couple, 520. 

— energy of, 515. 

— In corner, 619. 

— ring, 620. 

— straight, 615. 

— strenght of, 607. 

— velocity due to, 614. 
Vortex- motion, 609. 

— — conservation of, 
611. 

Vorticity, 602, 

Water-meter, Ventu I i, 604. 
Wave -motion, 529. 

Waves in deep water, 681. 

— differential equation 
of, 543. 

— highest, 688. 

— plane, 648. 

— in shallow water, 
636. 

— in solid, 648 

— standing, 635. 

— of sound, 642. 
Webster, 127, 881, 648. 
Weierstrass, 878. 

Weight of kilogram, 82, 
Whitehead torpedo, 267. 
Wien, 499. 

Woodward, 862. 

Work, 66. 

— of stress, 464. 

— of wrench, 220. 

— unit, of, 66. 

— virtual, 57. 

Wrench, 216. 

— impulsive, 225. 

— work, 220. 

Young’s modulus, 462. 

ZOUner, 252. 

Zonal harmonics, 897. 


ERRATUM. 

„205, line 7 from bottom, for AB and PQ read AP and BQ- 
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THE THEORY OF ELECTRONS 

AND ITS APPLICATIONS TO THE PHENOMENA 
OF LIGHT AND EADIANT HEAT 

A COURSE OP LECTURES DELIVERED IN COLUMBIA 
UNIVERSITY, NEW YORK, IN MARCH AND APRIL 1906 

BY 

H. A. LORBNTZ 

Professor in the University of Leiden, 

Lecturer in mathematical physics in Columbia University for 1905—1906. 

[IV, 332J, gr. 8. 1909. Cloth JC 9— 

Contents: Chapter I. General principles. Theory of free electrons. — Chapter 11. JSmission 
and absorption of heat. — Chapter III. Theory of the Zeeman-effect. — Chapter IV. Propa- 
gation of light in a body composed of molecules. Theory of the inverse Zoeman-effect — Chapter V. 

Optical phenomena in moving bodies. — Notes. — Index. 

The publication of these lectures, delivered in Columbia University, has been unduly deloged, 
chiedy on account of the wish to give some farther development to the subject, so as to present 
it in a connected and fairly complete form, for this reason the autlior has not refrained from 
making numerous additions. Nevertheless there are several highly interesting questions, more 
or less belonging tho the theory of electrons, which ho could but slightly touch upon. The author 
could no more than allude in a note to Voigt’s treatise on magneto-optical phenomena, and 
neither Planch’s views on radiation, nor Einstein’s principle of relativity have received 

an adequate treatment. 


THERMODYNAMICS 

AN INTRODUCTORY TREATISE DEALING 
MAINLY WITH FIRST PRINCIPLES 
AND THEIR DIRECT APPLICATIONS 

BY 

G. H. BRYAN, sc. n., j. a. s. 

Professor of pure and applied mathematics in the University College of North Wales, 
formerly fellow of St. Peter’s College Cambridge, England 

[XIV, 204], gr. 8. 1907. Cloth JC 7.— 

In this book it has been the author’s endeavour to treat the laws of ’Fhermodynamics and tbeir 
simpler applications, as far as possible from a purely deductive standpoint and thus to produce 
a treatise on Bational Thermodynamics analogous in method to tho many existing treatises on 
Bational Mechanics. With this object the author adopts as his starting point the principles of 
Conservation of Energy and of Irreversibility, instead of the commoner forms of statement of 
the First and Second Laws which assume some preconceived idea of the nature and properties 
of heat and temperature. As it is possible to conceive conservative and irreversible systems 
different to those studied in Thermodynamics a somewhat detailed examination of the charaote- 
ristios of thermodynamical systems is necessaxy, and it has been considered desirable to precede 
this discussion by a general summary of the principal definitions and facts relating to the 
experimental study of heat, together with a brief outline of the conventional or ^classical’ treat- 
ment of the first and second laws. Great stress is, throughout the book, laid on the principle 
of degradation of energy, and it is claimed that a csrefnl study of this principle clears np most 
of the difficulties arising out of the entropy inequalities associated with irreversible phenomena. 


Webster, Dynamos. 
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LINEAE GROUPS 

WITH AN EXPOSITION 

OF THE GALOIS FIELD THEORY 

BY 

LEONARD EUGENE DICKSON, ph. d. 

Assistant professor of xnatliematics In the Uniyersity of Chicago. 

[X, 312 p.] gr. 8. 1901. Cloth: M 12.—. 

The earlier chapters of the text are devoted to an elementary exposition of the theory of Galois 
Fields chiefly in their abstract form The conception of an abstract field is introduced by means 
of the simplest example, that of the classes of residues with respect to a prime modulus. In 
view of the theorem of Moore that every finite field may be represented as a Galois Field, onr 
investigations acquire complete generality when wo take as basis the general Galois Field. It 
was found to be impracticable to attempt to indicate the sources of the individual theorems and 
conceptions of the theory. 

The second part of the book Is intended to give an elementary exposition of the more im< 
portant results concerning linear groups in a Galois Field. The systems of linear groups stu- 
died by Jordan have all be generalized by the author and in the investigation of new systems 
the Galois Field has been employed ab initio. 

The method of presentation employed in the text often differs greatly from that of the ori- 
ginal papers; the new proofs are believed to be much simpler than the old. In yiew of the 
importance thus placed upon the isomorphisms holding between various linear groups, the theory 
of the compounds of a lioear group has been developed at length and applied to tiie question 
of Isomorphisms. Again, it was found practicable to treat together the two (generalized) hypoa- 
belian groups. The identity from the group standpoint of the problem of the triseotion of the 
periods of a hyperelliptio function of four periods and the problem of the triseotion of the 
periods of a hyperelliptio function of four periods and the problem of the determination of the 
37 straight lines on a general cubic surface is develoi>ed in Chapter XIV by an analysis invol- 
ving far less calculation than the proof by Jordan 


PROJECTIVE 

DIFFERENTIAL GEOMETRY 

OF CURVES AND RULED SURFACES 

BT 

E. J- WILCZYNSKI, a. m., ph. d. 

Research associate of the Carnegie Institution of Washington. 

Assistant professor of mathematics at the University of California. 

[VIII, 298 p.] 1906. Cloth: M 10.—. < 

Dificrentiul geometry in the hands of Monge, GaaB and their successors was concerned 
almost exclusively with metrical properties. The most important contributions toward a syste- 
matic projective differential geometry are the papers of Halphen on the differential invariaifis 
of plane and space curves, and those of the author on ruled surfaces. In the present treatise 
these investigations have been collected in a systematic fashion, subjected to a new and uniform 
method of treatment, and are now presented to the public in their entirety. Projective differential 
geometry, as a separate and distinct subject, now appears for the first time. Analytically, the 
theory of invariants of linear differential equations is the foundation of the projective theory 
of curves, so that a brief sketch of Lie’s theory of oontinuous groups is followed by a detailed 
account of the invariants and covariants of linear differential equations. The generalization of 
this theory of Invariants to a system of differential equations gives rise to the theory of Tuled 
surfaces. The main divisions of the book arise naturally as a oonsequenoe of this method of 
treatment. 
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geb. JC 5.26. * 

Weber, Dr. H*, und Dr. J. Wellstein, Professoren an der Universitat StraBburg i E., 
EncyklopUdie der Elementar-Matbematik. Ein Handbuch fSr Lehrer 
und Studierende. In 8 Bftnden. gr. 8. In Leinwand geb 

I. Bandr Elcmzntare A-lgebra und Anftlysls. Bearbeitet von H. Weber. B Auflage. Mit. 
40 Figuren. [XVm n 682 8.] 1910. M 10.- 

IT - Elemente der Geometrie. BearbeitetvonH.Weber, J.Wellflteiniind W.Jaoobs- 
thal. 2. Auflage. Mit 251 Figuren [Xll u. 596 S.] 1907. .^12.- 
III. Angewandte Elementar-Matbematik. In 2 Teilen. 2. Auflage. 1. Teil: Mathe- 
mathisohe Fbyiik. Mit einem Buohe ttber Maxima und Minima von H. Weber und 
J Wellstein. Bearbeitet von B. H. Weber, Professor in Bostook. Mit 254 Figuren. 
fXII u. 636 8.] 1910. M 12.—. H. Teil. Angewandte Matbematlk nnd Astronomie, 
rtTnter der Presse.] 










